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NPEOWC/IOBHUE K TPETBLEMY M3IAHUIO

Bropoe u TpeTbe M3ZaHHS OTIWYAIOTCS OT NEPBOTO PSIAOM
M3MeHeHHH W JONOJIHEeHMH, KOTOpble BLI3BAHBI 3aMeYaHURMH
W NoxeJaHUSIMH OTAEJbHBIX JIMI, OPTaHH3aLMil 1 PELeH3EHTOB,

Ilpu wsnoxeHnw aHaJUTHYECKOH reOMeTPHM B IBYMepHOM
NJOCKOCTH U B TPEXMEPHOM NPOCTPAHCTBE MBI 3aMEHUJM 060-
3HaYeHHd X;, X,, X, Ha TPaAMLHOHHHE X, Yy, 2. Mubl mpopoJ-
XaeM InpuiaBaTh 6Go/blloe 3HayeHHe ypaBHEHUSIM IIpsIMOH H
NJOCKOCTH B HOpMaJjibHOM Bue. OGoOlieHMe 3THX NOHATHH
HA n-MepHBIH cJy4yal cO3/iaeT N0 aHaJIOTHH HYXKHYIO I'eOMeTpH-
YCCKYI0O HHTYHUHIO B 7n-MepHOM TNPOCTPaHCTBE.

Mker Tenepb paccMaTpHBaeM KOMILJIEKCHbBIE MAaTpPHLbL HAPALY
¢ jeifictBuTesIbHbIMH. OIHAKO 10Ka3aTesNbCTBO, KaK INPaBHJIO,
H3jaraem OTAEJBLHO B JeHCTBUTENILHOM 1 KOMNJEKCHOM CJIy-
4aax, 4To6L KOMIJIEKCHBI cTyyal npyu HEOGXOANMOCTH MOXHO
6110 onycTHTh. B CBA3M ¢ 9THM NpHUIJIOCH H3MEHUTH 0603Ha-
YEHWS TPAHCIIOHHPOBAHHOH M COMPSIKEHHOM MaTpuil.

dnemenTapHbie npeobpasoBakns (cM. § 4) Tenepb NOAYUHIU
obocHoRaHHe. Panee 3TOT Bompoc Obl1 M3JIOXKEH TOJBKO Ha
npumepax. BrnpoueMm, Mbl fymaem, 4to 3TOro GLuIO 6bl HOCTa-
TOYHO.,

. Hexoroprie naparparl noapaspesneHbl Ha NYHKTHI, cHa6-
XeHHble Ha3BaHUAMM. :

[1pou3BeneHEl HEKOTOPBIE JAOTIOJNHEHHS IO TEOPHH MaTpHL
i OnepaTopoB.

Bo Bropom wusnanuu po6apnensr § 27, 28, moceseHHble
MJIOCKOCTH B 7-MEPHOM NPOCTPAHCTBE H Pa3/IMUHLIM 3ajayaM.

B tpervem nspanuu § 28 samenen. ‘OcHOBHasi Uesb, .KO-
TOPYI0 MBI CTaBMJIH Nepell coGoii mpn Hanucanun § 28, sakaro-
4aeTcss B O3HAKOMJIEHHH C 3JIeMEHTaMH TeOpuH JHHeHHoro
IPOTPaMMHPOBaHHS B MHHHMMaJbHOM oObeMe H MeTOZaMH
pelleHyst MpOCTeHINNX 3ajay, B YaCTHOCTH C CHMEJEKC-MeTo-
zoM. [1py M3/0keHHH MaTepHaJsia MBI HCIOJb30BaJM YdebHOe



MPEAUCJ/IOBHE K TPETbEMY HU3JAHHIO 8

noco6ue A. C. ComonoBHukoBa «BBeznenue B JHHEAHYI0 anreGpy
¥ JMHEHOe NpOrpaMMHPOBaHHEY.

Bripa:kaeM 6/1aroJapHOCTb CeKUHH TeXHHYeCKHX BY30B
HayuHo-MeTognueckoro cosera No MarteMaTHKe npu MuuByse
CCCP non pyxoBoxctsoM npodeccopa JI. II. KynpsBuesa u
kadenpe Bbiciuefi MateMaTukH Ne 2 JlenHHrpajckoro mosiu-
TeXHHYECKOTO HHCTHTYTa 3a OOCYXJeHHe HAUIHX Y4eGHHKOB
M [eHHble 3aMeYaHHs M HPeIJIOKEHHS, KOTOpble, HECOMHEHHO,
CrocoGCTBOBAMH YYUWIEHHIO HX COLEPHKAHHS.

Mul Takxke Bbipaxkaem O6marojapHocts [O. . Bo.m(ony,
M. 1. Koccy, SI. M. ToGoabueBy u pALY APYTHX YuTaTe-
Jiell .32 [leHHble KOHCTPYKTHBHBIE NPENJIOKEHHS, KOTOpble MH
CTapaJiich yuecTb NpPH paGoTe HaZ BTOPHIM H3JaHHEM.

B 1984 p. xoMn/eKc HamHX YYeGHYKOB MO BEICIUEH Ma-
TemaTtHke  ymoctoeH mnpemuu MB u CCO CCCP u .IIMK
npodcoo30B PaGOTHHKOB NPOCBELeHHs, BHICIIEA IIKOJB H
Hayuubix yupexnenufi, B 1986 p.— punsoma mouera B/JHX
CCCP, a B 1987 r.—TocynapcrBentoit npemuu CCCP.

ABTopbI BEIpaxaloT 6JaroaapHocts npogeccopy A. H. Ipu-
JIENKO M pPYKOBOAMMOH MM Kadexpe BhicuIed MaTeMaTHKH
MOCKOBCKOI'O HHXKeHePHO-(DH3HUeCKOro HHCTUTYTA 34 TILIATe/b-
HOe pPaccMOTPeHHe KOMIIJIEKCa Y4eGHHKOB H LIEHHbIS 3aMeyaHHus.

HaHnbli KOMIJIEKG HAXOJUT IIMPOKOE NPHMEHEHHe B Tex-
HHYeCKHX By3ax CTpaHbl. B Hacrosimiee BpeMs OH NepeBeieH
Ha aHIVIMACKUH, (PaHIY3CKHH, HCNAHCKMA M NOPTyraJbCcKuft
13bIKH,



TMPEJWCJ/IOBUE K INIEPBOMY H3JAHHIO

JlanHas KHUra sIBISieTCSl NepBOH YacThio Hawero yueGHHKa
«Bricmas MaremaTnkar. 3iech M3/araloTcsi OCHOBHbIE BOTPOCH!
TEOPHH onpejeuTe/Ned, 3JeMEHTbl TEOPHH MaTpHL, TeOopHs
CHCTeM JIMHEHHBIX ypaBHEHHH, BeKTOpHas anreGpa. PaccMoTpeHb!
TaKKe OCHOBHBIE pasjiesibl JIMHeliHOH anreOphl: JMHeHHBE ome-
paTophbl, OPTOTOHaJbHBIE NPeO6pPa3OBaHKsA, CaMOCONpSKEHHbIE
onepaTtophl, KBajpaTHyHas ¢opMa H NpHBEJeHUe ee K KaHO-
HHYECKOMY BHAY.

Bk/oueHb 1€MEHTH aHANHTHUECKOH IeoMeTpHH: MpsMas
JIHHHSA, TJIOCKOCTb, NPSMast B NPOCTPAHCTBE, KPUBLIE M MO-
BEPXHOCTH BTOPOro MOPSAKA.

PaccyxaeHusi, Kak NpaBuid, BeAyTCs C IOJHBIMH JOKa-
3aTesbcTBaMu. OHAaKO H3JIOXKEHHE BeIeTCsl TaK, YTO JOKasa-
TeJbCTBA B OOClleM 7-MePHOM cJyyae MOTYT ObiTb OMYILEHBI,
HO OCTaHeTCsi He TOJNbKO (OPMYJIHPOBKA YTBEPXKAEHHA, HO H
JieTalbHOE pPa3bsCHEHHE TOTO, KaK B COOTBETCTBYIOILEM CJTyyae
0OCTOHT flesI0 B JABYX- H TPeXMepHBIX CJlyyasix.

* KaHoHnuecknwe BHIBI KDHBBIX M IIOBEPXHOCTeH BTOPOro
NOpsiiKa H3J0XeHbl B 3TOH KHHre€ BecbMa KpaTko, TaK Kak
npennoJiaraeTcs, YT0 OHH JONOJIHUTeNbHO OYAYyT H3ydaTbCs B
BUZ€ 32/lay MEeTO/laMi MaTeMaTHuecKoro aHanusa. Keaapariynas
topMa H3yuaeTcsi MeTOAAaMM MaTeMaTHYeCKOro aHalu3a Wi,
€c/M YrofHo, (PYHKIHOHAJBbHOIO aHa/M3a.

XoTs MBI U Ha3biBaeM 3Ty KHHIY NepBOH B Hallue#l cepuy,
Ha .caMOM JieJle MaTepHal 3TOR M BTOPOH KHHUIH (IIOCBAILEHHOH
auddepeHnHaTbHOMY M MHTErpaibHOMY MCYHCJIEHHIO) TECHO
nepensietaeTcsi. XOpoOLIO H3BECTHO, B KakOH NOC/e/0BaTellb-
HOCTH CJelyeT H3JaraTb Marepual:, COJepKaluicad B 3THX
KHHIax.

B KHHMre u3/MOXKeHbl BCe BONpPOCH, INPeAYCMOTpPEHHHIE
NporpaMMamMH JJIsi BBICHIMX TEXHHUECKHMX yueOHBIX 3aBejleHHH
(o6bemoM 400—500 yacos).



§ 1. Cnpegesutesan BTOPOrO 'nopﬂnxa N

IlycTs 3ajaHbl 4ucaa a4y, @y, bi, b, (AeHCTBHTENBHEBIE HIIH
komiieKcHble). OHM onpenensiiotT yucao a,b,—azb;, KoTopoe
Has3blBaeTcs onpedeaumenem W OemepMUHAHMOM 6mopozo no-
pAOka W 3amuchbiBaeTcs CJENYIOUIMM 00pasoM:

% “*l =a;b,—a,b;. (1)

Yucna ag, a,, by, b, Ha3BLIBAIOTCA d1eMeHMAMU Onpedesumens
(nerepmuHanrta). B onpenenuresne (1) pasauuaior nepsyto
cmpoky ai, a, W emopyr cmpory by, by, nepevui cmosbey
a;, by u smopot cmoabey a,, b,.

Jlerko npoBepsIOTCSl CJELYIOLIHE CBOLCMEa Onpedesumens.

Beauuuna onpedesumensy

a) He MeHAemcs, ecAu Y He20 3aMeHUmb CMPOKU Coon
BEMCMBYIOUUMU CIMOABYAMU!

ai as| __
bi ba| —

a; bi],
7] bg !

6) MeHaem 3HAK, eCAU Y He20 nepeMeHurmnes MeCmamu crmpoKy
(cmoabypr):

ai azl —— by bsl
bi by ai ag
ap a3 |22 @
by bs| — by b1’

B) ymHoocaemcs Ha 4ucao k (Oeticmgumensroe uiu Komn-
NEKCHOE), eCALL 9AEMEHMbL KAK020-AU00 €20 cmoAbya UAl CIpOKY
yMmHOKcUme Ha k, HanpuMep:
ka; by —k aj by
ka, bz - 27 bg !

T. €. o0uull MHONCUMeEAb, NPUCYMCMBYIOUWULL 8 CMpoKe UL
Cmoabye, MONCHO 6bIHOCUME 3Q BHAK ONnpedeiumens,



8 § 2. ONPEJEJIUTEJIA TPETBEIO U n-TO NMOPANKA

| T) pasHa HYMO, eCAL AeMEHMbL KaK020-Aubo eeo cmobua
UL CMPOKU DPaBHbL HYAt0, HaTIPUMEp:

bib|_0b —Oby=

L) pasHa HYmo, ecau diemermmbl 6eyx CMpoK uru cmoab-
Y08 COOMBEeMCMmeeHHo pPasHbt, HanpnMep'
|41 aj

ay aal = q,a,—a,a,=0.

B nanbreiiiieM  BBOAATCA -ONpele/NTeNH TPETbEro H BO-
ofme n-ro nopsaxa. Hns Hux cBoiictBa a), 0), B), I), 1)
COXpaHsAIoTCS. '

§ 2. OnpenenuTeNM TPETHErO H 72-TO TOPSAKA

2.1. OnpeenuTeNn TpeThero mopsxka. Yucro

A =0;,05,055 + 01,054051 -+ Q130,103 —
— Qe — Q1 Qg30s— Q13051043, (1)

salichiBaeMoe B (popme
aii aip ajs
A =|azi as ags|, )
Qg1 aga Aagg

THe Qp;—4ucia (IeACTBHTENbHEIE HJH KOMIIEKCHbE), Has3bl-
BaeTCA onpedeaumenem WK OemepMUHAHMOM MPembezo fo-
paoka.

B onpeznenntene (2) pasJinuaior nepBylo, BTOPYIO H TPETHIO
CTPOKH, TaK e KaK IepBhli, BTOPOH H TPeTHH CTOJGLHIL.
Uncio a,, HasbBaeTCs 9AeMEHMOM ONpejesuTelNsd; NPH 3TOM
AepBbIA HHAEKC K YKa3blBaeT HOMep CTPOKH, a BTOPO# HHeKe [—
HOMep CTOJIOLA, K KOTOPOMY NPHHAJJIEXXHT NAHHEIA 3JIEMEHT.
ByaeM Takke roBOpUTb, YTO 3JIEMEHT 4,, HAXONHWTCS Ha Te-
peceueHuH k-ii CTPOKH M [-ro crosbua. DneMeHTH ONpenesu-
TN (yy, Qyy, A33 OOPA3YIOT 24a6HYI OUA2OHAAL OTpEjesH-
TeJisl, a JIEMEHTHl Qj3, Q,y, Qg —N0GO4HY0. MOXHO TaKKe
rOBOPUTb, YTO JHAroHaJb, Ha KOTOPOHl pacCIOJIOKEHbI 3Jie-
MEHTHI 4,4, Ay, (33, HA3BIBAETCHA TJIABHOH AHArOHAJbIO ONpeje-
antenn (2).

Crpyxrypa Bhipaxenuss (1) HoBonbHO npocra. ITO ecTh
YHCJIO, BBHIUMCJISIEMOE IO 3JeMEHTaM a,; MO CJeAyllleMy Ha-
rasaHoMy npasuay (Capproca): cocraBuM Tabauny (Cappioca),
NOJIYUEHHYIO M3 3JIEMEHTOB ONpeliesinTens (2), €cau IpHIUCATh
K HHM nepBbifi ¥ BTOpo# cToa6ubl onpefenaurens (puc. 1). Met



 §2. OMPEAEJNUTEJN TPETBETO U n-ro TMOPIIKA Q

BHIMM, Y4TO HANO B3SITb BCEBO3MOMKHEIE MPOH3BENEHHUS S/MEMEH-
TOB, 3aYePKHYTHIX MPSMBIMU; NPH 3TOM TPH NPOH3BENEHHS,
COOTBETCTBYIOII}E NPSAMBIM, Napa//ieIbHEIM IVIaBHOH JMaroHasy,
Hafo B3ATb CO 3HAKOM ILTIOC, 8 OCTA/ILHBIE TPH MPOU3BENEHHS,
COOTBETCTBYIOIIHE MNPSAMEIM, Napa/VIe/IbHEIM NOGOYNOR nuaro-
HaJlM, Haji0 B3ATb CO 3HAKOM MHHYG. . -

Kax/0e NpousBeJieHHE ¢ YKA3aHHHIM SHAKOM Ha3hIBAeTCs
unrenom onpedeaumens (2). Cpejm,axonanmx B TNpPOU3BeJEHUA

XX
&7 az3
J :
&y 3 33 ay a3
KT KT AN
R +

Puél 1.

SJIEMEHTOB MMEIOTCSl MPENCTABUTENH OT KaXXIOH CTPOKH H-OT
KaxIOro Croaéua. OTH 3/eMEHTHl MOXKHO B KaXIOM YJeHe
Pacrno/IOKHTh B MOPSKE BO3PacTaHHA NepBOro WHAEKCaA, T. €.
HOMEPOB GTPOK, K KOTOPHIM OHH MPHHALJIEXKAT. DTO U ¢Je/aHO
B cymme (1). Uro xe kacaercss HOMEPOB CTOJOLOB, K KOTO-
PbIM TIPHHAJVIENKAT STH S/IEMEHTEI, TO HX pacnoJoKeHus AaloTcs

HHXKE.
123,
23 1,} ®)
31 2
3 % 1,
13 2,} )
21 3.

'

S10 BCEBO3MOXKHBIE HepeCTaHOBKH w3 wncen 1, 2, 3. Ilepe-
GTaHOBKY N
1, 2,8 %)

u3 yucesn 1, 2, 3 HasoBeM ocHOBHOL.

ToBOpAT, 9TO B NEpeCTaHOBKE NMPOH3BEEHA M PAHCHOBUYLR
Osyx onpedeseHHbIX ee 9AeMEHMO8, €CIH 3TH JIeMEHTHl 3aMme-
HeHBl MecTaMu, [locne TpaHCIO3WIMM NePecTaHOBKA NEPEXOIUT
B IpYryl0 NepecTaHOBKY. B artoii nocienuelt MOXHO cledaaTh
B CBOI0 oOuYepellb TPAHCNO3MUMIO, B pe3yJbTaTe I[OAYUHTCH
TpeTbsl TMEPecTaHOBKa (HO He WCKJIOUeHO, YTO U’ mepBas).



10 §2. ONMPENEJIUTEJM TPETBETO N a-ro NOPJAIAKA

Hanpumep, nepectanoBka
3 21 (6)

noJiyyeHa TPaHCNO3KIIKEH NepBOTo M TPETHETO 2/EMEHTOB Iepe-
CTaHOBKH (D), a mepecTaHOBKa

2, 3, 1 0

TpaHcnosuLKesl NepBoro 1 BTOPOTO JIeMEHTOB epecTaHoBKH (6).

BaxHO OTMeTHTB, YTO, €c/li HEeKOTOpas MNepecTaHOBKA MO-
JyueHa U3 OCHOBHOH mnocpeicTBoM N TPaHCHO3HIMH M ecH
5Ta e MEepecTaHOBKAa MOJyYeHa W3 OCHOBHOH KakHM-JIHOO
IpYriM myTeM nocpeacTBoM N; TpaHcnosuuwui, To oba uucia
N w N; onHoBpeMeHHO Ju6O yeTHble, GO HeueTHhle. [lepe-
craHoBka uncen 1, 2, 3 nasbiBaercs vemnoul (HeuemHoll), eciy
OHa MOJIy4YaeTCsl W3 OCHOBHOHM MepecTaHOBKH NPH MOMOLIY YeT-
HOTO (HEUEeTHOro) HYHCJIa TPaHCHO3WIME.

Ilycte nana nepecTaHoBKa j=/(ji, jgo fs)s THE jiy Jor s
sto ugucia 1, 2, 3, B3ATHie B HeKoTOpoMm nopsiike. Yucro
mpancno3uyuti, ¢ TOMOUIBIO KOTOPHIX MOXHO MOJYYHTH 39Ty
NepecTaHOBKY M3 OCHOBHOH MNepecTaHOBKH, 0003HauuM uepes
1 (j). Torna mepestanoBKa j sBJseTcs 4eTHOH (HeyeTHOH), ecay
t (j)—ueTHOe (HeueTHOE) YHCJO.

INepecranoBkn (3)—ueTHne, a (4)—HedeTHble.

ITocsie cka3aHHOrO MOXKHO AaThb APYroe SKBUBAJIEHTHOE Of-
penesienne onpenesuteas 3-ro nopaika.

Onpedeaumenem win Oemepmunanmom 3-20 nopadka (2)
HasbiBaeTcss uyucio A, paBHoe cymme

A= Zi (—1)ay; 0,04, ®)

npoussenenuit Buna (—1)"a;; a,, ag;, 1€ = (i1 s J5) —
BCEBO3MOXKHbIE Pas/HyHble MEePecTaHOBKH OCHOBHOH mepecTa-
HOBKU 1, 2, 3.

1o onpenesenne o606IIAETEsT Ha ONMpPECUTENH HJIH Je-
TepMHMHAHTH A-ro nopsagka (n=1, 2, 3,...).

2.2. Onpepeanrtenun n-ro nopsanaka. Onpedeiu-
menem WIH OemepMUHAHMOM N-20 NOPAOKA RA3BIBAETCS YHCJIO,
3alHChIBaeMoe B BHJle

aii eve Qp

A=lay|=|% ' = Q)

LN Y I I

apl eve Qyy

¥ BBIGHCJIIEMOE MO JAHHBIM YHMCJIaM a;, (AeHCTBUTEJIbHBIM HJIH
KOMIJIEKCHbIM)—3JIEMEHTaM OMNpPEAEHTENIA —II0 CJAEeAYyoILEeMy



§2. OMPEAEJMUTENN TPETBETO M nro MOPSAKA 1
3axOHy: A ecTb cymma
A =; (—l)t v ai/‘a2/’- .o a,,,”,

pacrnpocTpaHeHHasi Ha BCEBO3MOXKHBIE Pa3/IMYHbLIE MTEPECTAHOBKH
J=(f1» «++s fn) w3 umcen 1, 2, ...,n. Uucno f(j) pasHo
qucay mpauncnosuyuti, KOTOphle HYKHO CRenaTh, 4YTOOBI ne-
peliTH OT OCHOBHOM MepecTaHoBKH 1, 2, ..., n K mepecTaHOBKe
j={(j1» +++» ja). [poussenenne (—1)*Va,; ...a,; HasbiBaeTCA
4NCHOM OnpedesLmens. "

Onpedeaumeau n-20 nopsadka yoosremeopsrom ceolicmeam
a), 6), B), I), 1), nepesucicHubiM 6 npedoldywem napazpade.

HdoxasatenbcTBo. a) [Tocse 3aMeHsl y onpenenurens
COOTBETCTBYIOIIMX CTPOK CTOJIOLIaMU Tereph yKe HOMepa CTPOK
6ynyT 00603HauaThCsl BTOPHIMH HHAekcamu. Hanpuwmep, nas on-
penesMTeNsl TpeThero mopsaxa (2) 6yneM HMeThb

i dyi A3
Gig G3p G| == Qyi0y5055 + Ay A5y 0y5 1 A3y Ayp0p3—
Q13 QG33 Qag3
— gy gy Qg — 0y Qyyllyg— Ayl yay = A.

B ofuiem caydae obumui 49JeH HOBOTO ONpENE/HTENs 3anu-
LeTcs
(—l)t o a/‘lahz .e oa]nn-

YnopsiouuM MHOMKHTEIH NPOMSBENCHHS &) 1A 5. o . Qjyn 110 TIED-
BOMY HHIEKCY, T.e€. Mbl IEepexXOfUM OT HepeCTaHOBKH [==
=(jiy +++» j,) K OCHOBHOH mepecraHoBke 1, 2, ..., n. Ilpu
3TOM Mbl JOJIKHBEI coBepumThb ¢ (f) Tpancnosunuii. Torpa oc-
HOBHAsl NepecTaHOBKa BTOPHIX HHJEKCOB INepeHsieT B HEKOTO-
pylo nepecTaHoBky i = (i;, ..., i,) 1 uuciao t (i) 6yner ToH xe
YeTHOCTH, 4TO H uucao f(j). Takum oGpasoM,

(—DtYa;; oot Q= (—1)1Pay;, ... G,

HerpyaHo BHAeTb, YTO pPasHBIM MEPECTAHOBKAM ji, «s+y j,
COOTBETCTBYIOT pasHble MEpecTaHoBKH i;, ..., i,. Ho Torma

\
Zi‘ (—l)t (j)a]ll‘ eoe Qjpn =‘2 (-—1)' o Qip v Qniy =A,

6) Ilomensiem mMecTamu, Hanpumep, NEPBYIO ¥ TPETHIO CTPOKH
onpeneautens tperbero nopsaaxa (2). Toraa nonyumm ompe-
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LenuTesib, KOTophili 0603HauuM ueped A’, oH OyAeT paseH

asi Qs Qss
A=lag an an|=23(—1)Vaya, a;) =
aji aip ais|

=2(_])t(f )aij,a2/,asj'.= .2 (=1 00,0505 =—A,
i i'=(s i3 i)

TaKk xaK MepecTaHoBKa = (ji, ja js;) oTAM4aercs oT nepecra-
HOBKH "= (f;, j, ji) OMHOM TpaHCmo3uuHe.

Bynem roBopuTb, YTO 4HCIO R YMHOXKAeTCA Ha CTPOKY
(cronGer) ompezenuTensi, €M Ha camoM Jee kB yMHOXKaetcs
Ha 'BCe 3JIEMEHTHI CTPOKH (CTO/OLA).

‘B) YMHOXKEHHE Ha 4YHCJIO k KaKoH-1u60 CTPOKHM (CTON0na).
OnpeNie/HTeNIs CBOAMTCA K YMHOMEHHIO BCEX €r0 4JEHOB Ha k,
NOTOMY YTO KaXJblHl UJIeH CONEPKHT OAUH SJIEMEHT YKa3aHHOH
cTpokH (ctoadua). Ho Torma sesauuvHa cCyMMbl YJIEHOB YMHO-
xuTcsl Ha k. ,

r) Onpenenutenb, Y KOTOPOrO 3J€MEHTHl KaKoro-jau6o
cTosiflla uaH CTPOKH PaBHBI HYJMO, PaBeH HYJIO, HOTOMY 4TO
BCE €ro 4/eHbl, OYEeBHAHO, PAaBHBI HYJIO.

1) Onpepenutens paBeH HYJMO, €C/IM OH HMeeT 1Be OJMHa-
KOBble CTPOKM H/IM [1Ba OJUHAKOBHIX cTos6LA. DTO crlefyer
n3 cBofictBa 6) (A'=—A, A'=A, ortkyna A=0).

BriuepkHeM u3 onpenenutenst (9) n-ro nopsauka i-1o CTPOKY
u k- cronbeu. OcraBlueecsi BbIpaXkeHue MOPOXKIAET OMpele-
Jutens (n— 1)-ro nopsaka M,,, HasbiBaeMbll MUHOPOM 3.ae-
Menma a;. BenvynHa xe

A= (—=1)"**M,,

HA335IBAETCA aszebpaudeckum OONOAHEeHUeM WA ~a0BIOHKMOM
31CMEHTA Ay

CsoiticTBo €) Cymma npoussedenuii sremenmos a,
Hexomopoti cmpoku  (cmoabya) onpedeaumens Ha aseebpau-
ueckue OONOAHEHUA SMUX JAEMEHIMO8 pPABHA BEAUHUHE onpe-
Oeaumenst

A= > aikAik (i=1a ) fl), (10)

k=

—

A= 21 aiAy k=1, ...,n). (10")
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JlokaxkeM 35TO CBOHCTBO A/ ONpPEJeuTeNs TPTHeFO II0-
psilka B Clydae TpeTbedl OTPoKH. Kmeem

Ay Agi + Qg5 Ay + g3 Ay =
ais a3 Iaﬂ afs, aii ale
=ay —a a; =
T lag, ay 3 lag ay T8 Qi Gy

= Qy; (Aj,825— O30,,) + Ag3 (A1a0y3 —a13055) +
+ 33 (4,05, —0450y) = A.

Cymmy (10) HasHIBAalOT pasnodzceHuem onpedesumens no sie-
menmam i-ii cmpoxu, a cymmy (10°) — pasaosceruem onpede-
aumenn no saemedman k-zo cmoabya.

Ilpumep 1. Ecmu B onpemesmrenie A (cm. (9)) a,; =
=@y=...=0a,;=0, T0 A=ayA;;, T. €. BHUNCIEHNE STOTO
OIpeJiesIuTe/Is1 CBOIMTCS K BHIUMCJEHHIO OHOTO €70 aibIOHKTA,
T. e. onpejemnrtenas (n—1)-ro nopaika.

ITpumep 2. Ecam Bce ajeMeHTH A, crosuime Hmke
(BBILE) rJiaBHOM mWaronamu A, paBHH HyJO (@,,=0, ecau
E>1(k<I), To A=aya,, ... a,,. D10 cleRyeT U3 Npeb-
LYIIEro TpuMepa.

CeofictBo x) Cymma npoussedenuil sremeHmos ag;
Hexomopotl ‘cmpoku (cmoabya) onpedeaumers Ha COOmMeemem-
syiowyue AO0BIOHKMbL  3AeMeHmos Opyeoll cmpoku (cmoabya)
pasHa Hymo:

n n
kgl aAp= kzl a,;4,;=0 (1

(i=%j; i,j=1, ..., n).

B camoMm gnene, sapukcupyeM Hawie BHHManuMe Ha IepBOA
cyMMe. DTa cyMMa He 3aBHUCHT OT 3JIEMEHTOB j-H CTPOKH.
3aMeHHM B HalleM OMpeJeJUTeNe 3JEMEHTH j-H CTPOKH Ha
COOTBETCTBYIOLIME 3JIeMeHTH i-B cTpokd. OT 3Toro paccmar-
puBaemasi :CyMMa He M3MEHHUTCs. Mex1y TeM Tenepb ee MOXKHO
paccMaTpyBaTh Kak pas/ioXKeHHe HOBOTO ONpeje/uTess [o
ajleMeHTaM j-H CTPOKM, HO TOTJa OHAa PaBHA Be/MYMHE HOBOrO
onpeaemrtens. Ho mnocienHuii paBeH HYMIO Ha OCHOBaHHH
CBOMCTBA 1), MOTOMY YTO OH HMEET OIMHAKOBBIE CTPOKH— {-10
H j-1o. ,

]CBOﬁCTBO 3) [lycme Oaner 0sa onpefeaumerss n-20
nopadka A; u A,, y xomopbix éce cmpoku (cmoabuyst) oduna-
Kogbl, Kpome onpedeieHHoll o0Hol (00H020). Cymma makux
onpedeaumeneil pasna dnpedesumesro A n-co nopsadka, y Ko-
mopozo YKasaHHas cmpoka (cmoabey) cocmoum u3 CYyMMbs
0OMBEMCMBYIOWUX  dNemenmog  amoil  cmpoku  (cmoabuya)
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onpedeaumeneti A; u A,. Hanpumep,
@i vss @i, p=i Gin i vee Qi n-1 bin

A,.+A2=l.........

Ani e4s Qp,p=1 Qnn

4+

L N R I}

Api v a,,' n=1 bnn
Qii ses @i, p=i  (Qin-tbip)
. L] L[] . . . . . L] . . .

Qnt ves Op p=i (App—tbpn)

B camom nene, passaras IaHHbBE OMNPENEJHTENH MO 3Jje-
MeHTaM N-TO CToJOIa, MOJYYHM

n n n
A+ Ae = ’Eol aknAkn + kga' bknAkn = k§ (@t bkn) Akn =A.

CBolicTBO W) Beauuuna onpedeaumern He uU3MeHUMCS,
ecall K aneMeHmam Kaxou-aubo eeo cmpoku (cmoabya) npuba-
aume coomgemcmayrouue snemermet Opyeoil cmpoku (cmoabya),
ymHoocerrote Ha vucao k. Hanpumepi
aii oo Of, p=1 Gin-t-kai

¢ 8 3 0 " 8 0 0 P B 0
At vos Qn, pei Gun-tkay
Qif sex Qip QT ove O, p=1 Ofi

no'o.-l—k e« 8 0 0 2 0 0 s s
nf e02 Qp p=1 Qni
B CWJy CBOficTB 3), B), X).

Hannexamee npuMeHeHHe STOro CBOHCTBA NPHBOIMT BHI-
uiCc/ieHHe JaHHOTO ONpeleUTeNsi K BBIUHCJICHHIO ONPENeNHTe s
Gostee HH3KOI'O MOpsAKa.

=|ay|+k-0=|a,],

Apt voe Qpp

[Tpumep 3.
-5 -9 5 9
=|—3l -39|_I31 39|=5'39—9-31=-—84
Mpumep 4.
211 01 0
-5 - 5 1
T e R |=|7 o|=17.
1 46f |-7 4 2 -7 2 7 2

IIpumep 5. Onpenenntens

2 -1
1 ag a1 e at

2 n=1
A=l Qg Q2 ses Q3

n
e 0 o 5 0 5 0 0

1 a, d%... !
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MOPOXKJCHHbIA YHCJAMH @;, 4y, ..., @, Ha3HIBAETCH CMenex-
Hbim U onpedeaumenem Bandepmondal).

Stor onpeje/uTeNb paBeH HYJMO, €CIM Kakue-Ju60 1Ba
uHC/a a; U @, paBHbl MexAy cobGoil. Ecmu Bce a, pasnuynbl,
TO

An = (an_al) (an—i—ai) see (az—a1)‘
- (a,—a,) (@, —a,) ... (@Gs—a,)-
* (an—an-z) (an—l—an—z)'
(@, —a,y). (12)

B camoMm mese, mpu n=2

A,:’I} ai

ay| = %%

T. e. ¢opmyna (12) Bepna. HomyctuM, uto dopmyna (12)
BepHa mpu n=~k—1, U NOKa)KkeM, YTO OHa BepHA NPU n==~k.
ByzeM ucrnoJsib3oBaTh CBOACTBA H), B) ONMpeAEHTENA. Y MHOXKUM
k—1-it cronGen B ompexenutese A, Ha a@; ¥ BBYTEM U3 k-TO,
k—2-it cTon6en yMHOXHM TaKXXe Ha @; U BblYTeM U3 k—1-ro
U T. A.; TOrja NOJYYHM

1 0 0 oer 0
A, — 1 Qy—aj Qas (az_al) “os ag—a (az—ai)
=

. . . . L] . . L . . L] L] . . . . . . .
1 ag—a; a5 @g—a) o0 af* (@p—ar)
Q3 sve a’éq
1 as e ag_z
=(a,—ay) (@p_i—a) ... (@;—a;) .. A

k-
1 QA ese QR 2

[Mocnenuuit onpefesuTesb €CThb TakXe onpefennreab Bannep-
MoHIa nopsifka (k—1), MOPOXIEHHHH YHCAAMH Gy, o ..y G,
I09TOMY, HO NPeINoJIOKEHHIO, HMEEM

A= (a,—ay) (@4-1—q) ... (@,—ay)-
« (@,—0y) (Agei—ay) .. (@—ay)-
'. (‘;k';ak-z) (ak-.l’—.ak-a) .
(@ —a-y)

1) A. T. Baupepmonp (1735—1796) —dpaunysckuit MareMartux.
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Takum oGpaszom, B CWIy MeToJa MaTeMaTHUeCKOH HHIYK-
uun gopmysa (12) BepHa npu JoboM n = 2,
CBofictBo K) [lycme
Ap=|by |, Ay=|ayl.
I1poussedenue 0syx onpederumeneli n-eo nopadka c sae-

menmamu by, a,, ecme 8 ceoro o4epeds onpedesumenrs n-eo no-
PAOKQ C SAeMenmamu

n
Ver = IZI bes 00
m. e.

AA, = =A.

n

N
2.4 bk/'ajl
j=1

Takum o0pasoM, 3JEMEHT ¥;, NpPHHALIEKAWuA K k-i
cTpoke u [-My crosifuy ompefenurtesns A, paBeH, Kak roBOpHT,
npouseedenuro k-ti cmpoku onpedeaumenrs A; na I-i cmoabey,
onpedeaumean A,. Ha camoMm jene 3To ecTb cymma npousse-
OeHuil 3JIeMEHTOB k-fi CTPOKH ompefenuTesast A; Ha COOTBET-
CTBYIOIIUE 3/eMEHTH! [-ro croJsibua onpelenautens A,.

Tak xak B onpezenurensx A; u A, MOXKHO MEHATb CTPOKH
€O CTOJIOLAMH, TO, OYEBHIHO, IJEMEHTBl Y,, NpPOHU3BeJeHHsT A
MOXKHO CTPOHMTb Takxe, Oepa mnpousBeleHue k-A CTPOKU A;
Ha [0 CTpOKY A, w1 npousBeleHue k-ro crojdua A; Ha
I-#i cTonGeu A, wim k-ro crojbua Ha [-f0 CTPOKY.

JokasaTenbCcTBO. Y0efumca B  CHOpaBelJIMBOCTH
CBOHCTBa Ha NpHMepe onpefenuTesedl BTOPOro Mopsiika:

— — Vil Vi2
A= A= Yai 'Yzzl'

bis  bis
bey  bgg

a1 aig
gy Qg

’

rjae
Pii = 0@+ 01a@0sy  Via= 0145 + 0450,
Voi = 021041 + 030051, V22 = 031y, 4 05505,
B cuny cBolicTB 3), B), )
byiasg b11a12+bmazzl
barayy  bo1@ie—tbasase

by by
e 'l'au‘azz

biadai b11@i9t by1a0se
bz;anl bb21"13+bzzazz
it D1 .

bar byt b1 by +a1~,an~ by by
+a,a,, by b"l—_—.a a,-0+a,a,, |on o

by by 11%12 1% [p by
bii  bip
bai bae

by by l

= Qq;Qy4

—

+0,,a,,-0=0a,,0,,A, —a,,a,A, =

= A (U305 —0150,;) = AA,.
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B ofweM cjayuae onpegeauTesell n-ro mnopsffxa MOXHO 3amuCaTh)

n n n
) N .
2‘ a1$1b511 2 alsnbslﬁ ver Z 15,951
s;=1 s=1 sy=1
n n n
A= Z Qgg,bs,i 2 Qa5.b500 e 2 Bsbsin | =
Se= s,=1 se=1
. . « ® & & & e ¢ 8 b s & B B N 6 s 00
n n n
Y Y
Z‘ a’nsn bs,,l 2 ansnbsnz XX 2, ans” bsnn
sp=1 sp=1 sp=1

bslf bsiz (XK bs,n
n n n b o b N b
- - ) Sal S22 e San
=2 2 s Z\alsxawz'“ansn ,.,,..,,.2, =
= 1 b b
snl

== Z A5, 0ogy 439 aﬂSn (—l)tb(:) Aj= AzAi-
S§=(Sys Sgs eeey Sn)

sp2  *ee bsnn

Ipu BHIYHCJIEHMH OTAEJBHBIX 3JIeMEHTOB A MBI BIpaBe BLIGHpaThb M0GOf
n
MHIEKC CYMMHDOBaHHSA § | Vg = Z apsbsy |, HO JAA  paibHeiilero
s=1
v100HO AJIS NepBOH CTPOKH A B3ATh B KauecTBe TAKOI'O HHIEKC Sy, AJd
sTOpofi—s, H T. A. Bropoe paBeHCTBO HMeeT MeCTO Ha OCHOBAaHHH
n n n
CBOHCTB 3) ¥ B); IPH 3TOM KpaTHas cyMma 2 2 e 2 pacmpo- -
s;=1 sp=1 sp=1
CTPAaHSeTCA Ha BCEBO3MOXKHBIE MEPeCTAHOBKH (Sf, Sz, +++y Sp), THE
1<<s;<<n. OpHago ecnmu B Kako#-1uGo cucreme (Syy S, «.., Sn) ABE
KOMIIOHEHTEl §; M S; DaBHH MexXAy coGoit (s;=sy, I3 j), To onpege-
JNTeNb ,b‘k’ |=0. 03TOMY Ha caMoM Jesle B KPaTHOH CyMMe MOXHO

OCTaBUTh TOJIBKO WYJEHHl, COOTBETCTBYIOUlYE pPa3HbIM HNepecTaHOBKaM
(St »++, Sp) U3 HaTypaabHeix uucea (1, ..., n). [Ipu arom, ouesngHoO,
OKaxKeTcfl, 4TO OnpejeNHTelb

I bskl |=(_Y1)t © A,
§ 3. Man'nu,u

Ta6mua uucen o, (ZCACTBUTENBHBIX MM KOMILIEKCHBIX)
BUIA .

01l ees Qip
=< crer e >="°‘i/||=(°°1/)’ )

Qpi  ess Qpp /

Oif  ere %ip

e 8 8 8 s o &

A=

Xl see Opp

COCTOSILIAST U3 M CTPOK M N CTOJGLOB, HasbBaeTCA Mampuyel.
Uucna o, HasblBAalOTCA €€ d4eMenmamu. DTO NPAMOYroJbHas
Marpuua. [Ipy m=n oHa HasblBaeTcs K8adpamwuol mampuyedi
11-r0 MOpsAIKa. -
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Ecm sanawa Bropas marpuua B=|f;,| c anemenramu f;;,
Poxke COCTOfllas H3 m CTPOK U M CTOJNOLOB, TO OHA CuH-
Taetcid pasuoi Matpuue A TOTIAa M TOJBKO TOr'ja, KOrja
COOTBETCTBYIOUIME 3/IEMEHTHI O0EHX MaTpull PaBHbI (a;; =f;;).
B srom cayuae mumyr A= B. Marpuna | e, | e ectb unciao —
aT0 Tabmua. OpHako /I KBAaJApPATHOH MaTpHILI MOXHO pac-
CMaTpPHBaTh 4HCIO |@;;|—onpedesumens, nopoxcGenroii smod
mampuyei.

[lycte k—HaTypanbHOE YHCIO, HE MpPEBHIIAONIEE M U N
(k<<m, n). 3auepknem B Tabmuue (1) kakue-mbo & cronbLOB
M k CTPOK. DJEMeHTHI C;;, HAXONAUIMECS HA MepecevyeHHu 3a-
UYepKHYTHIX CTONOLOB H CTPOK, 00pasyioT KBaJpAaTHYIO MaT-
puIly, KOTOpasi MOPOXK/AeT ONpelenuTeNb k-ro nopsxa. [Tony-
UeHHHIH oOnpelejuTeNlb HasbIBaeTcsl onpedeaumensm k-ro no-
padka, nopoxcdennoim mampuyeti A.

Paneom matpuubl A HaspiBaeTcsl HauGosibliiee HaTypasibHOE
upcJo K, A8 KOTOPOTO CYLIECTBYET He PaBHBIH HYJMIO ompe-
JleTeNb R-ro mopsiika, ImopoxiaaeMblil Marpuueit A (cM. § 4).

Eciu B matpune A cpenath ee CTPOKH CTOIOLAMH C TEM
JK€ CaMblM HOMEpOM, TO MOJYYUM MaTpHILY

) @

Oip ee Opn

HasLIBAEMYIO MPAHCNORUPOSanHoL K A mampuyer.
Ecmi B Matpuue A ee 3/1eMEHTHl @, 3aMeHHTb Ha UM
KOMIIJIEKCHO CONpPSDKEHHBIE, TO MOJNYUYHM MaTpHLy

Elf XX -a—ln —_
= _. “ e e ._. . ="akl"’

Xpi  vee Qpy

Ha3bIBaEMYIO KOMNAEKCHO conpsstennol ¢ A mampuyed.
Janee Marpuua
— Ofi eas Oy

A=A = vveo..|=4

Qip eve Opp
Ha3bIBaeTCH conpsascenHoll ¢ A mampuyed.
Eciu A— peficTBuTesibHas Marpuua, T. e. HMelomas aefict-
BHUTEJIbHbIE 3JIEMEHTHl (Qy;=0y;), TO, OUEBHAHO,

A=A, A=A

Marpuipl OIHOTO M TOTO Ke pasMepa, T. €. COCTOAIHe H3
OIIMHAKOBOI'O YHMCJIA CTPOK M CTOJIOLOB, MOXHO CKJIAABIBATD.
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Cymmori nyx Takux marpun A=|a;,|u B=|p;,| nasuBaerca
matpuna C=|y,;|, 9/1eMeHTH KOTODOA paBHbH CyMME COOT-
BETCTBYIOWIMX 3jeMenToB Matpun A u Bt y,; =, +8;,. Cum-
DOJIMYECKH 3TOT (jakT OyneM 3amuchBaTh TaKi

A4 B=C.
Jlerko BHAETb, YTO
A4-B=B+ A,
(A4+B)4C=A4(B+0).

ITpoussederuem uucra h Ha mampuyy A (WM npoussene-
HMeM MaTpuusl A Ha uncsro A) GyneM Ha3bIBaTh MaTPuLy, 3Je-
MEHTbl KOTOPO!l paBHHI NPOU3BENEHHIO uicsia A HAa COOTBETCT-
Bytomue anemenTh Matpuusl A. Takum ofpasom, AA = Ak,

ITpumep. Ilycts

A= 87). 5=( 01).

Haiitn marpuny A4+ uB.
Ha ocHoBanun onpejesieHns CyMMbl MaTpPHI{ ¥ YMHOMKEHHS
MATPULBI HA YHCJIO HMeeM

A= w 7) ee=( 0 0)

A _ (M 0 2tp
MtuB=(70 gty At

§ 4. Cuctema JuHeHHBIX ypaBHEHHH.
Teopus Kponerepa — Kanesu 1)

4.1. Cuctema m3 n JUHEeHHBX YypaBHEHHUH ¢ n
HEeH3BeCTHH MH. Dylnem HasbiBaTh NPOHU3BOJBHYIO CHCTEMY
U3 A YUCeN (X1, ..., X,) N-MEPHbIM 6eKMOpPOM W 0603HAUATD
€ro Takxe OJHOH (KHpHOH) OyKBOH X:

x=(x1", ey x,,).

Uncna x; (neficTBHTE/IbHbIE MJIM KOMMJIEKCHBIE) HASHIBAIOT KOM-
nosenmamu BekTopa X. Bexrop

¢=(, ..., 0)

Ha3bIBACTCA HYACROIM BEKIMOPOM.

1) JI. Kponekep (1823—1891) — nemeuknit matematuk, A. Kanenmm
(1855—1910) — nranbskckuit MaTeMaTHK.
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3anaguM CHCTEMY H3 A JIMHEHHBIX YpaBHEHHH ¢ 1 Heua-
BECTHBIMH
Qikyt « oo+ 0ipX, = Y1y
® s o @ e o e e+ e @ (I)
QX oo Xy = Yy

Uncna a,, (ReACTBUTEIbHBIE WM KOMIJIEKCHBIE), HasbiBae-
Mble  kosgppuyuenmamu cucmemot (1), 3anaHel. Bygmem eute
roBopHUTL, 4TO cuctema (1) ompepensnercs maTpnuei

a1y ... Q1p

A=“akl"= ¢« o o 6 o . (2)

Aui  «se Qg

-

ee KO3(h(UIIEeHTOB.
Hac 6yzmer unTepecoBaTh BOMpoC O pa3pellHMOCTH CHCTe-
MBl (1) nss KaxJoro BekTopa (CHCTEMBbI YHCes)

Y= s Yn)
Cucrema umces (BEKTOp)
X=(% o0y X,)

HasblBaeTCs peuteruem cucmemol ypasrenud (1), ecn uucna x;
YIAOBJIETBOPSAIOT 3THM YPaBHEHHSIM.

42. Qopmyan Kpawmepa.

Teopema 1. Ecau onpedeaumeno cucmemot (1) ne pasen
HYyAt10:

A=|a, |0,
mo cucmema (1) umeem eduncmeenroe peuienue 048 2106020
eexmopa ¥, eviucasemoe no gopmyran (Kpamepa'))
x;=NMA (j=1,..., n), (3)

2d0e A —onpedesumensv, nosyuaemoiii u3 onpedesumern A, ecau

8 HeM 3aMeHUmb HucAa j-20 cmoabya COOMBEMCMEEHHO HA
HUCAQ Ygy o vy Yp! o

Qi vee @1 joi Yi @1, j4D oo O
Aj:......’...o..-oooo. (4)
Anl ses Qu j=1 Yn Qu, j+1 e0e Qup
Taxum obpason,
n
1 . 3
xl'=_A—E Asjys (]=1’~~-9 n), (3,)

s=

20e A;; ecmo advionkm snemenma ag; 6 onpedeaurnene A.

1) T. Kpamep (1704—1752) — mBefinapcknii MaTeMaTHK.
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HoxasarenpctBo. [lyets (%4 ..., X,) €CcTb pelle-
une cuctemnl (1). Utolw HaWiTH HEH3BECTHOE YHUC/IO Xj, YMHO-
JKUM MepBoe ypaBHeHHe cucTeMbl (1) Ha ambioHkT Ajpg, BTO-
poe—Ha A;;, . ., n-e—Ha A,; B CJOXKHM Bce YpaBHEHHd
cucreMsl. Torpga, yuuTeipas, yTo

n n
kZI Qi Api = % gl O A = %,

n n
noaydaem x,A=A", rue
n
' .
A= 2 YsAsi= A
s=1 Yn Qna esr Qpp
CnenoBatensHo, Tak Kak o ycsosuio A==0, To x;=AYA.
B ofwem ciayuae npe NMPOM3BOJILHOM j YMHOXKaeM MepBoe
ypasHenve cuetembl (1) wa ‘Ay;, BTOpoOe—Ha 4, ..., n-e—

Ha A,, CKJaAniBaeM 3TH YPaBHEHHWS W MOJydaeM Ha OCHOBa-
HHU CBOHUCTB omnpenenutesiell e), ) paBeHCTBO

n n
N
K kg‘l Ty ey = kgl Usp

Yi Qi2 ees Qip

a8 0 8 8 0 v |,

T. €.
x A=A,
rae
n il ese Qi 71 Yi @i, j41 eee Qip
Aj=k2ykAk/= s 8 8 8 s s e s e s s s s s e o o,

=1 Ani svs Qp j—i Yn Qu j+1 ¢ss Qpp

Orciona B cuay Toro, 4ro A ==0, cjepyer paBeHcTBO (3).

Mpl mokasanu, yTO €caM (X;, ..., X,) ECTb pelIeHHUe CHCTe
met (1), To wucna x; onpepensiorcs opmynamu (3').

O6parso, coBokymHocTb uucen x,=A//A (j=1, ..., n)
siBJseTes pewenueM cucremsl (1). B camom pene, noxcrasass
x; (j=1,...,n) B N€BYIO yacTb k-ro ypasuenus (k=1, ..., n)
ecteMsl (1), Ha ocHOBaHMM CBOFCTB €), ) OIpeje/uTess,
nMeeM

n it n
Z ak/%j_=_i_zl ak/Z ysAs/ =
i=

i=1 s=1

n n
1 1
=3 21 !/s}.; ak/As/="A“ Yl =Yg
s = i=
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Takum obpasoM, uncaa (3’) AefiCTBUTENIBHO SBJISLOTCS pe-
wenvem cuctemsr (1).
43. Onnoponnana cucrtema. Cucrema ypapHenrii Buja

al'l‘xl'l‘ e +al-,,x,,=0, 1

. . . . . . . . . .
Qi oo Fa,,%,=0 )

HasblBaetcs 00HOpoOHoi. OHa sIBASieTCA YACTHBIM CJydaeMm
cucremnl (1) npu y,=...=y,=0. SIcHo, 4TO HyJIeBOI BEKTOD

%=0, ..., x,=0

(%)

YIOBJIETBOPSET OXHOPOAHO# cHcTeMe (5). Ho moxer cayunrbes,
YTO OJHOPOAHasA cucTeMa (5) YIOBJIETBOPSETCH He HYJIEBBIM
BEKTOPOM X = (Xj, ..., X,), T. € BEKTOPOM, HMEICLIHM XOTsI
661 oxHy KoMMOHeHTY x;~0. Ero HasbiBatoT Hempusuanbrbim
pewenuem 00HopoOHol cucmemot (5), a Hy1eBOH BEKTOD 03TOMY
Ha3bIBAICT M PUBLANLHBIM Peuleruem 00HOpodHoL cucmemst (5).

Teopema 2. Ecau onpedeaumers A 00nopoduoil cucme-

(5) He pasen nyao (A==0), mo sma cucmema umeem

MOALKO MPUBLANbHOE pelieHue.

B camoM gnene, B cusy cBOHCTBA TI) BCE ONpejesuTenu
A/=0 (cm. (4)), 1O3TOMY B CHATy PABEHCTB (3)x~_—0(]-—l,..., n).

Teopema 3. Ecau cucmema ypasnenuii (5) umeem He-
mpuguanbHoe peuwienue, mo ee onpedeaumenrs A Heobxo0umo
pasen Hyao (A=0).

B camom nene, ecan 6ot A s=0, TO no Teopeme 2 cucTe-
Ma (5) mMesa Gbl TOJIBKO OJHO TPHBHUAJIBLHOE PELIEHHE.

Boime Mbl uccsienoBasu siMHelHyIO cucTeMy (1) B cayuae,
Korga ee onpejesutesab A=~0. B atom caydyae ObJIO NOKa-
3aHo (Teopema 1), uto cucrema (1) umeer ans moGo# npasoit
yactv y=(Y,, ..., Y,) €IUHCTBEHHOE pellieHUe, BHUUCJAEMOE
no gopmysam (3)

4.4. IlpaBuno pemweHUss CUCTEMH JHHEHHBIX
ypaBHeHu#. Tenepp MBI mepexojiuM K HCCJIEJOBAHHIO CH-
crempl (1) B caywae, xorza ee onpeneyuresib A=0. Bynem
NpeanoJararb, 4To XoTs Obl OfuH 3jeMeHT MaTpuusl A (cM. (2))
He paBeH Hymo u o6o3HauuM paHr A uepe3 k (k=paur A).
Takum obpasom, 1 <<k < n.

Hawe#t nesoio 6yaer pokasaTh cyeayiolye npabBua (IBHbIM
o6pasoM OHH CcOPMYJHPOBaHBI H JoOKasaHsl KpoHekepoM u
Kanesnny).

Ecomn Mbl xotuM pemnth cucremy (1), asa xoropo#l us-
BECTHO, 4TO paHr Marpuubl A ee K03pdHUUEHTOB paBeH Kk, TO
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MBI JIOJUKHBEI Y3HAaTh PaHT pactuupeqroll mamputsl

i1 e Qip Y

WAnT oo Opn  Yn

TOJIyueHHOHA mpucoelrHeHueM Kk A eroJbua

= ’

Yi Yi
Yo | [ ¥
Yn Yn

1) Ecan panr B Goabule panra A (paur B > panr A=Fk),
TO cuctema (1) BoBce He umeer petenuii. OHa npomugopeuuga —
HE CyllecTBYeT BEKTOpa X = (X, +.., X,), YAOBJETBOPSIOLIETG
OJIHOBpEMEHHO BceM ypaBHenusm (1).

2) Ecnn panr B paBen paury A (paur B=paur A=Ek),
to cucrema (1) vmeer pemenns. UtoObl HaliTH UX, MB JOJIKHE,
BeIGpaTh U3 cucTeMb! (1) Kakue-HUGYHb Rk ypaBHeHuH, MaTpULE
KO3((HIHEHTOB KOTOPHIX HMeeT paHr k, M pelluTb 3TH k ypas-
Henuil. Pewennii y sTol cuctemnl U3 k ypaBHeHHH OyeT 6eCKO-
HEYHO MHOrO, HO HX MOXHO 3amucath B 0603pDMMOM BHJE.

ITpu sTom moboe pelueHne B3ATHIX HaMH & ypaBHEHUH aBTO-
MaTHYECKH SIBJSIETCA pelleHHeM OCTaJIbHBIX 71—k ypaBHeHHi
cucremn (1).

Ipasuiaa 1) 1 2) wcuepnbIBAIOT BO3MOXKHBIE CHTYALHH,
NOTOMY 4TO paHr B He MOxKeT ObITb MEHbLIMM R.

Benn matpuua A no ycs0BHIO NOPOXKIAET He PaBHBIA HYJIO
ompejesnuTeNib k-TO NOPSiIKa, KOTOPBIH MOPOMKAAETCA TaKKe
H Marpuuei B.

45, Tlpumeps NPHNOXKEHHUS NPABHUI

[Mpumep 1. Cucrema

x+y=1,
x—y=2 }
HMeeT orlpeJeJHTe/b
A=|; _”=—-2;e0

H [OTOMY WMMeeT eJMHCTBEHHOE pellieHHe, KOTOPOe MOXKHO BHI-
YHCJIUTb [0 (popMyJiam
x=AYA, y=A¥YA,
rae 1 1 11
1 __ —_— 2 —
wely =ms m=|! il
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To e.
_—3_3 _1 1
=D e VTt
IIpumep 2. Cucrema
x+!/=‘1, .
x4y=2 } ¢

MMeeT OnpeleNuTeNb, PaBHbHIA Hymo. Marpuna
) 11
e I
nMeer panr A=1. A marpuna
111
B =v"1 1 2“

uMeeT paHr Be=2. Tak kak paur B > paur A, To encrema (6)
He uMeeT peienuH. D10 BUAHO, BNpoyeM, u Ge3 Haiell Teo-
PHH: OJIHO M TO )K€ UMCJO He MOXeT paBHsThc H 1 u 2.
[MTpumep.3. Cucrema
2x4-2y=2, }
3x+3y=3

uMeem onpepemmtear A=0. Marpuua
a=f 4l

umeer paHr A =1. Pacumpennas marpuua

=[5 5 i

o]

Toxxe uMeet paHr B=1. Tak kak paur A=panr B=1, 10
6epeM OIHO ypaBHeHHe

2x 4 2y=2. (8)
KoagpunieHT npu y He paBeH HYyJIO, [OSTOMY 3TO ypaBHe-
HHE MOXHO DELIHTb OTHOCHTEJIbHO Y:

y=25%1—x ©

®opmyaa ég) IaeT Bce pewienns ypasHeHHs (8). Mel Moxkem
8ajaTh Jioboe 3HaueHHe X (— oo < x < 00) U BHLIUHCJIUTH 8Ha-
geHue y no dopmyne (9). ITomyuum cucremy (BeKTOp) (X, Y),
YIOBJETBOpPSIOLLYI0 ypaBHeHHO (8). MuoxecTBO Bcex cHereM
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(x, 1—x), rme x€(— oo, ‘o0), 06pa3yeT MHOXKECTBO BCeX
pemenn#t ypaBHeHHst (8). DTH pelueHHs aBTOMaTHYeCKH $iB-
JISIOTCS PELIeHWsMH ¥ BTOPOTO YPaBHEHHUs cHcTeMb! (7), MOTOMY
yto paHr A=paur B. B paHHOM cJjyuae 5TOT pesyJbTal
oyeBHeH 6e3 NpHMEHeHHsi Teopun O pamrax Martpuu. Koz
¢vuneHTH ypaBHeHHH (7) BMecTe € MX NpaBLIMH YacTAMH COOT-
BEeTCTBEHHO NPONOPLHOHAJbHBI, NO3TOMY $CHO, YTO BCSAKOE
pelieHHe OJHOTO M3 STHX YpaBHEHHH sBJseTcs TaKXe pelre-
1IMeM JpYToro. ' '
[Ipumep 4. Cucrema:

x+y+ z=1,
2x+y+22=1,
x+y+32=2
HMEET onpencemTe b
111
A=|2"1 2|=—9-£0 8
113

M TO3TOMY HMeeT eIWHCTBEHHOE pelIeHHE, KOTOPOe MOMKHO
BBIYHCJIHTD 1O (pOpMYJIam

111

At —1 1 A2 -1
A 20g 1 3 D IVTTTT o8
1
S| PR
A 211 g 2
Mpumep 5. Cucrema
syt z2=1,
x+y+422=1,
xt+y+32=2
HMeET ONpeleInTeNb
111
A=]|1 1 2|=0.
113
Marpuna
i 11
A=[1 1 2
1 13

uveeT panr A=2, tak kak A =0, HO UMeeTCs ONpPENEeNUTEND
BTOPOTO TOpPfAKa, NOPOXKIEHHBIA MaTpuueli. A, He paBHBIA



26 §4. CUCTEMA JIMHEWHDLIX YPABHEHHA

Hy.so. Hanpuwmep,

L l|=10.

1111
1121

Marpuna

B=

113 2

umeer panr B=3, Tak Kak ompeleNuTeNb, MOPOXKIEHHbI
3TOf Matpuuelt,

111
1 21
1 3 2

=1s%£0.

Tak xaxk panr B> panr A, To cucTeMa He HUMEET pelISHHS.
I[Ipumep 6. Cucrema

x4+ y4 z2=1,
x4+ y+22=1, (10)
242y 42=2 )
HMEeT OmpeNeUTeNb
111
A=|l 1 2{=0,
2 2 4

Jlerko mojacuutath, 4TO MaTpHIbL
111

11 2
2 2 4

A= , B=

1111
11 21
2 2 4 2

HMEIOT PaBHEIE paHrH, npuyeM panr A= paur B =2. BriGepem
u3 cucremsl (10) 1Ba ypaBHeHHs Tak, 4TOOLI paHr maTpHubl A*
13 Ko3(UUNEeHTOB 3THX ypaBHeHuil Obul paBed 2. B maHHOM
c/lyyae MOXKHO B3fiTb MepBO€ M BTOPOE YPaBHEHHS WJM Mep-
Boe U Tperbe. Mrak, paccmoTpuM cHcTeMy

x4y + z=1.}
x4y422=1.

TepeHeceM B MpaBele YacTH STHX YPaBHEHWH ONHO U3 HEH3-
BECTHBIX TaK, 4TOOB KO3(UUHEHTHl nNpH OCTABIUMXCSA Heus-
BECTHBIX 0OpasoBeBasM Marpuuy A”, y KoTopo#t panr A"=2.
B naHHOM c/lyyae MOXXHO MepeHeCTH Wid X WIH Y.

(1)
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I/ITaK , HeOIlHOPOIlHaH CHUCTEMA
x4+ z=1—y,
K4 2=1—y } (12)

HMEET ONpPEeAC/IUTEeN b
An___H él:lgeo,

N03TOMY OHa HMeeT eJMHCTBEHHOE pelleHue mpH Jofoit mpa-
BOI gacTu:
1 J1—y 1

Y= | l—y 2
Takum o6pasom, Tpoliku uncen (1—y, y, 0) mpu BcSKOM
Yy € (—oo, 0o) malOT Bce pelueHHs cuctembl (12) W aBToMaru-
UeCKH pelleHHst TpeTbero ypasHeHHus cuctems! (10) (310 ypas-
HeHHe MOJyyaeTcsl U3 BTOPCTO YMHOXKEHHEM Ha 2).

46. O6ocHOBaHHE NPaBHUIL

Teopema 4. Ecau cucmenma (1) cosmecmua, m. e. umeem
xoms 6bl 00HO pewrenue x, mo Heobxodumo paur B= paur 4.

Teopema 4 paer ofocHoBaHHe npasuay 1) (cMm. ctp. 23)
NOTOMY, 4TO €CIM paHr B > paHr A, TO He BHIIOJHSETCS He-
06XOAHMO€ YCJIOBHE COBMECTHOCTH (HEHPOTHBODCIII/IBOCTH) CH-
cremnt (1).

HJoxazateabcTBo TeopeMmn 4. Ilycte cucrema (1) umeer
peuienne u panr A=k. HaM Hago jokasaTb, uTo panr B=~%. Tak kak
no ycaopnio pair A=#k, To cyumecTByeT He PaBHHIl HYNIO oOnpejeu-
Teab] k-ro nNopsAjgKa, mnNopoxpaeMblfi Matpunel A, cJexoBaTesbHO H
matpuueit B. ITostomy panr B=k. Ocraetcs JOKa3aTh, YTO BCAKHI
onpegeautenb (k--1)-ro nopsaka, nopoxpaembfi Martpuueil B, paben
nyao. Eciu Tako#l onpepesnuTesh COCTOHT TOMBKO H3 3JIEMEHTOB gjj, TO
OH 3aBeJOMO DaBeH HYJIO, NOTOMY YTO OH MOPOXKAAETCS TaKike H Ma-
TpHulell A, KOTOpasm IO YCJOBHIO HMeeT paHr .k. TakuM o6pasom, HYKHO
JI0Kas3aTb, yTo JIoColi onpefenuteas (k-+1)-ro mopsigka, nopoxaaeMuiil
maTpHuell B u copepxaiedi B ce6e cTosGel M3 YMCes y;, PaBeH HY.JIO.
He napymwas o6GIHOCTH, MOXKHO CYHTaTh, YTO 3TO ONpEeAEJHTelb

11 1—y
=1—o e=z[ D=0

a1 see Mg Y1

e s e 1 s e e e s 8 s e .

Ap+1,1 +ee Opii, k. Yr+1

K aToMy MOXKHO cBecTH /06O cJyyaif, nepeHyMepOBLIBasi COOTBETCT-
BYIOILMM 06Pa3soM yPaBHEHHS H HeMsBecTHble x;. [lo ycsosmio cuctema (1)
COBMECTHA, T.e€. CYIleCTBYeT BEKTOP X== (X1, ..., X;), YAOBJIETBOPSIO-
wuii ypaBHeHHsM 3Tofi cucteMbl. Ho Torga x, B uacTHOCTH, YAOBRJETBO-
pseT nepBuM k-1 ypaBHeHHAM 32HOBO NepEHYMEPOBAHHON CHCTEMHI
C/e0BaTeNbHO,

ay1xy +.oootapy M =0,

(13)

pi1,101 oo appi pXptAp1=0,
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rae .
M o=aq peixprite i, —yi,
© @ 0 6 6 o s s s s s 4 6 4 4 e s e 8 8 s (14)
Mot 7= Qg 41, g 1%p+T - 0 o0+ Qi n¥n—Yp+1.
CocTaBuM CHCTeMY C HEU3BECTHHIMA 2f, 25, ses, Zp4it
ajizi -+ oov agp2g +Aizgey =0,
L T L e I I A I O L (15)
Op+1,12i oo+ et p2etApaiZeei=0.

Ha ocuoBauun (13) n (14) 3Ta cucTeMa YIOBJIETBOPSAETCH YHCJAAMH Xf, .ve
«ssy Xp, 1, CPpegM KOTOPHIX BO BCAKOM cJIyyae OZHO He PaBHO HYJIIO,
Ho torga onpegenutenn opHopoguoit cmcTemsl (15) paBem Hymo (cM.
Teopemy 3), T.e.

aii eve g ai, p+iXe+i-t oo o T Binkn—Yi

0= © € 9 8 8 5 » 6 & 8 e % s e o s e s s & s e e e 8 8 8 s |==

Qr41,1 sse Qp4i b Qpaf, p+i¥p+i-tros 4 0pai, nn—Yp+i

n aii s Aip ais aii sss Qip Y1
= xs e @8 ® & 0 ¢ 0 8 s o 0 B|—™ * 5 8 8 6 o 6 8 & o o =
s=k41 Ap+11 sse Qp4i . CQrel,s 0p41,1 vos Qa1 Yr+i
" lait see Aip yi
=l ¢« 06 s 6 6 ¢ 8 s e 3 (16)

A 41,1 sve Qpair Yr+i

noToMy 4To onpejesuteqn ((R--1)-ro mopsaxkal), BXojfuKe B CyMMY.
2, PaBHB HYJII0—Bejgb paHr MaTpuunl A paBeH &.
s
Mm gokasanmu, uTo Jio6oft onpegeautesas (k-}-1)-ro mopsigka, no-
poxjaempli Marpuue#t B, paseH HyJ 0, uTO M TPEeGOBaJNOCh JOKAa3aTb.
[lepefigem Teneph K oGocHoBaHuio npasuia 2) (ctp. 23). Tak kak
pair matpuuwl A pasen k (paur A=4p), To cucrema (1) comepxur k
ypabHeHuit, MaTpHUa KODHHIHEHTOB KOTOPBIX MOPOXKAAET- HE PaBHbI
HYJIO OnpeiennTesis k-ro nopsaka. [lepenymepoBsiBast 3aHOBO YpaBHEHUSt
H HeU3BeCTHBIE, MOMHO JOCTHFHYTb TOTO, YTO nNepBhle %k ypaBHeHuil
cucremnl (1)
@)

L I T S

Giixit oo+ Qinkn =y1, }
Apixit o os +ApnXn=ys

6YAyT UMeTb ONpefeJsIHTeNb
aiif «ve Qip
o= « s 8 s e o ;é 0.
Api see Qpp
IMepenymepoBanuyo cuctemy (1) nepenuuwem eme Tak:

QiXi - ees Al =Yi— a1 g4 1k 000 — AipXp, }
an

. . . . L] . . . . . . - . . . . - 3 L] * . . . . .
AgiXitoret QepXp=Yr— Op p+iXp41— o+ s —Appln.

B cuay Toro, uto onpegeautesqb 0 # 0, aw0Gofi cHcTeMe  uHces
X4y oo+s Xy COOTBETCTBYET ERMHCTBEHHAS CUCTEMA GHCeN X{, see, Xp,
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8o

KOTODHIE, Oqu‘HJJ,HO, MOXXHO 3anucaTb CJeAYIoWHM oﬁpaeoM:

u ]
ol 1 - N A
x1=?—?2 Us—8s, k+1Xa+1— -~ Aon¥n) A1, |
s=1
(18)
k
of 1 |
n=G=7 Z (Us—as, k+1Xk+1— o+ — AgpXy) Agp, J
s=1

rae Agi— afbIOHKTHl 5J1€MEHTQB ag; B onpefenuTene o, CiefopaTenb-
Ho, Bce pewennsi cucteMb (17) sanucansl no ¢opmysae (18). HUucnam
Xp41y ++ey Xz MOXHO TPHAABATbL JIOOBIE 3HAUEHHS, 8 UHCHIA X7, «uve, Xp
GygyT BhiuucanThes no ¢opmyaam (18). Orcioga mbl BHZMM, uTO cmcTe-
ma (17) umeeT 6eCKOHeUHOe MHOMKECTBO pelleHRIi.

Mbl xoTHM 0GOCHOBaTb, 4TO, e€cau paHr A = pavr B=k, 10 nio6oe
HaHAEHHOe HAMHM pelleHne X NepBHIX B ypaBHenuil cucteMs (1) aBTOMa-
THYECKH ABJISAETCS PELIEHHEM OCTaJIbHBIX YPaBHeHHil 3TOH cucTeMbl. s
ONpENEeJIEHHOCTH JAOKaXKeM, 4YTO OHO fABjsieTcs peweHweMm (k- 1)-ro
vpaBHenusa. HrTak, paccmoTpum nepsbie (k1) ypaBHeHME CcHCTEME!
(1), kortopme Mbl 3anuweM B BHAe (13). Hapo pokasatb, uTo BCSiKOe
peuleHHe X nepsbiX k ypaBHeHnit (13) apTomMaTHuecku SBJAsieTCH pelue-
nieMm (k- 1)-ro ypaBnenns B (13). IlycTh x ecTb BeKTOp, YAOBJIETBOPS-
jonuii mepewM b ypasuenusm B (13). CoctaBum ypaenenus (15) oTho-
CHTEJNIbHO HEM3BECTHBIX 2y, ..., Zp41, [H€ YHCAA Ay, «.., Apy7 BHIUH-
casores no ¢opmyaam (14) uepes KOMMOHEHTH Xpy i, .., X, BEKTOpa
x. Onpeneautenb cucrembl (15) paBen HyJN10. DTo BUAHO H3 DABEHCTB:
(16), KoTopble HaJO uMTaTb CHpaBa HaJeso. Ilo yCJIOBHIO ompejeJHTeNb
cnpaBa paBeH Hymo. Ho torga cuctema (15) umeeT HeTpHBHaJbHOE
PCUICHHE 2y, 23, +.., Zp4+1- JHECh UHCJIO 2p4y #Z 0, MOTOMY uTO, eclin
JIOMYCTHTB, 4TO cucTemMa (15) nMeer pewenne BHEA 25, ..., 24, 0, TO
YuesIa 2y, ..., 2 BOJIXKHBI OOPATHTbCS B HYJH, NOTOMY YTO OMpefesH-
Teab 6 #0. Ho Torga 21=...=2,=24,,1,=0 ¥ cucrema 2;, ..., 2p4i
6bia 661 TpUBHAABHOM. BesenctBhue opnopoghocTH chcTeMsl (15) He
TOJNIbKO YHCAA 21, ..., Zp4+7 YHAOBJETBOPSIIOT 3TOH cCUCTeMe, HO M
yiacana (241 #Z 0)

. .
Q=212 41y «vvs 2h=2p/2p41, |

0GMIaRA0T TeM e cpoiicToM. Ho Torma umenz zq, ..., zk YAOBAETBO-
PAI0T cucTeMe nepBuiX k ypaBuenuit (13), nmelomedt onpegenutens o 0.
Mbl  yXe 3HaeM, 4YTO 3Ta MOCJNEAHAS CHCTEMa HMeeT  pelleHHs
X1y se+y ¥p H B CHNY CAWHCTBCHHOCTH

, ,

ZI=X{, vee, L=Xp

O6pamascy K nocnesHeMy ypasheHdio (15), MBI BuUJMM, 4TO OHO YJO-

CJETBOPSETCA YHMCJAMH (Xg, ..., Xg, 1), T.e. umcaa (xg, ..., xz) YAO-
BaeTeOpstoT (k- 1)-my ypapnenuio cucremn (13), u B cuay (14) pac-
CMaTPHBaeMblli HAMH BEKTODP X= (X{, +.., Xg, Xp4i, s+, X;) YHAOBJET-

sopsieT (k-}1)-my ypashennio cucremu (1). DTum yTeepKzeHHe 2) Ho-
Kaaano.
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47. MeTon pemeHus CHCTEMH NMYyTeM HCKJIIO-
YeHUS HeHU3BECTHLIX. MOXKHO DPexoMeHIOBaTb CJIEAYIO-
KA METO] pelleHHs CHCTeM JIMHEHHBIX ypaBHEHHH, KOTOPBIN
ABJISRTCA MEmOoOOM UCKAIOMEHIA Heu38ecmmoix (WM MeTOoI0M
Faycca?)). [lycTh nana crctema

apX% oo agx, =0y, ]
(1)
anlxl + e +annxn=bn'

Ecan Mbl yMHOXKHM Kakoe-sii60 ypaBHeHue cHcremnl (17) ra
NOCTOAHHOE YHCJIO M OpuUOAaBUM ero K [pyroMy YpaBHEHuIo
CHCTEMBI, TO MOJYYHM HOBYIO CHCTEMY, SKBHBAJCHTHVIO [1peiXK-
we#l. HoBas ciucrema ypaBHenuii 6ynet umMeTh CBOIO Matpuuy B,
COOTBETCTBYIOIIMM 00pasoM NpeoGpa3oBaHHYIO W3 MaTpHUB 3
(B = B'’). IlpeoGpa3oBanie 3aK./IH0UAETCS B TOM, YTO HEKOTOPas
CTpoKa MaTpuipl B BHUAOU3MEHseTcs mnpubaBjeHHEM K Hel
APYrofi CTPOKH, YMHOXEHHO! Ha COOTBETCTBYIOLLEE UHCJIO.

[Nono6HbIM 006pa3soM, ecJiH YMHOXKHTH Kakoe-nbo W3 ypaB-
HeHHA CHCTEMBI Ha YHUC/IO k=% 0, OCTaBUB OCTasbHbIE YpaBHe-
1A OPEXKHUMH, TO TOJYYHM HOBYIO CHCTEMY, OYEBHIHO, K-
BUBaJieHTHYIO ucxoaHoH. HoBasi cucrema Gyner umerb CBOIO
marpuny B', cooTBeTCTBYIOmEM 06pa3oM MpeoGpas0BaHHYIO M3
marpuubl B (B=>B’). Ha stoT pas npeoGpasoBaHue 3akJio-
4aeTcA B TOM, YTO CTPOK3, COOTBETCTBYIOUIASl YKa3aHHOMY
ypaBHEHHIO, YMHOXaeTcsl Ha k.

[TosiBaisieTcsl Takxke HEOGXOAUMOCTH MEPecTaBJATb MecTaMu
aBa ypaBHeHus cuctemnl (1”), mosyuus, Takum oGpasoM, ¢op-
MaJbHO HOBYIO, HO 5KBHBAJIEHTHYIO MCXONHOM cucreMy. B atom
cayyae rnpeoGpasoBaHue B=>B' CBOIHTCH K NepecTaHOBKe
MeCTaMH IBYX CTPOK MaTpuusl B.

Ykasanusle Tpu npeoGpasoBaHus B=>B’ HaswBaOT ase-
MEHMAPHOIMU NPe0bPA30BARUAMU MAMPULbL.

TexHnueckd, BMECTO TOrO YTOOBI MHMCAThb HOBYIO CHCTEMY
ypaBHeHHH, OrpaHUYMBAIOTCH TE€M, YTO NHUIUIYT TOJBKO €OOT-
BeTcTByloIyio efi matpuny B’. Beerza MoxHO, NpUMeHSIS OX-
XonAmuM 00pasoM  3JieMeHTapHBle OMNepaluH Haj CHCTeMOH
ypaBHEHHMH WJIH, YTO BCE€ paBHO, Hajx Marpuued B, noburbes
6o peleHnsa safaHHOM cucteMsl (17), 60 NpUHTH K ABHO
nporusopeunBofi cucteme. Tak Kaxk mnocJiefHAs SKBUBAJCHTHA
cucteme (1), To 3TO HOKaKeT mpoTHBOpeunBocTh cuctembl (17).

Hike npuBomsiTcS NpUMepH NMpUMEHEHWs 5TOr0 METOAA.

) K. @. Cayce (1777 — 1855) — HeMeU KUl MaTeMaTHK.
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Onepanusi B=> B’ ofo3uauaer, yto B’ noayuaercs u3 B
TIOCPEACTBOM OIMHOK WJM HECKOJNbKUX 3JEMEHTapHLX npeod-
pazoBanuil.

[Mpumep 7. Peumth cucremy

x4+ 2%, + 3x,+ 4x, =5,

X, +2x, 4+ 3x, =1,

X +3x, + 4x, =2,

X, + x,+5x5+46x,=1.
Kowneuno, corsacHo Teopeme 1, Ml MOy Gkl NMPOCYHTATD
BCe NATH ONpellesnTeiell YeTBEPTOro Nopsika M HalTH Xi, X,,

Xg, X;. 3I€ch OblI0 Obl MHOTO TOBTOPSIOIIMXCS BBIYHUCJIEHHH.
CocraBum Matpuny B:

B=

—— O
oW N w
D W
—_ N -

2
1
0
1

rje, Kak Mbl BHIUM, TOCJENHUA CTOJOEL, COCTOMT M3 MPaBhHIX
yactell HameH cucTeMbl. YMHOXas mnepBylo CTPoKy Ha (—I)
U npubaBniAsg ee K TpeTbeH U ueTBEPTOH CTPOKaM, MOJYUHM

MaTtpuny
2 3 4 5
1 23 l\
0
2

—2 0 -3 )

—1 2 —4

B marpune Bj 2seMeHTH TPeTbell CTPOKHM, ABJAIOLIHECT KO3(-
¢ULMEeHTaMH IPH HEU3BeCTHBIX, KPOMe OJHOro, PaBHH HYJIO.

IlepemecTdM 3Ty CTPOKY Ha MecTo BTOpOH cTpoku. Torza
©JIEMEHT, He PAaBHBIA HYJIO, OKAXKETCS Ha IJIaBHON JHaroHasu:

1 234 5

., [0 —2 00 —3
Bi={o 123 1)

0 —1 2 2 —4

B =

SO O -

Bropylo cTpoxy MOXKHO elle yMHOXUTb Ha (— 1), uT0GH 3anuch
6bl1a mpole:

5

3

B, = "

SO O =
— s DD DD
NN O W
N WO a
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Hanpheiine npeoGpasoBaHUs MaTPHI OYEBHIHBI!

1034 2
0200 3
Bi=By=(4 ¢ 935 —1pp |PB=
00 2 2 —52
103 4 2 1034 2
020 0 3 0200 3
=loo2 3 —1p|B= 0023—1/2>=>Bs=‘
000 —1 —2 0001 2
103 0 —6 1 000 154
0200 3 0200 3
={0020 —132)2B:={00 20 —132)
0001 2 0001 2

Orciopa x, =2, x,=—13/4, x,=3/2, x,=15/4. Urobul He
JIONYCTUTh OILHOKH, PEKOMEHIYeTcsl OCYLIECTBHThL MPOBEPKY,
MOACTaBHB MOJIyYeHHble 3HAYEHUS B WCXOJHble YpaBHEHHUS
CHCTEMBI.

PaccMoTpum ¢ 3TOH TOYKH 3peHHs npumep 5:

XX+ xa=1,)
) x1+x2+2xs=l,i
X 4%, 4+ 3x,=2,

1111 1 1 1 1 1111
B=<l 1 2 l>=g>31=<0 01 0>—_—>B2=<0 01 0>,
113 2 00 21 0 0 0 1

Takum 06pa3oM, HCXOJHAsi CHCTEMA 5KBUBAJIEHTHA CJICAYHOLLEH!
X + Xy + Xy = l;
0., +0-x,4+ x,=0,
0-x,4+0.-x,4+0.x,=1.

B mocniefHefi cTpoke eBOGOIHEIA 4J/IeH paBeH eIHHHIE, a Kodd-

(UUHEHTbl NPH HEHU3BECTHHIX PAaBHBI HYJIO, MO3TOMY CHCTeMa

HECOBMECTHa.
Haxkonen, B npumepe 6

1111 1111
2 2 4 2 0020

1111 .
1 1 11 1101
<0 0 0 0> 8 0010 4 0 0.1 0
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Orciona
%,=0, x,+x,=1,
T. €. CHCTEMa uMeeT GeCKOHeYyHOe MHOXECTBO pEeLIeHHH:
X =Xp Xy=1—1xy, x3=0,
rae x, —moGoe 4ucI0 (—oo < x; < ©0).

48. Haxoxaenue panra marpuubl. Ecau Hac un-
TepecyeT TOJIbKO BONPOC O paHre MaTpUuel B, TO yka3zaHHble
Bbllle 3JIeMEHTapHele onepauuu B = B* pacmpocTpanum He
TOJIbKO Ha CTPOKH, HO U Ha cTosOubl Marpuusl. [Ipu stom,
€CJM B Npoiecce 3THX Mpeo0pa3oBaHUil B MaTpUUe [OAB/A-
IOTCSl CTPOKA MJIM CTOJIOeH, LeJMKOM COCTOsiide 43 HyJeH, TO
HX HaJlo 'YJaJMTb H3 MaTpuLbl, T. €. paccMaTpHBaTh Jajee
MaTpHUy MEHbILEro pasmepa.

Crepytoipie IpUMepbl UJIOCTPUPYIOT 3TOT METOA.
[Ipumep 8. Haéttu panr marpuusl

5 6

1 3
0 0
B=l 1
0 0

(=2 CRE N
Tl - — =

2
1 0
2 1
0 0

- -

flcHo, uTO paHr maTpuusl B He Goabwe 4. B nannom ciy-
qae a,=150. YMHOXKaa nepByo crpoky Ha (—I) u npu-
GaBJsisi ee K TPeThel CTpOKe, MOJydaem

12 3 4 5 6 7
o1 0 1 0 1 1
00 —2 —2 —4 —4 —6J°
o0 0 0 0 4 b

B,=

Tenepb, yMHOXKas mnepBblil cTos0en Ha COOTBETCTBYHOLIUE
ygcsa M NPHGABAAA ero K OCTajMbHBLIM CTO/MOUAM, [OJIyYUM
MaTpuuy

10 0 0 0 o0 0
B 01 0 1 0 1 1
=100 —2 —2 —4 —4 —6 J°

00 0 O O 4 5

Bropo#i cronGew yike COCTOHT 3 HyJsell, KpoMe 3JeMeHTa
a,,=17=0. YuuHoxas sropoil crondeun na (—1) u upuGasass
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ero x 4, 6, 7 eronbuam, noJayyuMm

10 0 0 0 0 o0
01 0 0 0 0 0
By={(y ¢ 9 —2 —4 —4 —g |™B=
00 0 0 0 4 5
10 00000 10 000
01 00000 01 000
=00 —20000,2B={00 200/
00 00045 00 0465
10 000 10 00
01 000 01 00
>Bi=(00 —200)7B={0 0 —2 0]
00 040 00 04
OnpejiesuTesb 4eTBEPTOro IMOpPsiAKA MaTpullkl B, He paBeH

HYJIIO, CJIeJloBaTeJIbHO, paHT B = panr B, =4.

Mpumep 9. Hafitu panr marpuus

1 2 11 1 2 1 1
B=<o 11 l)=>Bl=<0 11 1>=>32=,
1 100 0 —1 —1 -1
1 0 0 0 1 000
0 —1 —1 —1 0000

1 000 1 0 00 10
=(o 11 1)=>Bﬂ=(o 10 o)=>B°=(o 1)'
T. €. paHr marpuusl B paBeH IByM.

Paccyxnenus B npuMepax 8 ¥ 9 OCHOBaHEI Ha CJeLyOLleM
o0IeM YTBePXKIEHHH: NpU SAeMEHMAPHOM Npeodpasosanuu
B=>B" pane mampuuybi COXpaHsemcs, m. €. 6bINOAHAEMCS
pasexcmso

paur B = paur B’.

310 yTDepKIeHHEe OYEeBHJHO, €CJIH 3JIEMEHTapHOe Npeodpa-
soBaliie CBOJUTCSI K 3aMeHe MeCTaMH CTPOK WJIM CTOJIGLOB
MaTpHubl WJIH K BBIKHJBIBAHHIO H3 MAaTpHLBLI €€ CTPOKU WJIH
cTosI0La, COCTOALIMX M3 HYJIeH.

Ocraetcs ellle OIUH cJydaH, KOTOPHI MBI BHIPAsuM B BHjie
TeopeMbl.

Teopewma 5. Ilycms mampuya B nodeepernyma npeos-
pasogsanuio B=> B, saKkarouarouemycs 6 mom, 4mo K HeKomo-
poti ee cmpotke (cmoabyy) npubasisiemes Opyaas KAKAA-AUSO
cmpoka (cmonbey), ymroscennas Ha uucae C.

Toz0a paxew mampuy B u B' pashe.
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JlokaszaTeabcTBO. Bylem foKasblBaTh 5Ty Teopemy
IS CTPOK (A/1s1 CTOJIOLOB DAcCCyKJeHHs! aHaJIOTHYHBI).

[Tycts & ectb HoMep CTPOKRHM matpuuel B=(b,,), ymioxa-
emoil Ha yucso C u npubaBnsieMo#l K Jpyroil cTpoke B, KOTO-
pyio Oylaem cudTaTh uMmeomed Homep [ (Takum o6pasoM,
l-a crpoka marpuusl B’ coctour us snementoB Cb,;4-b,;,
j=1, ..., n). Ilyctsb

paur B=r, paurB’'=r'.

JocraTtoyHo nokasatb, 4To #* < 7, IOTOMY YTO 110 aHaJIOTHH
JIOKa3blBaeTcs TaKxke, 4To r < r*, OoTKyua r=r'.

Ecau r=0, T0 Bce 3/eMeHTH MaTpuisl B paBHH HYJIO
H, CJIeJOBaTesIbHO, PaBHBI HYJIO BCE 3JEMEHTH MaTpuusl B’,
orkypa r=r'=0.

Ilycte Temepn 7 > 0. Torma cymectByer marpuua A rmo-
psnka r, nopoxnuaeMasi Matpuueilt B, ¢ HepaBHBIM HYJIO Ompe-
nemureneM (| A|s40), a Bce marpunbsl A, nopoxnaemeie B,
nopszKa, 60JbIIero r, UMEIOT ONPeJeJHTENH, paBHbie HyJHo. [1pu
npeobpasoBanun B =>B" marpuua A npeobpasyercs B HEKO-
Topyio Matpuny A" (A=> A’). Ilycte matpuua A umeer nops-
JOK, GOJBLIMA 7.

Ecuu [-s1 cTpoka matpuusl B He yyacTByeT B o6pasoBanud A,
To, oueunHo, A=A" n 0=|A|=|A’|.

Ecau B obpasoBanun A yyacTByIOT 06e CTpOKH B ¢ HOMe-
pavut k& u I, To 0=|A|=|A’|. Benp uroGbl mosyuurb ompe-
Iemutenb | A’ |, Hajo K HeKOTOpoH cTpoke ompejesnutens | A|
NpuGaBHTh OMPEJENEHHYIO APYTYI0O €ro CTPOKY, YMHOXKEHHYIO
Ha uucio C, OT uero BeJHYHHA ONpeJeNUTesIss He MeHseTcsl.

Hakonen, nycto B oOpasoBaHuM Matpuupl A yuyacTByer
l-a crpoka, HO He yuactByeT k- crpoka. OueBHIHO (CM.
CBOHCTBO 3) ONpejeuTess),

|A"|=]| A|+C]A|, (19)

rie A — marpuna nopsiaka, OGoJbluero r, nosyyaemast u3 A
3aMeHOll 2JIeMeHTOB [-H CTPOKHM Ha COOTBETCTBYIOLIYE 3JIeMEHTHI
k-t crpoku Marpuubl B. Ho Takas 3ameHa He MeHsieT paHr
B v tak kak |A|=0, To |[A|=0.

Ys (19) nonyvaem | A’|=04C-0=0.

Mel mepecMoTpesn Bce caydyad, Korpa marpuua A° mmeer
nopsijoK, Gosibluuit YeM r, U BCAKHA pa3 OKAa3bIBANOChH, YTO
| A’|=0. Jro nokaspiBaer, uTO

r'=paurB'<r,
4yTO H TpebOBalOCh JOKa3aTh.
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§ 6. Tpexmepnoe npocTpaHCTBO. BexTophbl.
JlekapToBa cHcTeMa KOOpEMHAT ')

6.1. [lorsaTue BekTopa. B stom naparpage mul Oy e
paccMaTpuBaTh peasnbHOe InpocTpaHcTBO. [loHsiTHe BekTOpa
B peasbHOM NPOCTPAHCTBE YHTATEJO H3BECTHO M3 SJIEMEHTZD-
HOM TeOMeTpHH.

Bekmopom (B pealbHOM IIPOCTPAHCTBE) HA3bIBACTCS HaMpaB-

—

NeHHb oTpe3oK AB ¢ HayanbHOH TOUKOH A UM KOHeYHOH
TOYKOH B, KOTOPHII MOXHO NEpeiBHraTh NapaieIbHO CaMOMy
ce6e. Taxkum_ 00pasoM, CYUMTaeTcsl, YTO ABAa HANpaBJEHHEIX OT-

— —_—
peska AB u A,B;, nveouve papupie wiuHb (| AB|=| A, B, |)
MW OLHO W TO e HanpaBJieHye, ONPeensioT ONHH W TOT e

BEKTOD @, H B _STOM CMBICIIE MHIYT @ = AB= A B, (puc. 2).

Haunoi |AB|——|a| sexmopa AB=a nasmisaeTes uHCaI0
(neoTpHLATeNIbHOE), PaBHOE JJIMHE oTpeska AB, coeaunHsiolLero

Toukn A n B. Bynem Takxe nucatb |AB]=| AB|.
BekTophl, JeXallHe Ha ONHOM NpAMOH WM Ha napaiesb-
HbIX MPAMbIX, Ha3bIBAIOTCA KOAAUHEQPHOLMU.

Ecnu Touku A u B cosnauaioT, T0 AB= AA =0 cunraior
TOXE BEKTOPOM — Hy/eebi i 6eKmopon. Ero AuHa paBHa Hy/io
g (10]=0), a nanpasnenHe 117 HEro He

MMeeT CMbICJIa.

B reomeTpuu paccMaTpHBaloT C/IO:Ke-
HHE ¥ BLIYHTAHHE BEKTOPOB H YMHO-
J)KeHHe HX Ha JeHCTBUTR/BHEIE YMC-
aa. Tlo onpeneneHuio mpousBeleHHe
Qo.=0.a BEKTOpa @& Ha YHCJIO O Wi

T 4HC/la & Ha BEKTOP @ €CThb BeKTOp,

Prc. 2. ATMHA KOTOPOro pabHajod|=la|-|aj,

a HAanpaBJeHHe COBNAA3ET C @, :€C/

o >0, wm npornsononoxHo a, ecm a<0.Ilpy a=90

AMMHA | @@ | paBHa HYMO W BEKTOP 0.4 NPEBPAILAETCH B Hy.ne-
BOH BEKTCp (TOUKY), He HMelolLuil HampaBJeHHs.

BeKTop € HasLIBaeTCs eQUHUMHbLM, €CIIH €T JHA paBHa 1,

e. le|]=1. Ecim b=ae M e—eluHNUHBIH BEKTOP, TO

') OTmeTnM, 4TO B JAaHHOH KHWIe CHayalla M3JaraeTcs CKalsApHoe
npousBeleHHE BEKTOPOB, 3aTEM aHJJMTHYECKas TeOMeTpHA. NpsIMOi
¥ NJOCKOCTH H noche sToro B §§ 11—13 usnaraiorcs noHsiTHs BeKTOp-
HOTO U CMEIaHHOTO npousBejpeHnH BekTopoB. IIpn xenanww aTh Napa-
rpagpl MOryT GLiTb H3JIOXKE€HbI HenocpeAcTBeHHQ nocne.§ 6.
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|b|=|oc|, NOTOMY 4TO
|b]=|a|-|e|=|a]| 1=]|al.

[To onpenenenuto sekTopsl @, b, ¢, ..., B3ATHE B KOHedY-
HOM YHCJe, CKJAJbIBAOTCA MO MNPABHJIY 3aMBIKAHUA LEMOYKH
3THX BeKTOpoB. Puc. 3 ¥ 4 HanoMHHAIOT HaM, KaK 3TO

~

N a
a
& a-b
a+b+oc+d c [
Puc. 3. Puc. 4. Puc. 5.

zenaercs. Ha puc. 5 nokasaHo, Kpome TOro, Kak BbIYMTAIOTCA
BEKTOPBI.

52. [Tpoekunsa Bektopa. [lpoekuueirt Toukn A Ha
npamyto L (puc. 6) HaspiBaercs Touka A’, B KOTOpO#

N

Puc. 6. Puc. 7.

nepeceKatorcsi npamas L C MJIOCKOCTHIO, NEPHEHIUKYJIsPHOM
K L, npoxossiiei yepe3 Touky A.
3a,£laJ.lHM HanpaB/leHHylo  MpPAMYIO L (puc. 7) u Bextop

a=A4B. Il poexyued sexmopa @ = AB na HanpasJIeHHYIO 1 ps-

—_—
Myt L nasbiBaercs sekrop A'B’, rae A', B'—coorsercTBenHo
npoeknuu Touek A, B Ha L (cm. puc. 7).
[Tpoekuuio BeKTOpa @ Ha HampasJeHHYI0 npaMyio L 6ynem
. ;

0603Ha4YaTh CHMBOJIOM MpP; @&
© o g ra e
[Tpu panHo#t HanpasnenHod npsmo#t L mnpoekumn A’B*

—_—
MmoOeIX BekTOpoB AB Ha L nexar B L u HanpasJieHsl, Kak L,
JM60 —B [POTUBOIO/OXKHYIO CTOPOHY.
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—_—

Bnpouem, ecnu BekTOp AB HyJIEBOH HJIH NepHEHIUKYAPEH
¥ L, T0 ero mpoekuus Ha L ecTb, O4eBHIHO, HYJEBOH BeKTOp,
He HUMeIolud HanpabJ/eHHs.

Hapspy c mpoexuueii BeKTOpa @ Ha HanpasJeHHyIO Nps-
Myl L, KoTopas npeicTaB/seT cO60H BEKTOp, BBEJEM ellie
HOBOE MOHSTHE — HUCA08YI0 NPOEKYU 8eKMOpa @ HA Hanpas-
neHuyio npamyro L. 1o ecth uucii0, 0603HaYa€MOe HaMH CHM-
EOJIOM NIp; @ (6e3 CTpesIKH) U OMpeJeIAeMOe CIeAY IOLIM o6pasoM.

Yucnrosodl npoexyuell eekmopa a= AB na Hanpaeﬂehnyfo

npamyto L Haseieaemes npoussederue OAUHLL 6eKMOPA @ = AB
HA KOCUHYC Yera ® mexcOy 6eKmopom @ u Hanpasaeruem L:

np,@a=|alcos(a, L)=|a|coso (O<om).

OrMeTum CJIeIlleI.LlHe Cayuyan: ec/ii @ = 0 niy ecsi @ =i2t- ,

T0 np; a=0; et 50 1 0<<o <> 5 » TO UHCJIOBAs Mpo-
eKLHs NoJoxHuTenbHa (np; @ > 0) u paBHa, OYeBHIHO, NJIHHE

— N —

sekTopa A'B': np a=|AB|coswo=|A'B’|; npn 3tom cam
BekTop A'B’ HampaBleH Tak ke, Kak L; et xe @0
H % < 0 < T, TO Y4CJI0Bas NMPOEKIHs OTPUIaTeNbHA (P, @ < 0)

—
¥ paBHa, OYEBHIHO, JuMHe BeKTopa A'B’, B3ATOH cO 3HaKOM
MHHY !

— —_
np, a=|AB|coso=—|A'B'|=—|A'B’|,

—
npu 3ToM caM BekTop A’B’ HampaBjeH B CTOPOHY, NPOTHBO-
noJioxkuyo L.
CrnpaBeIiBO OYEBHJHOE PaBEHCTBO, BhIpaXaiolies CBSi3b
MexXIy IpOoeKuHuell BeKTopa @ Ha HanpaBienHe L M ero uuc-

JOBOH mpoexuuel Ha L:
—>

np, a=enp,a
31ech e-—eJMHUYEBIA BEKTOD, HampabJ/ieHHBIH, Kak L.
Ecnu BeKTOpH @ M b JiexkaT Ha HanpapJeHHOH npsMol L,
T0 HX MOXHO 3alHcaTb B BHJE

a=ae, b=7{e,

rjle e—eJMHHYHBIH BEKTOp, HampaBJIEeHHHIA Tak Ke, Kak L,
a @ U P—unucia. OTH yHMCIAa MOrYT ObITb MOJIOXKHTE/IbHLIMH,
OTPHLATEIbHBIMH HJIM HYJIEM. ‘
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Cl'lpaBellJ'!HBbI OYEBHAHLIC DPABEHCTBA
ae+Pe=(x+p)e, 1)

' IOKa3bIBAIOIIHE, YTO CJIOXKEHHE H BblUHTAHHE YKA3aHHBIX BeK-
TOPOB CBOJHUTCS K C/IOXKEHHMIO KJIH BbIYHTAHHIO COOTBETCTBYOMIUX
yucen a, .

Puc. 8.

5.3. CeoiicTBa nmpoekuuit BekTopos. Yuciosue
| IPOEKIIMH BEKTOpOB @, b Ha jaHHOe Hanpas/jeHue L obsajaior
' CJIEAYIOLUMH CBOHCTBAMU:

np, a+np, b=np, (a +b), 2
np, (a@) =anp, a. &)

CsoiicTBo (2) ycmarpuBaercs Ha puc. 8t
_ —> —> —> —> —> —>
np; a+np, b= A'B' 4+ B'C*= A'C* =np, ¢ =np, (@ +b).
Ho Torza
enp,a+enp b=enp(a+d),

otkyna ciepyer (2) (cm. (1)).
Tak kak @=(a—>b)+b (cM. puc. 5), To
np, (a—b) +np, b=np, a,
H, C/iefloBaTe/bHO,
np,@—np, b=np, (@a—>b). "
Jokaxem (3). Cuurtasi, 4TO yrosa MexAy BEKTOPOM @ H Hanpas-
JenneM L paBeH o, uMeeM
npu o > 0:
np, (ea) =|aa|coso=o|a|coso=anp, a;
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npu a < 0:
np; (ea)=|aa |cos (M—w)=—a|a|cos (n—o) =
=o|a|coso=arnp,a.

Benp npu o < 0 BeKTOp a@ HanpaBieH B CTOPOHY, IPOTHBO-
TI0JIOXKHYIO HanpaBJieHHIo @&, U ecin @ obpasyeT ¢ L yron o,
TOo a@ obpasyeT ¢ L yron n—o.

IMpu =0 neBas u npasas uacty (3) o6pamaOTCs B HYJb.

54, CkansipHoe TNHPOH3BEJE€HHE BEKTOPOB.
HasoBeMm cxaanpubim npouseedenuem 0syx eexmopos a u b
unciio (@, b), paBHOe TNPOM3BENEHHIO JUIMH 3THX BEKTOPOB,
NOMHOXEHHOMY Ha KOCHHYC yIyia ® MEXIY HUMH:

ab=(a, b)=|a||b|cos(a, b)=|a||b]|coso. 4)

OueBHiHO, MOXKHO  €Ilie CKa3aTh, UTO CKAAAPHOE Npousse-
Oenue eexmopos @ u b ecmo npoussederiue 0autivl exmopa | b |
HQ 4UCA08YI0 1LPOEKUUIO 6eKmMOpa @ Ha Hanpasietiue b uau
npoussederitie OauHbl |@| Ha uucascsyw npoexyurwo b na Hanpas-
acHUe @: o

ab=(a, b)=|a|np,b=|b|p,a.

CkanspHoe npouspefienne 06/1ajaeT CBONCTBaMH!

(av b)=(b7 a)r (5)
@, b+c)=(a, b)+(a, o), (6)
(a, ab)=a(a, b). )

PagenctBo (5) HENOCPEACTBEHHO BHITEKAET M3 ONpeEeJIeHHUs]
CKaJIsipHOTO NPOH3BELeHHs].
PaBenctso (6) noKasbiBaeTcsl Tak:

(@, b+c)=|a|np, (b+c¢)=|a|np,b+|a|np,c=
=(a, b)+(a, ¢).
PaBenctBo (7) NOKasblBaeTcs clelylomuM o6pa3oM:
(@, ab)=|a|np, (ab)=|a|anp,b=o(a, b).
N3 (6) u (7), yunteiBas (5), ciaenyer
(@+b, c)=(a, ¢)+ (b, ¢), (6"
(ca, b)=c(a, b). (7))
ITpumep (3 ¢usuku). Ecama Teno nox neficTBueM cuisl @
nepeiBHHYJIOCh NPAMOJIMHEHHO BOJIL BeKTOpa b, To pabora W,

BLITOJIHEHHAS CHJIOH @, KaK M3BECTHO M3 (H3HKH, PaBHa npo-
H3BEJICHHIO Be/IMYMHBI CHJIb |@| Ha MyTb | & | 1 emle Ha KOCHHYC



§5. TPEXMEPHOE NPOCTPAHCTBO. BEKTOPDI 41

yria MexnIy BeKTOpaMH @ u b:

W =|a||b|cos(a, b).
Ho Torpa
W=(a’ b)’

T. €. YKa3aHHas pa0oTa paBHa CKa/JApPHOMY MpOW3BEJIEHHIO
BEKTOPOB @ 1 b.

55. TlpsMoyronbHasi CHCTeMa KOOpAHHAT.

Tenepp MBI NepexoiMM K aHAJMTHYECKOMY ONHCAHHIO BEKTOPOB
H TOYeK TpOCTpaHCTBAa—IpH NOMOmM uKces. BpeneM B mnpo-
CTPAHCTBE NPAMOYSONbHYIO cUCmeMYy Koopounam X, Y, 2, T. €.
TPH B3aHMHO TepNeHHKYJIspHbIE HaNpaBJeHHble NpaMble, Mpo-
XOJlsilllMe Yepe3 HEKOTOPYIO TOUKY O, HasbiBaeMEle oCAMl Koop-
dunam x, y, z (puc. 9).
[Npeanonaraercs, yTo AJs
JIaHHOH cUcTeMbl KOOpIH-
HaT BbIOpaH eJMHMYHBIA
OTPE30K, NPH NMOMOLIY KO-
TOPOro MW3MepsIoTCs Bce
npoyre orpe3ku. Touka
O Ha3bIBaeTCA HAYAAOM
KoopOunam.

3agaauM  npoM3BOJIb-

Hylo TOuKy A Tpexmep- 4
HOTO NPOCTPaHCTBA. Ha- Puc. 9.

NpaB/ieHHbIH OTPE30K 04
HasbiBaeTcs  paduyc-eex-
mopom mouxu A. - Pamuyc-exrop B cBOI0 ouepenn onpenenser

BeKTOp & (A= OA), KOTOPHIA MOXXKHO NEPEHOCHTh B MPOCTPaH-
CTBe napajjelbHo camoMy cebe. Uuc/oBble npoekuuu paauyc-
BEKTOpPa @ Ha OCH X, Y, 2 OOO3HaYHM COOTBETCTBEHHO X, Y, Z.
Aro KoopOuramer TOUKH A; NPH ITOM KOOPAHHATA X Ha3bIBaeTCA
abeyuccoti, KOOpAMHATA Yy—0pOuUHamoti ¥ KOODAHHATA Z— an-
naukamoil Touku A.

Mexny ToOYKamMH A NpOCTPaHCTBA H WX DaJHyC-BEKTOPaMH

—
OA wmm, 4tO BCe paBHO, TPOHKaMmu umcen (x, Y, z), sBJsio-
—

IIMMACS KOOpPAMHATaMH Toukd A umy npoexuusmu O A Ha ocH,
YMeeTCsl B3aMMHO OIHO3HAUYHOE COOTBETCTBMe. B cuny ckasaH-
Horo He OyJeT nNyTaHHUbI, ecay Mbl OyleM Ha3blBaThb TPOHKY
yucea (¥, Y, z) Toukoil A, uMeiouledl STH YHCJIA CROMMH KOOp-
IMHATaMH HJIH pajiyc-BeKTOPOM @, HMEIOLLIIM ITH Yic/1a CBOUMH
[POEKLHAMH,
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Mu Gynem nucatb @=(x, Yy, Z) U TOBOPUTb, YTO @& HIU
(X, Y, 2Z) ecTb BeKTOp, paBHBIH paiHyc-BeKTOPY TOuKkH A,
MMEIOLIUHA KOOPAHHATH X, Y, 2. Ho, KOHEUHO, MOXKHO CUHTATB,
YTO BEKTOP @ paBeH KaKOMy-IHOO JADYroMy HampaBlleHHOMY

—

OTpe3Ky CD, paBHOMY 04 (Eb:OA), T. €. UMEIOIIEMY TO Ke

=
HallpaBJleHHe H Ty ke MuHy, uto u OA. B stoMm ciyyae
NpOEKIHH @ Ha OCH KOOPAMHAT 4acTo 00O3HAYaloT CHMBOJIAMH
a,, a, a, U MHUyT @=(a,, a, a,).

W3 onpenenennss BeKTOpa Kak HalpaBJeHHOIO OTpe3Ka,
KOTOpbI MOXXHO MNepeABHraTb B NPOCTPAHCTBe MapaJsileNibHO
camomy cebe, cleayer, 4YTO JBa BekTopa &= (X;, Y, 2;)
n b={(x,, Y, 2,) PaBHBI TOrJA M TOJBKO TOTJa, €CIH BHINOJ-
HSIOTCSt OJHOBPEMEHHO pABEHCTBA: X, =X,, Y;=1Y,, 2Z;==2,.
CnpaBelJiMBbl paBeHCTBA

* Y W, ¢ )=, yxy, 212, @O
OL(x, Y, z)=(ax, ay, az). (9)

PaBeHcTBo (8) cnefyer H3 TOro, YTO MPOEKLHsT CYMMb! HJH
pasHOCTH BEKTOPOB (Ha OCb X WM Y WIHM 2) paBHA CyMMe Wi
PasHOCTH NPOEKUHH cJlaraeMbIX.

PaBenctBo ke (9) cleiyeT H3 TOro, YTO MPOEKUHUS BeK-
TOopa o@ (Ha OCb X HJIM y MM 2) paBHA NPOH3BENEHHIO O Ha
NPOEKIHIO &.

O6c3naunm uepe3 i, j, B eluHUYHbE (UMEOLLIME IJIUHY,
paBHYyI0O 1) BEKTOpH, MMEIOLIME COOTBETCTBEHHO TO XK€ Hanpas-
JieHHe, 4TO M OCH X, Y, z. BekTophl i, j, k HasbBaOT opmamu
oceit x, Yy, z. [lpousBonbHbIl BEeKTOp (X, Y, 2) MOXKET ObITh

3alMCaH B BHJE ,
(*, Y, 2)=xi+yj+zk. (10)
B camom pene,
i=(l, 0' 0)’ j=(0' l! 0)’ k=(01 Ov 1)-
IMostomy B cuiy (8) u (9)

xi+yj+2k=X(l, 0, 0)+y(0’ 1, 0)-'-2(0, 0, 1)=
=(x, 0, )40, y, 0+, 0, 2)=(x, y, 2).

Orvmerum paBeHCTBa, HMEIOIIHE MeCTO WISl CKaJIsPHBIX NPO-
H3BEeJICHUH OPTOB OCei

li=jj=kk=1, ij=ik=jr=0.
[lycts Tenepp a=(x, y, 2), b=(x", y*, 2’'). Torna
ab=(a, b)=xx"+yy + 22" (1)
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B camom nene, na ocHosauuu (6), (7), (6), (7")
ab=(xi+yj+zk) (x'i+yJ+2'R) =
=xx'ii 4 xy'ij 4 x2'ik+-yx'Ji -+ yy'jj + y2'jR +
+2x'kit+z2y'Rj+ 22" k= xx'+yy' 4 22'.
B wyactHoCTH, NMOJIOXKMB B 3TOH (hOopMyne b = @, MOJY4YUM, YTO
laff=aa=x*+y*+22,
OTKyJa AJHHA BEeKTOpa @ paBHa
la|=+VEFFFA
Orcioga paccTosiHHe MeXxAy TOYKaMH @=(X, Y, 2) U b=
= (x', y', 2') paBHO (puc. 10)
|AB|=|b—a|=+V (x'— 2+ (4" —y)*+ (&' —2).
Jnst panbuefiero GyZeT BaXKHO NOABECTH MTOT CKA3aHHOMY.

Jlns sToro BBefeM HECKOJbKO HHOE HaHMEHOBaHHE KOOpPIMHAT.
Vlmenno, BBeleM B DNpPOCTPaHCTBe IIpsi-

MOYTOJIbHYIO CHCTEMY KOOpIAMHAT X;, X3, g
X3. B cuny sroro Kaxkpas TodKa MpoCT- 5 b-a
paHcTBa TpPEJCTaB/IeHa TPOHKOH 4YHCen

X =(Xy, X, X3). g a 4
DTy TOUKY MBI 0603HAYHM KUPHOH GYKBOMH Puc. 10,

X 1 Ha3BaJ/Id TaKXkKe BEKTOPOM X C KOMIO-
HEHTaMH X;, X,, Xj.

Mb1 foKa3saii, YTO CJIOXKEHHEe M BbIYMTaHUE BEKTOPOB H YMHO-
JKEeHHe HX Ha YHCJla BHIPAXKAIOTCA Ha SI3bIKE TPOEK (X, X,, X,)
CJIEAYIOIMM 00pa3oM:

(1s X5y X5) == (X1, Xy X5) =
= (% £ X, Xk K, X £ X), (12)
O‘(xl" X2 x3)=(a'x1" 220 axa)'
CransipHoe Npou3BeJieHHe BEKTOPOB X = (X;, X3, X3) H X' =

= (¥{, X; X3) BBIpQXKaeTCsi Yyepe3 KOOPAUHATHI BEKTOPOB X
u x* no dopmyse

XX = (X, X')= XX+ X, X5 + X3X5. (13)

JlnvHa BEKTOPA X = (X;, X,, Xs) €CTb HEOTPHULATEILHOE YHCJIO,
paBHoe

|%|=V %+ 2+4. (14
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HakoHel, pacCTOsSiHHE MEXKIY TOUKAMH X = (X, X,, Xs) U X ==
= (x{, X;, Xi) PaBHO

lx_x,|=V(x;_'x1)2+(xé—xz)2+(x:;_x3)2- (15)

PeajqpHOE NPOCTPAHCTBO, FEeOMETPHIO KOTOPOTO MBI 3JECh
H3yuajii, Ha3bIBAETCS MPexXMepHbIM NPOCHIPAHCMEOM, TTOTOMY
YTO €ro TOYKH eCTeCTBEHHHIM 06pa3oM MpelCTaBJISIOTCS TPOH-
Kami JeHACTBUTEe/IbHLIX uuces. Mbol OygeM ero o6GosHauaTh
uepe3s R,. .

[1poH3BOJILHYIO [JIOCKOCTb ECTECTBEHHO O0GO3HAYMTH Ye-
pe3 R,. B R, MOXHO 3ajaTh NPAMOYTOJIbHYIO CHCTEMY KOOP-
NMHAT X,, X, C MOMOINBIO KOTOPOH JoOyl0 TOUKY R, WM ee
pazdyc-BEKTOP MOXKHO MpPEACTaBUTbh napoil uucea (x,, X,).
Onepaiuy CJI0XEHHS] U BbIYHTAHUS H YMHOXKEHHA HA YHCJIO AJIs
BEKTOPOB, NPHHALJIEKAMMX K MJOCKOCTH, OYEBHIHO, MOLYH-
HSHOTGA BEIBElCHHbIM Hami ycjosuaMm (12), rme B ckoGkax
H4l10 TOJIbKO BCIOAY BbIOPOCHTH TPeThH KOMMOHeHTH. Ckassp-
HOe NpOu3BeJieHHe BEKTOPOB, NMPHUHANJEXKAUUX K HaIlueid mio-
CKOCTH, TOXKe BbIpaXKaeTcs ¢popmy.toii (13), rae B npaBo#l uacTu

Ha1o BLIGPOCHTH TpeTHit useH. To xe camoe oTHOCHTCS U K ¢op-
myaam (14) n (15).

0600L1eHHeM [POCTPAHCTB R2 H R, fiBlseTcs npocTpaH-
cTBO R,, Ille n—IpPOU3BOJbHOE HATypPaNbHOE YUCJIO.

[TpoctpancTBo R, npu n >3 SABJISETCS MATeMaTHYeCKON
BuLAYMKOH. BrpoueM, BecbMa reHHaJbHOA BBIAYMKOM, KOTOpast
NOMOraeT MaTeMaTH4ecKH pasOHpaThCsl B CJIOMKHBIX SABJEHMSIX.

3A0AUM
1, Haiitu anuny Bektopos (1, 1, 1), (1, ), @, 2, 3).
2. Haiitun yron mexny BeKTOpaMH (l 0, l), ( , 2, ).

3. Jlan eguuuuHbiii Ky6 (C AAUHOM pe6pa paBHoit 1). Hafitn yron
MeXJ1y BBIXOAAUIUMH M3 €ro BEPUIHHBI: a) TI'JIaBHOK JMaroHaJbIO U Jua-
FOHaJbIO FpaHu; 6) MeX)y JBYMH RuaroHafifiMu JABYX rpaseil.

§ 6. n-MepHOEe EBKAMAOBO MNPOCTPAHCTBO.
CxansipHoe npoM3sejeHue

6.1. n-MmepHOE npocTpaHCTBO. MHOXKeCTBO BCEBO3-
MOKHBIX CHCTEM (Xi, ..., X,) ACHCTBUTENHHBIX (KOMOJIEKCHbBIX)
yuceJs1 HA3BIBACTCS N-MepHoLM delicmaumenstbim (KOMNJIEKCHbIM)
npocmpancmeom U obosHayaetcs uyepes R,. Kaxaywo cucremy
Mbl  OyneM o6o3HauaTb OAHOH (KHpHO) OykBod Ge3 uH-
IeKca:

F=(Xy ey Xy)
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M HaswiBaTh mouxkol wmu eexmopom R,. Uwenma x;, ..., %,
HAa3HIBAIOT Koopduramamu TOUKHU (BEKTOpPA) X WJH elle KoM-
noHeHnmamu BEKTOpa X.

IBe TOuUKU

X=(Xgy oeey Xu)s X' =(X0, vu0, Xp)

GUHTAIOTCS PaBHBLIMH, €CJIM MX COOTBETCTBYIOLIME KOOPIMHATH
paBHBI
‘ x=x (j=1, ..., n).

B ppyrux cayyasx X u X' pasiHuHB (X = &),

CHCTeMBl (BEKTOPH) X = (X, «+ey X,)y Y=(Upr «¢or Up)
MOKHO CKJIa[IbIBaTh, BEIYHTATh U YMHOXKATh Hauucnaa, B, .. .—
JefCTBUTENIbHBE, €cJH R, ecTb AeHGTBHTEIbHOE NPOCTPAHCTBO,
H KOMIJIEKCHBIE, €CJH R, — KOMIJIeKCHOe NPOCTPaHCTBO!).

Ilo onpepmenenwio cymmoll 8exmopos X W Y Ha3bIBAETCH

BEeKTOp
X4Y=0 Y1 XstYsr ooes XptYn)s )
a paaHOCTblO-—BeKTop
x_y=(xi'—y1" ceey X —yn)‘ (2)

I1pouseedenuen xe qucaa o HQ 6eKMOp X WJH BEKTOpa X
Ha UKCJIO ¢ HashiBaeTesl BEKTOP

X = X0 =(0X;, o.., OX,).
Haxkonen, BekTOp — X onpejeJsieTcsi paBeHCTBOM
—'x:(—l)x:(_‘xi» — X3y sesy — n)'
BBoguTca eme moHATHE HYJIEBOTO BEKTOPa, KOMIOHEHTH
Kotoporo pasHel Hymo: 0= (0, ..., 0).
OueBHIHO, BHITIOJHAOTCS CBOHCTBA!
) x+y=y+x,
2) (x+y)+e=x+(y+2),
3) ¥x—y=x+(—1y,
4) ox +ay=a(x+y),
5) ax +4-px = (a+p) ¥,
-+ 6) & (Bx)=(af) x,
‘Nlx=x,
8) x4 (—x) =0,
rie o, p—unucaa, a X, y €R,.

1) O koMNJeKCHHIX . YucJlaX CM. Hally KHUTY «Boicmias mMaTeMaTuka.
Inobdepennyanbioe ¥ HHTErpajibHOE HCYHC/IeHHe», § 5.3
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[TpoctpancTBo R, HasHIBACTCS AUHEUHbIM NPOCIPAHCMBOM,
NOTOMY YTO JJIA HEro BBIMONHAIOTCA MepeYHCJIEeHHBIE BhblIle
cgofictea 1)—8), cM. HuxKe 3ameuanue 1.

Yucno (HeoTpuLaTesbHOE)

=) 3 @

Ha3bIBAETCA OAUHOUL WIH HOPMOU CEKMOPA X = (Xiy ++.y X,)
B JeHCTBHTEJIbHOM NpOCTPaHCTBe R,.
Paccmostue mexoy moukamu X=(x;, ..., X,) Wy =

= (Y, ---» Y,) HEHCTBUTEILHOTO mpocTpaHcTBa R, oOmpese-
JigeTes no gopmyne

lx—y|= ]/ k§l (%e— Yo 4

6.2. CkanapHoe mnpousBefleHHe B MAEeHCTBU-
TeJbHOM npocTpaHcTBe R,. Craraproim npoussede-
Huem 08YX GeKMOPO8 X = (X, «vey X,) H Y=(Yir -, U,)
B [eACTBHTeNIbHOM NpOCTpaHCcTBe R, (4HCHa X, y; AEHCTBU-
TeJIbHble) HA3bIBAETCS HHCIIO

n

(%, )= xy;. (%)

i=1

CkansipHoe npousBelieHHe B JNEHCTBHTENBHOM MPOCTpPAH-
ctBe R, obnajaer cBOACTBaMH:

a) (¥, ¥)=>0; npu 3TOM DABEHCTBO HYMO HMEET MECTO
TOTJa M TOJbKO TOrAa, Korija x=0=(0, ..., 0

6) (x? y)=(y' X),

B) (ax 4By, 2)=a(x, 2)+B(y, 2).

B camom pgene,

’

n
(%, %)= > x>0,
j=1

M PaBEHCTBO MOXKET ObITb JHIIb, €M X;=...=X,=0,
Hanee,

n

* 9N=73 xjy/=l_§l!//x/=(}'v X)

i=1
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74
n

(@x+By, &)= 2 (ax,+Py) 2=

n

=a 3 %z +B 2 yz=alx H+B0, 2).

6.3. CxanapHoe npou3BeJZeHNMEe B KOMIJEKCHOM
npoctpanctse R, Ckaraprom npoussedenuerm 0Osyx eexmopos
x=(x1, -.., Xs) WY=(Yi, +:., Yn) B KOMILJIEKCHOM INIPOCTpaHCTBe R,
HasblBaeTCs YHCJIO

n

(x, y) = 2 XY 6"
<
IJie Jj €CTb KOMIVIEKCHO® HHCJIO, CONPSKEHHOE K WHCTY Yy (MO ompede-

Jenuio, ecin z=o-+fPi, rne @ u P gelicTBuTeNBHBIE, TO z =0 — fBi).
CanmpHoe NpOM3BeJiCHHE B KOMIVIEKCHOM IIPOCTPAaHCTBE ofJsajaer
CBOACTBaMHU:
a’) (¥, x)=0; npn >5ToM paBEHCTBO HYJIO HMEET MeCTO TOTJd H
TOMbKO TOTAa, Korga x=0=(0, ..., 0),

6’) (x: )‘—(y’ x)’
B) (ax+By, 2)=a(x, 2)4-B (¥, 2).

B camom pene,
n

(x, %) = Z xxp= 2 142 =0,

i=1
H PaBeHCTBO MOXET 6LITh, JIHIIL €CITH Xj=...=x,=0. Janee,

n— n n
(€37 =(Z xjy_/> =X Y= Z Y%=, x).

j=1

3pech Mbl BOCIOB30BAMNCE CBOHCTBAMH ONEPALMH CONMPSKEHUS ¥z =
=7z-}-2; U zz{=2z;. Haxonen,

(@x+py, 2) = -21 (@x;+By)z; =
]:
n n
= 2 w78 3 uE=an A+, 2.
1= i=1

B KoMmIeKCHOM ' mpocTpaHcTBe R, ' AJMHA BeKTopa X onpeAenﬁeTca
fIpH N[OMOILM PaBEHCTBA

1x |=l/ 121 E7, |2—],/ E xj%j, 3"



48 § 6. CKAJIAPHOE NPOU3BEAEHUE

a pacCTOAHHE MeIKRY TOMKAMH X=(X1, sssy Xp) H Y=(Yi, s::, Yn)
OflpefesIAeTCA NpPH IOMOINM DaBeHCTBA

1
|x—y|= Zl L%—y; 12 @)
l =

Jlerko BuJeTb, UTO NpHU ASHCTBHTENbHBIX X7, §; BHpaxenus (3) u (4)
ABJIAIOTCA YACTHBIMH CaAyyasmH Boipaxkenuit (3'), (4').

[pocrpanctBo R, (ZefCTBHTeNbHOE UM KOMIVIEKCHOE), B KOTOPOM
BBCJIEHO [IOHATHE CKAJIAPHOIO NpOH3BefeHHs M0 ¢opmyse (5) (coorseT-
cTBeHHO (5)), HasInBaeTCH esKAUAOBHIM N-MEPHLIM RPOCINPANCMEOM.

6.4. HepaBenctBa Byuakosckoro. Hasa ckansp-
HOTO NpOu3BeJeHHs] B KOMIJIEKCHOM MPOCTPAHCTBe ClpaBej-
JIMBO Hepagercmgo (b ynakosckozot))

[, VISV (x 0V (. ). (6)

IloxaxkeM ero TO/NbKO B AeHACTBHTeJbHOM cuayyae. B ca-
MOM JeJie, JJIS JII0GOro JeHCTBUTEJNLHOrO YHCIa A

0 (x+ Ay, x+Ay)=
=(x, X)+A(, x)+A(x, 9)+M0Q, y)=
=(x, X)+2(x, A+ (y, y) M =a+ 26M 4+ c)2,

rre a=(x, x), b=(x, ), c=(y, ¥). Mol BuguM, 4TO KBaj-
PaTHBI MHOTOYJIEH

a+20A+chM >0 (—oo <A< o)

HEOTPULATE/IEH IJIs J1Io60ro AeiictsuresbHoro A, Ilosromy Bech
ero rpaguk JIeXuT BbliIe OCH A, a 3TO MOXeT ObiTb, TOJbLKO
ecJM NUCKPUMHHAHT MHOTOY/IEHAa OTPHIATeNeH WIH paBeH
Hy 0, T. €. ecnd h*—ac<<O0 wmm b*<Cac, ¥ MBI NOJNYYHIH
HepasencTBo Byuskosckoro (6).

Ha Asbike KOMOOHEHT BEKTOPOB X H Yy HepaBeHCTBO (6)

MOXKHO 3anucatbh Tak:
n n
-V 34V 3 ™
i= 1 l= 1

Takum 006pa3oM, KaKOBbl Obl HH ObLIM JEACTBHUTENbHbBIE
uncaa X;, Y;, BbINONHAETCA HepaseHCTBO (7).

B cusy (3) HepaBeHCTBO ByHAKOBCKOrO MOXKHO HamucaTh
TaK:

n

Z XYy
i=1

e, <[*[ly]

1) B. 1. Byﬂaxoncmﬁ (1804—188§)—»pyccxn.ﬁ' MaTeMaTHK,
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Ho Torma cymecTByeT W INpPHUTOM eIUHCTBEHHOE 4YHCIO A,
yaosjeTBopsiomee HepaseHcTBaM — 1 KA <1, mias  xoto-
poro uMeeT MeCTO TOYHOE PaBEHCTBO

*, y)=>Alx||y]
Ormerum, uto Ha [0, 7] GyHKUMA COSE UMEeT OAHOSHAUHYIO
CTPOro yOLIBAIOILYI0 OOpaTHYO (QYHKIHMIO, ¢ 00JACTBIO 3Haye-
nnit Ha [—1, 1] Tlostomy ma kakporo A (—1'<KA<CI)
cymectByer emuHcTBeHHbH yron o (0 <<o<{xm) Tako#, uyTO
A=cos®. Takum 06pa3oM, Mbl JOKa3ajH PaBEHCTBO
*, y)=|x]ly|cos 0. ®)

UHC0 @ HA3bIBAETCH Y2A0M MEXHCOY n-MepHuiMU 6eKmopam
X Wy, XOTA Ha caMOM JeJie NP 7 >3 BEKTOPl X H Y
SIBJISIOTCA BOBCE HE peasibHBIMH OTpe3KaMd, a MareMaTduec-
KAMH a0CTpaKUUAMHU.

BeKTOpbl X W ¥ HA3LIBAIOTCA O0pPMOEOHAAbHbIMU, €CIIH CKa-
JPHOEe HX [pPOHM3BEJeHHe PaBHO HYJIO

n

(x’ J’)=i=21 x/yj=0’

s (8) coepyer, uto 0Oaa moeo, 4mobbr Hetyiesole eeK-
moper X U Y 6ol OPMOSOHANbHOIMU, Heo6x06umo u Odocma-
Mo4Ho, 4mobsl Yeor Mexdy HuMU w=I/2.

6.5. HepaBenctBoO Mm-u{oscxoro. OrmeruM Bax-
Hoe Hepagercmeo (Munkosckoeo®))

Ix+y|<|xl+lyl ©)

HJIH HA A3bIKE€ KOMIIOHCHT

]/i;l (x,-l—y,)’g]/ DIER Z.y,. (10)

Ero M0XHO I0OKa3aTh Tak:
| +yP=F+y, x+y)=(*, X)+2(x, )+, ¥).

Ucnouabsys HepaseHCTBO BynskoBckoro (6), umeem

lx+3P<@, )42V & DV, 9+, 9=
=&V,
otkyzna caeayetr (9). HUs (9) caeayer HepaseHcTBO
Hel=lylI<|x—y] (1

%) I'. Munkosckuil (1864—1909) — Hemeuxuit MaTemaTuK.
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[IOTOMY 4TO
¥ |=lx—y+y|<|x—y|+Iy]
yl=ly—x+x|I<|x—y|+|x]

3apnaua. Halitu yrom mexay Bektopamu (I, 0, 1, 0),
(1, 1, 1, 1).

3ameuanue 1. IlpousBosbHOe MHO:xecTBO E, cOCTOSA-
Iee U3 3/1eMEeHTOB X, ¥, 2, ... /moGod npHpoibl, Ha3bBa-
€TC AUHEUHbIM NPOCIPAHCMBOM, €CJU CYIIECTBYET 3aKOH,
B CHJy KOTOPOTO AJa JoObX ABYX 35/JeMEeHTOB X, Y E€E
onpejeseHbl d1eMeHTH XY EE u x—y € E, HasuiBaeMbie
COOTBETCTBEHHO CYMMOH, PasHOCTBIO X H ¥, H AJs Jc6oro
JeACTBUTE/IBHOTO WM KOMIIJIEKCHOTO YHCJIA o U 3JieMeHTa X € F
ompefieieH 3JEeMEHT oX =xa € £, Ha3biBaeMblli npou3Beje-
HHEM O HA X WJIM X Ha &, TaK YTO BBUIOJHSIOTCS NEpeun-
cJeHHbBle Bblle B 3TOM naparpage cBofictea 1)—8), rae
—x=(—1)x, u0=0x, VX€E.

R, MOXXHO paccMaTpHBaThb Kak NpuMep JHHEHHOro mpo-
CTPaHCTBa, HO CYLIECTBYIOT M JAPYrHe HHTEPECHBIE MPHMEPHI.
Hanpumep, cosokynHocts C HenpepsBHEIX Ha oTpeske [a, b]
¢ynkuui f, ¢, P, ..., ecau cuyurath, 4to [+, [—o¢, of
onpeje/ieHbl COOTBETCTBEHHO Kak [ (x) o (x), f(x)—o (1),
af (x), ecTb JMHEAHOE MPOCTPAHCTBO.

JluneliHoe MpPOCTPAHCTBO C YMHOMEHHEM €ro 3JIEMEHTOB
Ha JefcTBUTE/bHBE (KOMIIJIEKCHBIE) 4YHMCJa HasbiBaeTcsi del-
cmeumenbHolm (KOMRACKCHbIM) AUHELIHbIM 1L POCMPAHCMBOM.

Sameuanune 2. Ecmu B KakoM-auGo JHHEAHOM MpoCT-
pauctBe .E KaXIBIM JBYM €ro 3JIeMEHT2M X, y I[PHUBEIEHO
B COOTBETCTBHE YUCJIO (X, ¥), YIOBJETBOp:ollee CHOPMYJIH-
pOBaHHLIM Bbllle cBoHcTBaM a), 6), B) B HeHCTBHTEJNBHOM
cayuae u a’), 6'), B') B KOMNJIEKCHOM CJ/1y4ae, TO POBOPST, UTO
B E BBeJEHO CKaJspHOE NPOH3BENEHHE.

Boie Gblio JaHO ONpeleJieHue A-MEPHOTO €BKJIHAOBA
[POCTPAHCTBA—3TO MPOCTPAHCTBO R,, B KOTOPOM Olpeje-
JIEHO CKaNsIpHOe IIpOM3BeJieHue 10 (opMyJaaM COOTBETCTBEHHO
(5) mim (8").

§ 7. Orpesok. Heseude oTpe3xa B JAHHOM OTHOUICHHH

3ajialiM MPOU3BOJbHBIE TOYKH X, ¥ € R, U BBCEEM MHO-
JKECTBO TOYEK (BEKTODOB):

2=rx+py (A p=0, Afu=1), (1)
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ONpeeIsieMblX HEOTPHIATe/IbHBIMI UHCJAAMH A, W, CyMMa Ko-
Tophix paBHa 1. Mmeem

e=(l—pxrtpy=rt+py—x) O<p<l) (@
Ha
z=y+r(x—y) (O<AL]). 2

M3 papeHcta (2) BUAHO, 4TO B TPEXMEPHOM MPOCTPAHCTBE
TOUKH 2 3aNOJIHSIOT OTPe30K, CcoeauHsiommid x u y. Bens
pajuyc-BeKTop & eCTb CyMMa BeKTo- -
pa X U BeKTOpa U (y—X), KOJJIHHE- Lo
aprioro ¢ y—x (puc. 11). Takum
obpa3oM, MHOXKecTBO Touek (1) mpen-
craBasieT coboit orpesok [x, y]| B
R;, coelMHSIOUMA TOUKH X M Y. p
[lpn p=0 z2=wx, npu A=0 2=y,
aas moboro A >0 (p=1—A>0)2 Pue. 11,
ecTb NpoM3BOJIbHAs TouKa [X, y].

[To onpenencuuio ompesskom [x, y], coedunarouum mouxu
X, ¥ € R,, HasbIBaeTCs MHOXECTBO BceX ToueK 2 Buja ().
Cnpaseasnusa

Teopema 1. Touka
2=Ax+uy (A, pn=0, Adtp=1)

deaum ompe3sok [x, ¥], coeQunarowuii mouku x, YER, Ha
ompe3ku ¢ OAUHAMU, HAXOOAUUMUCS 8 OMHOUWEHUL W & A.

HokasareabctBo. M3 (2) cremyer, uto 2—x =
= W(y—X), 1 NOTOMY PacCTOSIHHE MEKAY TOUKAMH X U 2
paBHO

|e—x|=ply—x| G

HNanee, u3s (2) 2—y=A(X—y), H NOTOMy paccTOsHHE
MEXAY TOYK3MU 2 H y PaBHO

le—y[=Alx—y|. 4
W3 (3) u (4) caenyer
lz—x|:]z2—y|=p:h,
4TO M TPeGOBaNOCH JHOKA3aTh.
3anaua. Tpebyerca Haiith Ha oTpe3ke [x, ], coenu-

HSUIOLIEM TOYKH X, ¥ € R,, TOUKY 2, AeJAULYI0 3TOT OTPEe30K
B OTHoweHuH p:qg (p >0, ¢>0).
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Pewenue. BosbMem uncna
p+q° p+q°

Ouu ynosnersopsior cBoicTBaM A, p=0, Adrpu=el, pjh =
= plq. [Tostomy Ha ocHoBanuMH TeopeMmbl 1 HCKOMas TOuka

= —xtry
Z=ME A py =" 5)
Ee xoopiauHaTel 2 =(2;, ..., 2,) BHIP&XKAIOTCA Yepe3 KOOp-

IMHATHl X = (X;, «vey X,)y ¥Y=Uiy -+ Y,) [PH NOMOIIH
paBeHCTB ’

axtryr . ’
2j=—tm— P =1, ..., n). (5

B uyacTHOCTH, cepelMHa OTpe3Ka NoJyyaeTc NpH p=qg=1,
T. €. A=p=1/2.

OrMeTHM, 4TO, KaK JOKa3blBaeTCHi B MeXaHHWKe, TOYKA 2,
onpezenseMas paBeHc'rBOM (5) wm (8"), ecTb HEHTP TKEECTH
CHCTEMbl TOYEK X H ¥, B KOTOPHIX CKOHIEHTPHPOBAHE! MacChl
COOTBETCTBEHHO ¢ H p.

OrMmeTM, YTO B R; MHOXECTBO TOYEK

rae A v.pu Jmoboro 3Haxka, npeicTasaseT cofodl mpamyo, npo-
XOJAULYIO yepe3 TOYKH X H Y. DTO BHAHO. U3 paBeHCTBa (2°).

B npocrpaHcTBe Xe R, (1> 3) .9T0 MHOXECTBO Has3bl-
BAOT NPSMON 10 ONDELeNIEHHIO.

[lpumep 1. Haiitu. KOODIMHATH! LEHTpA TUKECTH CiC-
TeMbl MaTePHAJbHBIX TOUYEK X* = (xf, x%, x%) coorBercTBEHHO
C MaccaMH p, (k-—l ..., M). Tlpumenss cdopmyJnl (5) aas
Touek X!, x2, HafileM LEHTpP TaKecTH 2' Touek X' u x2
3aTeM HaxoAuM UEHTP TAKECTH 2% Touek 2' W X% CoOTBeT-
CTBEHHO :C . Maccamu p;+p; H pg. [lpofo/mkas sToT npo-
pecc -Ha  (M.—1)-M 1are, noayuaem

\M .
SM-1 1 & f — . .
2 Piteestpy ; PrXi ( 1,,: 213)~
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§ 8. MNpsmaa JuHus

[MoHsiTHe NPAMOH fABJIAETCA NEPBHYHBIM B reoMeTpud. K3
aKCHOM- FeOMETDHH Mbl 3HaeM, YTO Yepe3 [Be TOYKH MPOXOAUT
€IMHCTBEHHAS NpPsAMas H 4Yepe3 TOYKY, JIEKAULYI0O HA JAaHHOH
NPAMOH, MOXMKHO MPOBECTH €IMHCTBEHHYI MPAMYIO, MNepreH-
JIMKYJISIPHYIO J@HHOH.

B nuockocTy 3ajaiuM NpPSMOYTOJIbHYIO CHCTEMY KOOpAH-
BaT X, y W npamyic L, He mapasJenbHyil0 ocd y (puc. 12).

Puc. 12,

M3 wkospHOro Kypca Mbl 3HaeM, 4YTO ypaBieHHe MOpsMod L
HMeeT BHJ

y=kx+1, M

rje k=tg o u a—yroJa, obpasoBaHHbll npAmMol L ¢ mnoJo-
JKMTEJNbHBIM HalpaBJ/ieHHeM OCH X, a [—OpJANHATA TOYKH Hepe-
ceuenuss L ¢ oceto y (I=0B).

Korga roBopsit, uto ypasHeHue (1) ecTb ypaBHeHue mps-
Mo#l L, 3TUM XOTAT BbIPasuTh, 4YTO L eCcTb reoMeTpuUYecKoe
MeCTO TO4YeK, KOODAMHATHl KOTOPHIX (X, Yy) YHOBJIETBOPSHOT
ypasHeruo (1). CnpaBeasuBocTb 3TOr0 YTBEPKACHHA JIETKO
yeMoTpeTh u3 puc. 12. Touka A ects NPOU3BONIBHAA (TEKY-
mas) Touka npsMoit L, uMeromas KoopAuHAtH (X, y), BC =
=x, AC=y—I u

k=tga=y—l, (l')

X

otkyaa caenyer (1). O6parHo, paseHcTBo (1) 3SKBUBaJEHTHO
paserctBy (1’) a nocsennee Beipaxcaer, OYEBHAHO, TOT (aKT,
yto TOYKa (¥, y) nexur Ha npsmoit L. Ha puc. 12 yron @
ocTpuii. B ciyuae Tynmoro yraia o MOXHO MPOBECTH MOA0G-
Hble pacCyJeHHUl.
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3ajaauM ypaBHeHHe
Ax+4-By+C=0, 2)

rae A, B, C—sanannble uncaa U K Tomy xe A u B opHo-
BPEMEHHO He DaBHbI HYJIO.

Eciu B=£0, To ypaBHeHHe (2) MOXHO 3amucaTbh B Crje-
LyIOLIeM BHIe:

y=—g— 5 2)

HJIM, noJiaras
A

h=—ap,

C
l=—+

B Buge (1). Tak kaxk ypaBHenus (2) u (2') 3KBUBAJEHTHb —-
aobasi Touka (¥, y), yIOBJETBOpPSICIAT OAHOMY H3 HHX, YIOB-
JIETBOPSIET U JPYroMy,—TO DPAaBEHCTEO
4 (2) mpu B==0 ecTb ypaBHeHHe Mps-
MOfl, HaKJOHEHHOH K MOJIOXKUTEJbHO-
My HanpaBJIEHHIO OCH X MOJ YIJIOM <,
TaHreHC KOoToporo paseH —A/B (ig o=
=— A/B), 1 nepecekawoueli ocb y B
Touke, uMelowel opaunary — C/B (I =
=—C/B). Ilpu B=0 ypaBuenue (2)
| OpUHUMaeT BHA

7 calZ Ax+C=0 (A=£01,
Puc, 13, HJId

x=a (a=—C/A).

310 TOKe ypaBHEHHe MPAMOH, HO TOJIBKO NapasJesbHOM OCH .
Mmenno, 310 €cTb reoMeTpuuyeckoe Mecto Touek (x, y), abe-
LMCCEl X KOTOPbIX paBHBHl OJHOMY M TOMY 2Ke uucay a. Ha
puc. 13 usobpaxkena Takad npaMas npu a > 0.

U3 ckasannoro caenyer, uto ypasuenue (2), rze A, B,
C—3apanHple uncsa 4 npu 31cM A U B OJHOBPEMEHHO He
paBHBl HYJIO, €CTb ypaBHeHHe HekoTopoH mpsmod. [Ipn B==0
3Ta npsiMasl He napaJjiesibHa ocd y. B wactHoctH, npu A ==
= 0 ona napannenbHa ocH x (y=—C/B). B cayuae xe,
ecin B=0, To oHa mapanjensbHa ocH y. OTMETHM, UTO OChb X
HMeeT, OueBMJHO, ypaBHeHue y=0, a ocb Yy uMeeT ypaBHe-
Hue x=0. , A

YpaBHenue (2) HasLIBaeTCS ypasHeruem npamoil & obuiem
eude. Jliobast npsAMasi, Kak YroJHO PacloJlOXKeHHas N0 OTHO-
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HIEHUIO K CHCTeMe KOOpJMHAT, MOxKeT ObITb OMHCaHa ypaBHe-
uyeM BHAA (2) npH MOAXOASIUMX MOCTOAHHBIX uucaax A, B,
C. TlonuepkHem, uTo uucra A u B 6 ypasrenuu (2) npamod
o0nosperienno He pasgHor Hyao. OTMETHM, UYTO UHCJIO £ B
ypaBHenuu (1) HasbBalOT yenosom Koapguuyuenmom npamod.

PeluuM HECKONLKO BaXKHBIX 3ajad.

3anauya 1. Hanucars ypaBHeHHe NpsaMOH C yIVIOBHIM
K03((HLMEeHTOM, PaBHBIM YHCJY k, NpoXoisuieldl yepe3 3aiaH-
HYIO TOYKY (Xq, Yo)-

Pewenwue. Ilpsman ¢ yrnoBbM KO3G(hULUEHTOM £ uMe-
€T BH]

y=kx-+1, 3)
rie ! MoxeT GbITb soOObIM yncsoM. Tak Kak Touka (X, Y,)

JOJ/DKHA HAXOAUTbCS Ha AAHHOH HpﬂMOi:i, TO AOJ/I2KHO BBINOJI-
HATbCSA PABEHCTBO

Yo=rkx,+1. @
Boiunran (4) u3 (3), HOJIYYHM HCKOMOe YpaBHEHHE
Y—Yo=k (x—Xx,) ©®)

npsmoi, Npoxoasuiedil yepe3 TOUKY (X, Y,) € YIVIOBHIM KO3(-
¢ueHToM £.

3anaua 2. Hamucarb ypaBHeHue npsiMoi, mpoxojsmiei
yepe3 3ajlaHHbBle JiB€ TOUYKkH (X;, y,) ¥ (X3 Y,). I[lpexmona-
raetcs, YTO 3TH TOYKH pa3Hble.

Pewenue. Ilycts x;5% x;. Torna, oueBuaHO, HCKOMasi
npsivas He [apajijiejibHa OCH Yy H MOTOMY MOXKeT GbIThb 3alu-
caHa B BHIE

y—yi=k(x—x), (6)

rae k—Hekoropoe uucno. YpaBHeHue (6) yke BhIpaxaer,
4TO NpsAMasi NPOXOJAUT Yepe3 TOYKYy (¥i, Y,). UToOHI OHa mpo-
XOJUJIa TaKXe yepe3 TOYKY (X3, Y,), HaiO YTOOHl BBINOJHSA-
JIOCh PaBEHCTBO

Ys— Yy, =k (X3—x). (7)

Hens (6) Ha (7) (r. e. nena JjeByio 4yacTb (6) Ha JseBywo
vacte (7), a mpaByio yactb (6) Ha mpaByio yactk (7)), noxy-
yuM

y—yi _ x—x1

Yo—yi  Xg—xg ° ®

910 M ecTb ypPaBHEHHE MPAMOH, NPOXOAAUIEH Uepes TOYKH
(¥ 9) B (%2 %)
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3ameuanue 1. Morso cayunrbes, uto y,—y; =0,
Torga ¢opMasbHO MBI MOJY4YHIU Gbl PaBEHCTBO

Y—yi_ x—xi
0 Xo—xi °

HecmoTpsi Ha G6eCCMBIC/IEHHOCTD 3TOTO PaBEHCTBA, TaK MHIIYT —
cuutaioT ynobHemM. Ecau ocBoGo-

y IUTbCA OT 3HaMeHaTteJell, TO IMO-
\ JIYUHM BEPHOE PaBEHCTBO
_ =0' X—X1 —
AN y—Y PR 0
HIM
Y= &)
@\ 7, Chayuait x;=x,=¢ NUpPUBOAUT K
Vi \ N Z PeleHHio x=c.

3anaua 3. Haiitu yron o
MEX ]y TPSMbIMH

y=kx-+1l;, y=ksyx+I1;.
Pemenne. Hveem k;=tga;, k,=1ga, rie a; a,—

COOTBETCTBEHHO YIJIbl, OOpa30BaHHBIE JAHHBIMH TNPAMBIMH @
MOJIOXKUTEJIbHEIM HanpaBjenneM ocd x. Mimeem (pue. 14)

Puc. 14.

tgaj—tga, ki—ky
I+lgatga, 1-Fkky?

tg 0= tg (o —og) = (10)

W MBI TIONYUMIN (POPMYAY Yera MENDY NpAMbLMLL
Cayuait 1+ kk;=0 nau
kik;=—'1 an

BHIPAXKAET YCAOBUE NEPNEeHOUKYASPHOCMU npameix. Y caosue
napaaseavrocmu npamsix (tg o =~0), sanuwerca rtak

ki=k,. (12)
SazamyM ypaBHEHHe NpsiIMOM B OGIIEM BHAE)
Ax+ By C=0. 2

Mpu As40, B0, C~0 ypaBHen#e (2) MOXHO 3amucaTb
B (opme

Z+g=1 (a=Z5, 0==F). (13)
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YpaBHenue (13) HasbIBaeTCs ypasHeHuem NPAMOL 8 OmpesKax.
Sra npaMas nepecekaeT och x (npsmylo y=0) B Touke (a, 0)
¥ ocb y B Touke (0, b). :

Ecsn npsmasi, yIOBJETBOpSIOmas ypaBHEHHIO (2), mpoxo-
INT yepe3 TOUKy (x°, y°), TO

Ax"+ By +C=0. (14)
Boiunrtas (14) u3 (2), nosyunm
A(x—x°)+B(y—y)=0. (15)

YpaBuerne (15) HasbiBaeTcsi ypasHenuem npaAmOLi, NPoxoda-
weti vepea mouky (x°, y°). '

Ecnn BBectu B paccmorpenne Bektopet N = (4,B), p=
=(x, Y), p*=(x°, ¥°), To neByio uactb (15} moxkHO paccmar-
pUBaTh KaK CKa/lsipHOE NpoH3BeleHHe BekTopa N Ha BEKTOp
p—p°. ITostomy ypaBHenue (15) B BekTOpHOH (opme HMeer

BHJ
N(p—p")=0. (15%)
Bektop p—p° npunapaexut npamod L (puc. 15). Takum
o6pasom, u3 (15') BunHo, uTo BekTOp N= (A, B) OpTOroHajeH
YA yA

]

(NepneHinKyaapeH) JaHHOH NpAMOH, W TeM CaMbiM MHl BhIsC-
HWIM TEOMETPHYECKHA CMBICA KoapduunentoB A u B.
Paccmotpum aBe mpsmeie

Ax+By+C,=0 (L,). 17)
Tak xak Bektopw N,=(4;, B,) u N,=(4,, B,) nepnenmu-
KyJspHel K npambim (16) u (17) cooTBeTcTBEHHO, TO yroa @
Mexay npambivi (16) u (17) paBen yray Mexnay BekTopamu
N; u N, (puc. 16). Yron @ MOXHO BHUHCIMTB MO (opMyJe
RN N e @ eI

Puc. 16,

COS @ =
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Sameyanue 2. Ecan ¢@—yroa Mexay NpAMBIMH, TO
n—Q TaK:Ke SBJISIETCS YIVIOM MeXAYy S5THMH npsMbiMH. Ywucio
(18) MoxeT GulTb MOJIOXKHTENBHLIM H OTpHUATeNbHEIM. OnxHO
M3 HHX COOTBETCTBYET yray @, a ApPyroe—yray mx—.

Us (18) nonyuaeMm ycaosue nepnernduxyrsiprocmu Ly L,

NE!

((p= , cosqo:O)s

A,A,+ B,B,=0. (19)

Ecau npsimeie L; u L, napaarensrv:, 10 BekTopel Ny n N,

KoJueapubl N, = AN, rie A—HeKoTopoe AeACTBHTeNbHOE

yucsio. OTcioga ycJoBie napas-

N g JIEJIBHOCTH [PFMBIX BHPaXKaeTcst

\ paBeHCTBOM
Ay By

a 4,7 By

(20)

[lycts naHa npousBoJibHas
Wik npsimaa L B mnpsiMoyroJibHof
- £ cicreMe koopauHat (puc. 17),
He MPOXOAsillas uepe3 HayaJso
KOODJMHAT, U NyCTh @& — BEKTOP, .
Puc. 17. BHIXOAALMA K3 HauaJa KOOp-
JUHAT W  MepHeHIUKYJISPHBIA
K npsamo# L c¢ KoHuOM, Je-
XKaluM Ha npsaMoi. BexkTop @ nosHocTbIO Oomnpenensier mps-
myio L (4epe3 KOHel BeKTOpa @ IPOXOAUT €JUHCTBEHHas!
npaMas, NeprneHAuKy/AsApHad K HeMmy). [IycTb p ecTb AavHa @
(p=|al), v=(cosc, cosf}) ecTb eXMHHYHBI!I BEeKTOp, HAnpas-
JeHHbIE B Ty 2ke CTOPOHY, 4TO H @. 31ech @, P—yrJasl
MKy @ (WM V) H COOTBETCTBEHHO MOJIOXKUTE/IbHEIM HAlpaB-
JIEHHEM OCH X H ocH Y; cos?a--cos?f=1 (cosP=sina).
O6o3HaunM uepe3 P=(x, y) Pajguyc-BEKTOP MPOH3BOJbHOMH
(texkyme#l) Toukn npamoil L. Tlpoekuust BekTopa p Ha eHHUY-
HBIl BEKTOD Vv, OYEBHJHO, paBHa p, T. €. CKaJIApHOE MpOu3-
BeJleHHe pajJMyC-BEKTOpPa IPOM3BOJIbHOM TOYKH P npamoi L
Ha BEKTOP Vv PaBHO p:

(0, v)=|v|npo=p. @1

Htak, Mbl mosyuusin BeKTOpHOe ypasHenue L, moToMmy uTO,
H 06paTHO, €CJIM pajuyc-BEeKTOP TOYKH Y/OBJIETBOPSET ypaB-
HeHuio (21), To Touka sexxut Ha L (Touka, He Jiexamias Ha L,
HMEeT NpPOEKLHIO Ha v, OTJMYHYIO OT p).
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Ecan npsiMass L npoXoZuT uepe3 Haualo KOODIHMHAT, TO
ee ypaBHEHHe MOXKHO 3anucaTbh Toxe B Biue (21), rme v—
€MHUYHEH NepneHIMKYJspHbIH K HeHd BekTop H p=0.
B koopaunatHo#t ¢opme ypaBHeHHe (21) umeer BuA
xcosa+dycosp=p (p=0) 21
HJIH
xcosa+ysina=p (p=0). (217
YpaBuenue (21') (uumi (21”)) HasbiBaeTcs ypasHeruem npamMotl

8 HOPMAAbHOM 8ude.
Ecsin npsamast L 3ajgasa o6LuM ypaBHEHHEM

Ax+4By+4C=0,

TO €ro MOXXHO MNPUBECTH K HOPMaJIbHOMY BHAY, yMHd)KHB Ha
YHCJIO

M=+ 1}V A¥B, (22)

rie Hajo BHIOpPAaTb 3HAK, NPOTHBONOJOXHBIA 3Haky C (p=
=—MCZ0). Uucao M Ha3bBaeTC HOPMUPYIOUUM MFO-
socumensenm. Taxk Kak

MAp+ (MB)2=1,
TO CYLIECTBYET M NPHTOM €IMHCTBEHHbIN YroJ o, YIOBJETBO-
psatomuit HepaBeHcTBaM 0 <C o < 2m;, 11 KOTOPOro

MA=cosa, MB=sina. (23)
B pesyJibTaTe MBI moJryyaeM ypasHenue (21), rae p = — MC=0.
OTMmeTuM ele pas, 4YTO UHCJIO p PABHO PACCTOSIHHUIO OT Ha-
Jajia KOOpJMHAT RO MpsIMOH.

3anaya 4. Haiitu pacctosiHue d or Touk o npsmoi L,
onpeessieMoOd ypaBHEHHEM

Ax+4 By+4C=0. (24)
Pemenue. Ilycrp
(@, v)—p=0 (25)
€cTb HOpMaJjbHOE ypaBHeHue npsmoil (24). Takum oGpasom,

ecii C==0, 10 p (p>0) ecth JMHA BeKTOpa 0P, ONnyILeH-
HOro M3 Hauasna KoopuuHaT O Ha L (nmeprneHAMKYJsIpHO K L),

—
a v—eJuHUYHBIA BeKTOp, HanpasJeHHB kKak OP (p=|0P|,

v=0_f’/p (puc. 18)). Ilycrb p=(x, y) ecTb pafHyC-BEKTOP
npousBosibHOH Touku L. Toraa, ouesuaHo, 4ToGLI HaTH pace
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CTOsIHHE OT TOUKH Q°, uMmeioweli panuyc-ekTop p°=(x°, ¥
Ino L, Hajmo cmpoekTHpOBaTb BEKTOp P—p° Ha HamnpaBJjeHHe
BEKTOpa Vv U B3ATb a0COJIIOTHYIO BEJUYMHY [1POEKUHH:

d=|up, (0—0°)|=|(0—p" Vv)|=
=|(0, v)— (0% ) |[=[p—(0% v)|=](° vV)—p|
Mo mostyunsiu popMyTy
d=|(" v)—pl. (26)

Takum o6pasoM, uToGbl MOJIY4HTb paccrosiHue d, HajJo
npuBecTH ypaBHeHHe (24) K HOPMAJIbHOMY BHAY, NEPEHECTH p

7 ~q}\
! v

l' g

» /,a qd

Vi T

PP’

Vd
Puc. 18. Puc. 19.

B JIEBYIO 4aCTh, MOACTaBUTb B JIEBYIO 4acTb BMECTO X, y CO-
OTBETCTBYIOLIYE KOOPAMHAT X°, ¢° TOUKH Q° M B3ATH abco-
JIOTHYIO BeJIMUUHY [OJYYEHHOIO BEIPAXKEHHUS.

Ha sseike ko3pduumentos A, B, C pasenctso (26) Bhl-
IIALMT TakK:

d=|Ax 4By +C |V A+ B®. (26')

[Tpu C=0 ¢opmyna (26), a crepoBaresnbHo 1 (26'), ocra-
eTcsi Toxke BepHOH. B atom ciayuae p=0, v—oauH u3 IByx
e[MHHYHBLIX BEKTOPOB, NepueHMUKYJApHeix K L (puc. 19).
Tenepb
d=[mp, (0—p°) |=[(e—0" V)= V—° V) [=](" V)
HJn

d=| Ax* 4 By* ||V A2+ B¢,
T. e. opmysa (26°) BepHa npu C=0.

3amevanue 3. Hs puc. 18 BugHo, uTO: a) ecaw wmayaso O u
ToYka Q¥ HAXOZATCA MO OfHY CTOPOHY OT L, TO yroa memgy v u
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P—pE® octpeii B d=p—(0° W); 6) ecan xe O u Q° HaxpmaATcs Mo
pasHble CTOPOHH OT L, To yroh Mexay p—@0 uv Tyno#t n d = (6%, v) — p.

3anaua 5. Haiitn paccrosnue ot Toukw (1, 1) no npsmoit
2x+l/3y—l/§=0.
§ 9. YpasHeHHUe NJIOCKOCTH

9.1. ¥YpaBHenue NJOCKOCTH B HOPMaAbHOM
Bune. B npocrpanctee R, Tle BBelieHa NPAMOYroJIbHas
CHCTeMa KOOPAMHAT X, Y, 2, 3alalMM BEKTOp @, BbINYILEH-
Hhlfi M3 Hauaga O. Yepes KoHew @ nposenem mjockocth I
nepreHankyaapuo k @ (puc. 20). IlpousBosnbHylo. (Tekyiiyio)
Touky muockocty II obosnaunm yepes Q=(x, y, 2). Bykpap
0603HayaeT pajuyc-BeKTOp TOUKH Q.

[lyerb p=|a|—nanHa BekTOpa @ H

v=(cosca, cosP, cosy)

— e/IMHHYHEIA BEKTOP, HafpasJieHHbI B Ty K€ CTOPOHY, UTO H @.
3neck o, B, p—yrasl, o6pasyeMble BEKTOPOM ¥ COOTBETCT-
BEHHO € ITOJIOXKUTEbHBIMH Hafl-
paBJsieHHsMH oceii x, y, 2. TIpo-
ekuus Jioboi Toukn Q €1l nHa
BEKTOP Vv €CTb, OYEBMJHO, Be-
JHYMHA  NOCTOAHHAf,  paB-
Hag p:

©, V=p (p=0). (1)

Ypasuenue - (1) nmeer cMbica
w npy p=0. B 3tom ciayuae
njockocts II mpoxomnt uepes
Hayano koopauHat O (a=0)
¥ v—eIMHHYHbIH BEKTOp, BhHI-
nyuieHHsl 13 -0 nepneHiHKy-
aspho K I, HEBaXKHO B KaKOM HamnpaBJeHWH, T.e. BEKTOp v
Onpeje/IfeTcs ¢ TOYHOCTBIO 10 3HaKa. YpaBHedue (1) ecth
ypasnerue naockocnu 11 6 sexmoproi ¢popme. B KoopmunaTax
OHO 3allHCHIBAETCH TaK!

xcosa+4ycosPf+4zcosy=p (p=0) (1"

¥ HasblBAGTCA YPABHEHUEM NAOCKOCTU 8 HOPMAAbHOM 8ude.
92. YpaBnenne niaockocTH B ob6weM BHJe.
Ecu ypasHenne (1) yMHOXHTL Ha Kakoe-auG0 He paBHOe
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HYJIIO YHCJIO, TO MOJYYHM SKBUBAJIGHTHOE eMy ypaBHEHUE BH e
Ax+By+Cz+4+D=0, @)

onpefiesiolIee Ty XKe MJI0CKOCTb. 3eck yucsa A, B, C He paBHH
HYJIO OJHOBpPeMeHHO. YpaBHeHue (2), rae uucia A, B, C nHe
BCe pAaBHBI HYJIO, HA3bIBAETCS  YpPAGHeHUeM NAOCKOCHL
6 obuem eude.

[1ponsBosbHOE ypaBHeHHe BHAa (2), rae uucaa A, B, C
OXHOBPEMEHHO HE DaBHbI HYJIO, MOXXHO NpPHBECTH K HOpMaJib-
HOMY BHIY, YMHOXHB €ro Ha 4YHCJIO

M=+ 1V E+B+C,
rie sHak Gepercsi NMPOTHBONOJIOXKHBIM 3HAaKy uucsaa D. Torpa

gncso p=—MD OGyper HeOTpHUATEJbHBIM, a ypaBHeHue (2)
npeobpasyeTcsi B cjefyioliee, eMy SKBHBAJIEHTHOE,
MAx+4+MBy+MCz=p (p=0). 3)
3zechb
(M Ay - (MB)*+ (MC)* =1.

210 noKasblBaer, YTO BEKTOP
v=(MA, MB, MC)
eanrnyHbill (| v|=1). Ero npoekuuu Ha ocH KOOpIHHAT PaBHbI
MA=cosa, MB=ccsP, MC=cosy,

rae o, B, p—yrabl, o6pa3oBaHHbe BEKTOPOM Vv COOTBETCT-
BEHHO C TMOJIOXHTEJNbHEIMM Hanpab/JeHUsMH ocell X, Y, 2.
B cuny BBeleHHbIX 0Go3HaueHuil ypaBHeHue (3) HMeeT BHI

xcosa-4ycosptzcosy=p (p=0), 3"

T. €. Mbl MOJYYHJIU YPaBHEHHE IUIOCKOCTH (2) B HODMaJbHOM
BHJE.

Ecin 3ajaHO ypaBHeHHe IIJIOCKOCTH B oflueM BHie (2) u
HAKO Y3HAaTh ee PachoJioXeHHe OTHOCHTEJIbHO CHCTEMBI KOOp-
JMHAT, TO JOCTATOYHO ypaBHeHHe (2) MpUBECTH K HOPMAJbHOMY
BUJY, YMHOXWHB €ro Ha HOPMHDYIOLIMH MHOXHTelb M.

H3 camoro xe ypaBHeHHsl (2) 0e3 KaKuX-u60 BbIYUCICHUI
MOXHO BaKJIIOYHTb TOJNbKO cjeayomue nsa ¢akra: 1) ecym
D=0, To mIoCKOCTb NPOXOAHT uepe3 HayajJo KOOpHHHAT,
a ewm D=0, To oHa He MPOXOAMT Yepe3 HAYAJIO KOOPJUHAT;
2) Bektop N=(A, B, C) nepneHIUKy/sipeH IJIOCKOCTH, Belb
OH KOJI/IHHEapeH eAMHuuHOMY BekTopy v=(MA, MB, MC) =
= MN, nepneHAUKY/NspPHOMY K JAHHOH IJIOCKOCTH.



§9. YPABHEHHME IJIOCKOCTH 63

YpaBHeHue
Ax+By+D=0 (4)

ecTb 4YacTHHIH cayda#l ypaBHenwus (2). B numockocru (x, y)
ypaBHeHHe (4) onpefenseT npsiMylo, a B IpocTpaHcTse (X, Y, 2)
OHO ecTb ypaBHeHue mIockKocTH lI, nepneHipky/spHOH K Ko-
OpJMHAaTHOH IVIOCKOCTH (¥, Yy) W mpoxojsalieil yepe3 3Ty nps-
Mmyto. KaxkoBa Okl HHM Gblia TOYKa (X, y, 2), NpHHALJIEXallas
K mockoctd II, ee KoopauHaTbl X, Yy YICBJIETBOPSIOT ypas-
HeHHIO (4) HE3aBHCHMO OT TOIO, KakKyi0 OHa HMEET TPeTLio
KoOpIvHatTy z. ¥YpaBHeHHe z)

Ax+D=0 (A=£0) (5 c

€CThb YaCTHBIA cJiyuail ypaBHeHus (4).
Ero MoxHO 3anucaTbh elie B BHJe

x=C (C=—D/A). (5 7 b

Ypasuenne (5°) B mpocTpaHcTBe (,

Y, 2) eCTb reOMeTPHYECKOe MECTO TO-

yek (x, Y, z), UMEIOLHX NepBYIO KO- 4z

opauHary, pasnyio uncay C. Koop- Puc. 21.

JIMHATHI K€ Y, 2 MOTYT OBITb JIIOOLIMH.

SIcHo, uto (5) ompenenseT MJIOCKOCTb, NapaslieJIbHYIO KOOp-

JIMHATHOH IIOCKOCTH (Y, 2z) (WIM NEePHeHIUKYJADHYIO OCH X).
9.3. YpaBHeHHe NJOCKOCTH B OoTpe3Kax. Ecm

uucna A, B, C, D He paBHH Hy/O, TO YpaBHEeHHE (2) MOXHO

3amucath TakK:

L4 i=, (6)

rpe a=—DJA, b=—D/B, c=—D/C.

YpaBHeHue (6) Ha3blBaeTCH YypasHeHuem NAOCKOCIU 6 om-
pesxkax. Dra MIOCKOCTb (puc. 21) nepecekaeT och x B TOuke
(a, 0, 0), ocb y—3B Touke (0, b, 0), ocb 2—B Touke (0, 0, ¢).
Ilo ypaBHeHHio (6) Jierko NpelCTaBUTb cede PACIO/IOKEHHE
IJIOCKOCTH OTHOCHTEJIbHO CHCTEMBI KOOPJHHAT.

9.4, YpaBHeHHEe MNJOCKOCTH, HpPOXOAsmell
yepe3 Touky. Ecam touka (x,, Y,y 2,) JIEKUT HA MJIOCKO-
ctd (2), TO ee KOOpAMHATHL YAOBNETBOPSIOT yDAaBHEHUIO (2):

Ax,+ By, + Cz,+ D =0. @
Boutas (7) us (2), nonyuum
Ax—x)+BY—y)+C2—2)=0."" (8
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YpaBHeHue (8) Ha3bIBaeTCS YpPASHEHUEM NAOCKOCMU, HPOX00s-
wiell uepes mouxy (x,, Yo 2,). B BekTOpHOH (opme ypaBHe-
Hue (8) umeer BHJ

N (p—p°) =0, &)
raie N, p, p°—BEKTOphl, onpeje/seMble paBeHCTBAMU
N=(A, B’ C)v o=(x, Y, Z), po=(xo) Yo» 20)'

3necb N—BeKTOp, NepneHAUKYJApPHBIA K mjockoctd (2),
0 —paauyCc-BeKTOP TEKyLleH ee TOYKH, @"— pajxHyc-BEeKTOp
3aJ2HHOI ee TOYKH. Tak Kak BeKTOp @—p°, MPHIOKEHHBIH
K TOUKE (X, Yo» 20), HPUHAMIEKMT MJOCKOCTH (2), TO pa-
BeHCTBO (8) roBOPHT O TOM, 4To BekTop N OpTOroHaJeH
MJIOCKOCTH (2), YTO MBI YCTAaHOBHJIM panee U3 APYrux coobpa-
KeHHil.

9.5. YpaBHeHHEe NJOCKOCTH, NPOXOAfAled qge-
pe3 TpH TOYKH. Jlanel TPH TOUKH

(xi’ Yi» zl)’ (xz’ Yo 22), (xs» Ysz» 23)’

He Jiexxaiiue Ha oAHOH npsmo#. Tpebyercs HanucaTh ypas-
HEHHE [JVIOCKOCTH, NpOXOoAduied yepe3 3TH TPH ToukHu. K3 reo-
METPHM M3BECTHO, YTO TaKas MJOCKOCTb CYLIECTBYET U e[MH-
crBeHHad. Tak KaK OHA IPOXOAMT 4epe3 TOUKY (X, Yir 2p)y
TO e ypaBHEHHe UMeeT BHJ ‘

Ax—x)+By—y)+C(z—z)=0, ©)]

rae A, B, C onHoBpemeHHO He paBHbl Hy/mo. Tak Kak oHa
(IDOXOJUT €eIle 4epe3 TOUKH (Xy, Yar 25), (X3y Y3, 25), TO AOJIHCHEL
BLITOJIHSATBCS YCJIOBUSA

A(xy—x) + B (9, —y1) +C (2,—27)=0, } (10)
A(x3—x) 4 B (Y3 —=9,) +C (25 —2,)=0. |
CocTaBuMm ozwopd}lnyxo JMHEHHYIO CHCTeMy YpaBHeHHil OTHO-
CHTEJILHO HEH3BECTHBIX U, U, Wi
(x —=x)ut+(y —y)v+( —'Zl)_ w=0,
(g—x) 4+ (Y —y) v+ (2, —2z) w=0, an
(ts—%) U4 (Ys—Y) v+ (2, —2) w=0.
3pechb (¥, y, 2) ecTb MPOU3BOJIbHAA TOYKA, YAOBJIETBOPSIOLILAA

ypasenuio muiockoctd (9). B cuny (9) u (10) cucreme (11)
VIOBAETBOpsieT HeTpuBnanbHuli BekTop N=(4, B, (), no-
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STOMY OMNpeNesUTeNb 3TON CHCTEMBI PAaBEH HYJIO

X—X Y—Y 2z2—2

Xy—X; Ya—Y; 2,—2;| =0. (12)

Xg—X1 Ys—Yi 23—2
Mbl mostyuusu ypassenue Bupa (9), T. e. ypaBHEHHE MJIOCKO-
CTH, B YeM JIerKO yOeIuTbCs, DPAa3JIOXKHB MOJYYEHHBIH ompe-
JesuTe]b MO 3JeMeHTaM mepBoi cTpokd. Ilpu sTom srta mJo-
CKOCTb MNPOXOAUT uepe3 TOUKH (X, Yir» 21)» (X2 Yar 2a)s

(%3, Y3 23), u4TO BhHITEKaeT M3 CBOiicTB ompegesutens. Hama
3aJlaya peLieHa.

YpaBuenue (12) MOKHO eme HamucaTb H B CJCAYIOLIEM
BUJIE;

x y z 1
% Yoz 1 =0 13
x8 y2 zz l ( )
X Ys 2y 1

Ecnn w3 mepBoit, TpeThefl W 4YeTBEPTOH CTPOK ONpeREJHUTENs
B (13) BhlUeCTH BTOPYIO CTPOKY, TO OH He H3MeHHTcs. Pas-
Jlarasi pesyJIbTaT MO 3JIeMeHTaM YeTBEePTOro CTOJIONA, MOJIydnM
ypaBHenue (12).

9.6. Yron Mex Ay OABYMSs NJOCKOCTAMH. 3aia-
JuM JBe MJIOCKOCTH

Ax+4By+Cz+D =0,
A'x+B'y+C'e+4+D'=0.

Mer snaeM, uto BekTopnl N=(4, B, C) u N'=(4", B*,C")
NepHeHUKYJsIPHBl COOTBETCTBEHHO NaHHBIM IJIOCKOCTSIM, IIO-
sToMy yron ¢ Mmexay N u N’ paBeH yray (IByrpaHHOMY)
MeXJy NaHHbIMH MyockocTsiMiu. Ho ckansipHoe mnpousBeneHne

NN'=|N||N’|cos g,

(14

nosToMy
NN AA'+BB’ 4-CC’
INIIN| YV EIBICV @)+ B)P+(C):
(15)

CoS @ =

JocTaToyHO CcuHTaTh, 410 0 <G Q< m.

OTMeTHM, YTO JBe NepeceKalompecs MJIOCKOCTH Ha caMoM
nene o6pasyloT ABa ABYIpaHHBIX yraa @; U ¢, Mx cymma
paBHa &t (@; + ¢, =7T), @ UX KOCHHYCHl PaBHBI N0 aGCOJMOTHOM
BeJIMYHHE, HO OTVIMYAIOTCS SHaKaMH (COS @y = — cOS @,). Eciu
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3aMeHUTb B mepBoM ypaBHeHun (14) umcna A, B, C cootset-
cTBeHHO Ha uucaa — A, — B, — C, To noJyueHHoe ypaBHe-
HHe OYHET OmpelesisiTh Ty XKe MJIOCKOCTE, HO yroa ¢ B (15)
3aMEHUTCS Ha TT—@.

HOBee nnockoctd (14) nepnenduxyasaprer TOrAa U TOJBLKO
Toraa, Korga cosp=0, T.e.

NN'= AA'+ BB'4-CC’' =0, (16)
IBe nnockoctu (14) napaasessrte TOrAa W TOMBKO TOrAa,

Koraa (nepneHAHKyJsipHble K HuM) BekTopel N u N’ Koj/u-
HeapHEl, T. €. BHINOJHSIOTCS YCJOBHA NPONOPLUOHAIbHOCTH

TEETT (17
Ecau JOMNOJIHUTEJbHO K 3TOMY BBINOJIHAIOTEA pacCllUpeHHbIe
ycaoBusa nponopunoua.nbﬂocm
A B C D

TEETTTTD (18)
TO 3TO TOBOPHT O TOM, 4To nJaockoctu (14) commamaror, T. €.
o6a ypaBuenusi (14) onpepesisioT OAHY M TY 2Ke MJIOCKOCTb.
XoTs Ha HYJb JEJUTh HeJb3sl, HO YAOGHO MHCAaThb CHMBO-
guueckue nponopuu (17) wmm (18) ¢ HysnsMu B sHamenarte-
asx. Ho Torma, ecau, wanpumep, B’ =0, To Hajo cYHTAaTh,
yto 1 B=0. W ecmu D'=0, o D=0.
Npumep 1. Ypasuenus

2x+4y+1=0,
x+2y+5=0

onpelesIOT Napy NapajJeJbHBIX MJIOCKOCTeH, a ypas-
HEHHsI

2x 44y +2=0,
x+2y+1=0
— mapy COBMAJAIOIMX MJOCKOCTEM.
9.7. PaccTosiHHEe OT TOUYKH JNO TNJOCKOCTH.

Tpe6yerca HalTH paccTOsHHE OT TOUYKH (Xo, Yo 2,)=Q° 5O
niockoctn II, onpenensemoll ypaBHeHHeM

Ax+By+Cz+D=0.
Haa sroro npusesieM ypabHenne II kK HOpMasnbHOMY BHAYI
(0, vV)=p (p=0).

3necb p=(x, Y, 2)— pagMyc-BeKTOp Tekywme#l Touku Q mJo-
ckocru I, p—nnuna nepnenmuxyaspa a k II, BumymeHHOro
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H3 HYJIEBOH TOYKH, M V—eJUHHYHBIA BEKTOp, HalpaBJIeHHbIH
Kak @. W3 puc. 22 BuaHo, uto pasHocTh P —p° pagmyc-BeK-
TOpa MPOM3BOJNLHOA TOukH Q= (¥, Y, 2) mjockoctu II u pa-
JHyc-BeKTOpa TOUKH Q° = (%,, Y,, 2,) ECTb TaKOH BEKTOp, UTO

b4

‘z

Puc. 22.

aco/moTHasl BEeJNMYHHA €ro MpPOeKIWd Ha v paBHA HCKOMOMY
paccrosiHuio d OT Q°=(x,, Y, 2,) o IL:

d=|(e—0°% V)|,
HO
(e—p% v)=(p, v)— (% v)=p—(p°, ).
CuepoBartebHo,
d=|(e% v)—pl-

Msbl BuauM, YTO, A/ TOTO YTOOB! BEIMHCJHTB paccTosiHUe &
oT ToukH Q° mo nsockoctu lI, Hamo 3anMcaTh ypaBHeHHe
niockoctd II B HOpManbHOM BUIe, TEPEHECTH p B JIEBYIO
YacTb U MOJCTABHTH B MOCJERHION (X4, Y,, 2,) BMECTO (X, Y, 2).
AGcomoTHaA BeNWYHMHA [OJYYEeHHOT'O BHIPAXKEHUS] H €CTb
HCKOMOe 4ucJo d.
Ha s3bike mapaMeTpoB MNJIOCKOCTH, OYEBHIHO,

d=| Ax,+ By, +Cz,+D |V 22+ B*+ C3.

Jlerko BHeTb, 4TO ecaH ToyKa QO M Haya/o KOOPAMHAT HAXOAATCA
N0 pasHble CTOPOHB OT mjockoctH II (kak Ha pue. 22), To BeKTOp
p—p° ofpadyeT ¢ v Tynod yros, H nosTomy

d=— (0—p° v)=(p° v)—p >0.

Ecan xe touka Q0 W HauaJo KOOPRHHAT HAXOAATCA MO OLHY CTOPOHY
ot II, To yKasaHHH# yroJ ocTpHii, H TOrga

d=(—p° V)=p—(@°, v) > 0.
CaefoBaTeqabHO, B nepBoM caydae (p°, ¥) > p, aBoBTOpoM (P9, ¥) < p.
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ITpumep 2. Paccrosuue d or Touku (1, 1, 1) mo niuoc-
gocty II
x+4+2y42=3

x+242—3 NI
VIF4+1 |e=1, g=1, 2=1 Ve’

B nanHom cayuyae Touka (1, 1, 1) M Hayalo KOOpAMHAT HAXOAATCH
no pasHble CTOPOHH OT myockocTH II, Tak kak M > 0 u

[x+2y+z_3]x=i. y:i, z=i=l > 0°

paBHO
d=

3AJAYH
1. IlpnBecTH ypaBHeHHS NJIOCKOCTEM
x—y+2=2, 2x—y+ VY 202= 10
H HODMaJIbHOMY BHAY.
2. HaliTH yroa MeXay nJOCKOCTAMH
x+y+z=1mn y=0;
x—y+2=2 u x+y-+2z2=3.
3. Hanncate ypaBHeHHE TJIOCKOCTH, TpOXOAAumeil uYepes TOYKH
©,0, 1, (1,01, (,1,0).
4. HanucaTh ypaBHeHHMe mapoBOil NOBEPXHOCTH C LEHTPOM B HauaJje
KOOpJHHAT, KacaloweHcs NaockocTH 2x — 6y 7z2=2,

§ 10. lNpsmas B npocTpaHcTBe

10.1. YpaBpHeHUss nNpsiMOH B KaHOHHYECKOM

BH e. PaccMOTpHM B NPOCTPAHCTBE NPOH3BOJIBHYIO NpsMyio L.

OTMeTHM Ha Hell TOUKY (Xq, Yoy 20),

z onpejeIAIONYI0 PajHyc, BEKTOP

N P'= (X, Yoy 2,) M Jexamufi Ha

g° Hell BeKTOp A= (a;, a,, 4;)=0,

NPUWIOXKEHHBIH K Touke Q°= (x,,

a Yo 2,) (puc. 23). IlpousBosbHyio

TEKYILYl0 TOUKY npsMoii L o6os-

4 HayuM vepes Q= (x, y, z) U ee pa-

7 N\ %  MMYC-BEKTOp uepes e=(x, y, 2.

BekTop  p—p° MOXHO 3anucarb

‘B Buge p—p°=ta, rpe t{—He-

KoTopoe uucio (ckansp). Ecuu

IeficTBUTENbHAs  TepPeMeHHas ¢

npoberaer uHTepBal (—oo, ©0), TO KOHEIl BEKTOpa p=

=p’-}ta npoberaer Bcio npsmylo L. Iloatomy rosopsr,
YTO PaBEHCTBO

p—p'=ta (—oo <1< o) (1

Puc. 23.
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€CTh B2KMOpHOe YpasHerue npamoil, npoxodswell uepes mouxy
Q°=(x,, Yy 2,) U HANPAGAEHHOU 8 CHIOPOHY BeKIopa a.

Ha asnike koopauHar ypaBhenue (1) pacnapaerca Ha Tpu
ypaBHeHHT:

x—x,=la;,
Y=y, = taz) (1 !)
2—z,=1la,.

Mckmouas u3 HUX napametp £, MONyYHM YPaBHEHHS Hp AMOf
(cucteMy U3 ABYX ypaBHeHHH)

X-X'o_y—y[)_z—z.) III
ar ay ag ' (1"

rie uucina a;, d,, @; ONHOBPEMEHHO He paBHHl Hy/0. ¥Ypas-
HeHnst (1”) Ha3BIBAIOTCA YPABHEHUAMU NPAMOL 8 KAHOHUYECKO M
sude.

3ameyanue. Moxer cayunTbCs, YTO OJHO WJH JABa H3
uHces ay, dy, @y PaBHO HYJIO. Torna Bce ke MPUHATO MUCATh
paseHcTBa (1”) ¢ Hy/neM Wi OBYyMs HY/JsiIMH B 3HaMeHaTeJsAX.
Takasi -3anuch CTaHOBUTCS. TOTAA CHMBOJIHYECKOI, HO OHa
yRo6Ha.

[Tpumep .1. YpaBuenns

xr—1l_y—2 2—-3 ~
1T~ 0 2 @

onpeAeasitoT MPAMYIO B [POCTPAHCTBE, MPOXOASLLYI0 4Yepe3
toury (1, 2, 3) B HanpaBnenu: Bexkrtopa (l, 0, 2).

DM ypaBHeHHs MOXKHO 3aMEHHTb Ha CJIEAylOle UM 3KBH-
BaJIeHTHbIE: :

y—2=0.(x—1), 2(x—1)=2—3,
7. €.
y=2, z=2x+1. 2"

Takum ofpasom, paccMaTpuBaeMasi npsMas ecTh nepeceqenue
JIBYX IIOCKOCTel, ompenessieMBIX YPaBHEHHAMH 2.
" IIpumep 2. YpaBHeHHs mpsiMoi

',x—-l==y¢-2==z-3

=0 0

SKBHBAMNEHTHB CJICAVIOUHM: ~
y—2=0, z—3=0.
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10.2. Pacnonoxenne ABYX maockocrteil [y
8aJlaHBl YpaBHEHHS ABYX MJOCKOCTef

Ax+ By+-Cz4-D =0, X
A'x4+B'y+4C'z2+D"=0. (4,

Eemn Ko3pduUHEHTH NEepBOro W3 HHX COOTBETCTBEHHO MNpo-
NOpUHOHAIBHEI KO3(duuuenTam sroporo (A:B:C=A':B":C"),
To mjaockoctd (3) M (4) mapamienbHE! WM JaXe COBMAJAIOT
gpn yeaoeun A:B:C:D=A":B":C":D’) (ecm. § 9, (17) u (18)).
NPOTHBHOM cJyuae mJjockoctd (3) u (4) mepecekalwTcs Mo

npsMof. B 3ToMm enyuae oxuH u3 ompenesuresneii

A B A C B C *

AI Bl l’ AI Cl ,’ Bl Cli
He paBeH Hymo. Jlasa onpenenenHoctd O6yAeM CYHTarh, YTO
nepBHIi

4 0|0 ®

Torma ypaBHenns (3), (4) MOXHO peIUHTb OTHOCHTENBHO X

M Yy, ¥ Ml TOJy4HM
x=az+y, } 6
y=Ppz+v, ©)

rae o, B, p, v—HeKOTOopHe uncia. YpaBHeHus (6) 3KBuBa-
JIEHTHBI CJIEYIOLINM:

r—p_y=b_ 2 .

Mubl BuuM, YTO MpU ycaoBud (5) ypaBHeHHs ABYX MJOC-
Kocteli (3), (4) ompepensior npamyio (7), T. e. reoMeTpHue-
CKOE MECTO TOUYEK, KOOPIMHATHI KOTOPBIX VAOBJECTBOPSIOT
ypaBtenusM (3), (4). OHa npoxoiur uepe3 TOYKy (4, v, 0)
¥ HMeeT HampaBJjeHHe BekTopa (@, P, 1). Hucma o, p wm
OIIHO M3 HHMX MOTYT OBbITh PAaBHBIMH HYJIO, TOrJAa YpaBHEHHS
(7) 6ynyT nMeTb CHMBOJHMYECKUH XapakTep.

IIpumep 2. [lpsamas, onpenensemas ypasHeHusivu x =0,
y=0, ecTb, OYEeBHAHO, KOOpJIKHaTHas och z. K stoMmy pe-
3yJIbTAaTy MOXHO NpuiiTH H ¢opmansso. MmeeM

x=0-2, y=0-z2,
OTKYyZa

|
|
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2. Mbl OJNYYWIH YPaBHEHHs NPSIMOH, NMPOXoAsumiel yepes
. 4410 KOOPJMHAT (0, 0, 0) B HampaBsennu BekTopa (0, 0, 1).
#HO, UTO 3Ta NpsMas ecTb OChb 2.

[Tpumep 4. Haittu yron mexny npameiMu

X—Xi __Y—Yi__2—2

ag - by - C1 ’ (8)
X—Xo _Y—Ya_2—2 ;
= . )

Bektopel r;=(a;, by ¢), Fy=(a, b, c¢,) nexar Ha
HAUHX NMPSMBIX M, KaK Mbl YCJOBHJIHCh, OHH IPHIOXKEHH CO-
OTBETCTBEHHO K TOYKaM (X;, Yi, 29), (X3 Ys 2,). ITosTOMY
yroJl ¢ MexAy 3THMH BeKTODaMH M GyJeT YIJIOM MeXIy mnps-
MmeMH (8) 1 (9):
183+ biby-cicy

(7ol 7e]

cos @ = .
3A0AYMU

1. Hamucate ypasueHue mnpsaMofi, npoxonsimeii wuwepes Touky
(2, —1, 0) nepneHIUKYAAPHO K MJOCKOSTH 2% 42 —4y=7.

2. Hanmucath ypaBHeHHe TNJIOCKOCTH, NPOXOAAUIEd Yepe3 TOUXY
(1, —1, 2) n nepreHAUKYJAPHON K mpsIMOH, onpenessieMoll ypamHeHH-
amu 2x+-3y=1, 3x—z=1.

§ 11. OpueHTanusi NPAMOYTOJNLHBIX CHCTEM KOOpHMHAT

11.1. lsymepHasa cuctemMa KoopauHart. Ha puc.
24 u 25 uzo6pakeHB CHCTeMBl KoopauHar X, y. OHu pas-
ZIMYHBl — PO HHX FOBOPSAT, UTO OHH OpPUEHMUPOBAHbL 1POMU-
80n0.202H0. B ciiyuae puc. 24 noBOpoTOM OCH X BOKDPYT TOUKH
4

Y

(.

a

Il Z ' ! ¢ Y
Puc. 24. Pnc. 25,

9 Ha yros /2 MOXHO COBMECTHTb HampaBbJieHHe Oocelt X M Y,
‘MIIb €CH 3TOT MOBOPOT COBEPILUHTH MPOTHB YaCOBOH CTPEJIKH.
‘3 caydae ke puc. 25 oTOfi UEJH MOXHO HOCTHYb, JHIUb MO-
3opayMBasi 0Cb x Mo 4acosofi cTpeske. HeBosmoxHo cucremy
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KOOpJMHAT, M300paKeHHYIO Ha puc. 24, mepeasuras ee B pac-
cMaTpuBaeModl maockocTd (l) Kak TBepaoe TeNO, COBMECTHTh
¢ cuCTemOll, M300paxKeHHoll Ha puc. 25, Tak, 4TOGH Hampas-
JIeHHS! COOTBETCTBYIOLIMX Ocefl coBnanm.

Ha pue. 24, tak Xe Kak Ha pHe. 25, usofpakeHa mnapa
HEKOJIJINHEapHbIX, BBIXOASALINX H3 HEeKOTOpoH ToukH A BekTo-
poB @ u b. Tlepensuras 3Ty mapy Kak TBeploe TeJO B ILIO-
CKOCTH, JOCTHTHeM TOro, utoGbl Touka A coBnana ¢ HaualoM
koopanHar 0. IloctaBum cebe 3ajauy nyTeM BpalleHHS Kax-
IOro u3 BeKTOpoB @ H b BOKpyr Toukd O ROCTHTHYTb TOrO,
yTroGbl BEKTOP @ NPUHAN HanpaBJeHHe OCH X, & BeKTop b
OKasajcs JexaluM Ha ocH y. Ilpu sToM Mbl TpebyeM, uToOHI
BO BpeMs 9TOTO Mpolecca BEKTOPH @ U b Bce Bpems Haxo-
JUWIHMCh B paccMaTpHBaeMOl TJIOCKOCTH W YTOOBl YroJ Mexnay
HAMH He Obl1 paBeH O u ;. OueBHAHO, BCETAa MOXKHO HOCTHI-
HyTb 3TOH uesau. BHauane MBI BpauiaeM cHCTEMY BEKTOPOB @
n b Kak TBeploe TeJo OKOJO ToukH O 1O COBNAJEHHs BeK-
TOPa @ C MOJIOKHTEJBHLIM HanpaBieHHeM ocH x. Tak Kak
BEKTOPH @ M b He KOJIMHeapHH, TO BeKTOp b okaxercs
B BepXHell WM HIKHEH NOJyNnJOCKoeTH. 3areM BekTop & mo-
BOpauHBaeM Ha HeoOXOIMMBIH yroJj, uto6bl OH OKasajcs Ha
OoCH Yy, NpPH STOM He paspeliaercsi, 94To6n BeKTOp b nomanan
Ha och x. [ToaToMy MOXKeET CJYYHTBCS, UTO HanpaBJEHHE BEK-
Topa b coBnajaeT ¢ HanpaBjieHHeM OCH y (3TO BO3MOXHO,
Koria BekTop b Obl1 B BepxHeH MOJYIJIOCKOCTH) HIM 2XKe

4 b 4 7%

&Y
™
&
S
§Y

‘i /
\/ A
J

PHC. 26.

BEeKTOpP b OKaxeTcsl HanpaBJeHHHIM B CTOPOHY OTpHIaTe/b-
HOTO HampaBJeHHsi OcH y (cM. pHc. 26, riae nokasaHa jAuHa-
MHKa mpouecca). B nepsom cayuyae Mbl 6yleM TOBOPHTb, YTO
napa eexmopos (@, b) opuenmuposana kax cucmema Koop-
Ouwam x, y, a BO BTOpOM, 9TO napa (@, b) opuenmupo-
6QHA . NPOMUBONOAONCHO QpUEHMAYUU X, Y. ..
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11.2. Tpexmepunaa euctema koopauuar. [lpa-
MOYFrOJibHble CHCTEMbl KOOpPAMHAT X, Y, 2 B [MPOCTPAHCTBE,
u3obpakenHsie Ha puc. 27 u 28, Toxke pasnmuunbl. Paccmarpu-
Easi CHCTEMY KOOpAMHAT pHG. 27 Kak TBepiOoe TeJNO, MOXKHO
f10cjle COOTBETCTBYIOIIETO €r0 nepelBHKEHHs] COBMECTHTb OCH
x U y obenx cucteM KoopauHar. Ho nosoxuresnpHoe Hampas-
JeHHe OCH 2 TEepBOH CHCTEMB HE COBMNANAET G MOJOMKHTEJb-
HbIM HarpaBJieHHeM OCH 2 BTOpPOH cucTeMbl. Mbl roBopHM, 4TO

Puc, 27. ’ Pnc, 28.

cucteMsl pue. 27 u 28 opuenmuposanst 1npOMUBONOAOHHO.
Cucrema puc. 27 HasbiBaeTcs 4e6oli cucmemoil xooplunam,
a cucrema puc. 28—npasgoi cucmemoti koopdunam. Ecam
BHHT G MpapBoil (JeBofl) HapesKOH BBHHUMBAThb MO HanpabJe-
HHIO OCH 2, MOBOpayMBas ero no crpenke puc. 28 (puc. 27),
TO OH GYHET ABHraThCAl MOCTYNATEJLHO B STOM Hal pPaBJIEHHH.
MOXHO Tak»Ke pacrmo3HaBaThb CHCTEMY KOOpDIMHAT MO CJeAyio-
wemy npaBuay. Ecii cMOoTpeTh M3 KAaKOM-JHO0 TOUKM MOJIO-
KuTesJbHOR mojiyocn Oz Ha noOJNOXHTENbHYIO nogayock Oy,
TO TMOJIOXKUTEJbHAA mnonyock Ox MoxeT OHITb HanpasJ/ieHa
BJEBO WJIH BNpaBo. B nepBoM ciyuae cHCTeMa KOOPAHHAT
HasniBaeTcsl 2e80i (puc. 27), a Bo BropoMm—npasoii (puc. 28).

BekTopH @, b, ¢ Ha3LIBAIOTCS KOMMAQHAPHbIMU, €CJTH OHH
JexxaT B OJHOM MNJIOCKOCTH WM e HaXOAsTCsl B MapaJelb-
HBIX MJIOCKOCTSIX.

Bo3sbMeM cHCTEMY HEKOMILJIaHapHBIX BEKTOpoB @, b, ¢,
NPUWIOXKEHHHIX K HekoTopo#t Touke A. Bynem Bpamarth B mjo-
CKOCTH BEKTOpOB @ H b BexTOp b BOKpYr Touku A 10 Tex
nop, AOKa b He oKaxeTcs NepneHAMKYJSPHHIM @. Bo Bpemn
JBKenus 6yneM ciefuThb, uToGHl Yrosi Mexay @ u b Bee
BpeMs He. paBHAJCS Hymo # . [Tocse storo GyneM Bpamarb
BEKTOD '€ ‘OKOJO - A C IIe/Iblo NPHAATh €MY: HanpaBJeHue, nep-
NeHJHKYJASpHOe BeKTopam @, b. Ilpu  stom :GyaeM CleauThb

; 8a TeM, 4TOChl BEKTOP € 'HH Ha ONUH “MOMEHT 'HE COBNak @
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IJIOCKOCTBIO BEKTOPOB @ W b. B pesysibrarte BekTOpH @, b,
C OKaxyTCsd NepHeHJUKYJspHbIMU. Temepb mnepeHeceM 3Ty
Tpoliky Kak TBepHoe Teo B Touky O u OyleMm ee Bpaumarth
BOKPYT TOuKH O C 1eJbio, 4TOOBI BEKTOPH @& U b moJayuusv
COOTBETCTBEHHO HampaBJsieHHs] oceHl ¥, y. MoxeT oOKasaThCs
IBa cayuasi: 1) Bektop ¢ OyJeT HampaBJieH Kak IOJIOXKHTEJb-
Has ocb 2, 2) oH OyeT Hamnpas/jeH B NPOTHBONOJOXKHYIO CTO-
pory. B mepsoM ciyuae GyseM rOBOPUTb, YTO CHCTEMAa BEK-
TOPOB @&, B, € OpueHmMUpPOBAHA KaK CcuCmema Koopouram X,
Y, 2, @ BO BTOPOM—OHAa OPUEHNLPOBAHA NPOMUBONCAOJCHO! M
o6pasoit (cM. cooTBeTcTBeHHO pHe. 27 u 28),

§ 12. BekTopHos npousseneHus

12.1. llBa onpeneneHuss BEKTOPHOTO MNPOH3-
BeJleHUs. 3afafuM B HEKOTOPOIl NpsMOYToJbHON CHCTeMe
KOOPJHHAT TPEXMEPHOTO IeHCTBHTENBHOTO MpPOLTPAHCTBA BeK-
TOPHI

a=(a,, a,, a,), b=(, by’ bz)

M Ha30BeM BEKMOPHOHIM npousaec?euue/u aub BEKTOP

c=axb=[axb]=
= (aybz—azby) i+ (asz_'axbz)j'}’ (axby—aybx) k =
i j kR
=lay ay a;|. (1)
x y Yz

B kauecTBe mocsiefHero 4jeHa 3TOf LeNH HamHCaH «0GO6-
HICHHBIH OmpejiesiiTe by, NepBas CTPOKA KOTOPOTO COCTOMT
u3 BekTopoB i, f, k (opTOB cucteMbl KoopiuHat). Bo BTOpOM
ujleHe 110Ka3aHo, KaK 3TOT OOOOLIEHHBIl ONpeNesuTe/]b [NOHH-
MaTb (OmpejesuTeNb TPETHEro MOPSAAKA MBI pasJjiaraeM IO Je-
MEeHTaM NepBOH CTPOKH TaK, Kak ecju Owl i, f, k Obliu uuc-
JlaMy).

OuesunHo, uto [@X (—b)]=—[axb].

BexkTOopHOEe NpoM3BelieHHe BEKTOPOB & W b MOXHO TaKiKe
ONIPEJIe/INTh CAeNYIOMUM 06pasoM:

1) ectu @ ¥ b KOJ/MHEapHBl, TO HX BEKTOPHOE IPOHM3Be-
JeHHe PAaBHO HYJIEBOMY BEKTOPY;

2) ecin @ ¥ b He KOJNJMHEapHBl, TO BEKTOP € HanpaBJieH
neprneHAUKyJsIPHO K @ ¥ b ¥ npuToM Tak, 4TO CHcTeMa (&, b, ¢)
OpDHEHTHPOBAHAa TaK K€, KaKk JaHHasd CHUCTeMa KOOPAHMHAT.
JsmHa ke BekTOpa € paBHa

lei=|a]|b|sino O<€o< ), 2
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rje © ecTh yroj Mexay @ u b, T. e. 1J¥Ha ¢ paBHa MJIO-
wafu napaJJesorpaMma, MOCTPOEHHOTO Ha BeKTOpax @ u b
(puc. 29).

IokaxeM 3KBHBAJEHTHOCTb ChOPMYJIHPOBAHHBIX ABYX OINpe-
NieNIeHHR.

Ecnu BekTOp €=0, TO W3 (1) clenyeT, YTO KOMIOHEHTHI
BEKTOPOB @ U b DpONopuHOHAJILHEI

a,ia,ia,=b,:b,:b,,

T. €. @ U b KOJUIMHeapHbl, HO TOTJa BEKTOPHOE IPOH3BEAEL-
HMe W [0 BTOPOMY OINpeJieNeHHIO PABHO HYJEBOMY BEKTODY.

Zh — z
> A ef.
b [, S
A P
¢ 3
/) V) —
Y z
z 4
Puc. 29.

O6patHo, ecan @ ¥ b KOJIMHEApHBI, TO 1O BTOPOMY OINpefie-
gennio @ Xb=0. Tak KaKk KOMIOHEHTH BEKTOPOB @& H b mnpu
5TOM MPONOPLUOHANBHBI, TO, COTVIACHO NMEPBOMY OMNpeJieJIeHHIO,
c=0.

[lycts Temepb @ W b — HEKOJIMHEAPHLIE BEKTOPH U € —
uX BexTOpHOe npouseenenye coraacHo (1). Ouesnano, uro

(¢, @)= (aybz——azby) a,+(ab,—ab;)a,+
+(ab,—aby)a,=0
H 2HaJOoTHUYHO
(¢, By=0.

Htak BeKTOp ¢ MepucHINKYJAspeH K @ H 5.

JoKaxKeM, UTO CHCTeMa BEXTOPOB (@, &, €) OPUEHTHpOBAHA
Tak JKe, K&K CHCTeMa KOOPAHHAT X, Y, 2. DyJneM HenpephiBHO
Bpamarb BeKTOPH & H B Boxpyr ToukH O, KaXZH pa3
BBIUMC/ISISI O HHMM BEKTOP €, HO Tak, uToObl BCE BpeMs @ 1
b Obliu HekoJUIMHeapHBIMH. Ho Torjga BexTop € Bce BpeMs
Oyper HeHyJeBbM (¢ 5=0) u cucrema (@, b, ¢) Bce BpeMs Gy-
XeT HekomnsaHapHo#. CoBepuMM Takue MOBOPOTE, YTOGH
BEKTOPHl @ W b MOJIyUu/IM HampaBJIeHHs! COOTBETCTBEHHO oceil
X v y, T. e. uro6sl oHu wuMemt Bup a=(a|, 0, 0),
b=(0, |b|, 0). Droro Brcerga MOXKHO HOCTHTHYTb, NOTOMY
UTO B JAHHOM CJIyuyae MJIOCKOCTh BEKTOPOB &, B MOXKeT Bpa-
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warbcs B npoctTpaHcTBe. Ho Toraa BekTop ¢, BHIYHC/EHHBIH
no dopmyae (1), umeer Bux ¢=(0, 0, |@||b|). Mb BuAHM,
4YTO BEKTOpH (@, b, €) B NOCJefHHUII MOMEHT HaLIero mporecca
OpPHEHTHPOBaHHl TaK e, Kak ocH (x, y, 2). Ho Torna, cormacuo
ompejieNieHuio opueHTanud (cM. § 11) m ucxomHas cucrema
a, b, ¢ opHeHTHPOBaHa TaK e, Kak CHCTeMa KOOpAHHAT
X, Y, 2.

Hrak, BekTOpHOE npoussezleuue ¢=aXb, onpesiesennoe
no ¢opmyJe (1), ectb BekTOp, MEpNEHAUKYJAPHBIA K BEKTO-
pam @ u b u cucrema BekTOpoB (@, b, €) OpueHTHPOBaHa
TaK JKe, KaK paccMaTpuBaeMasi CHCTeMa KOOPAMHAT X, Y, 2

Ham eme Hano nokasatb ¢opmyay (2). IlycTe BekTOpBHI
a u b o6pasyloT ¢ OCAMH KOODIWHAT YIVIbI, COOTBETCTBEHHO
paBube a, B, y u a’, f*, p’. Tak kax

a,=|alcosa, a,=|a|cosB, a,=|afcosy,
b,=|b|cosa’, b ,=|b|cosB*, b,=|b|cosy’,
TO
le lz = (aybz—azby)2 + (azb.\r""'a:\:bz)2 + (axby'_aybx)z =
=|a|*|b|*[(cos B cos p*—cosycosp’)®+
+(cos y cos @’ —cos a cos p')24-(cos a cos f* —cos B cos a’)?]=
=|a|*| b [*[(cos? & -4-cos? B - cos? p) X
X (cos?a’ +-cos?f* 4 cos? ') —
—(cosa cos a’ +cos P cos B’ +cosycosy’)?] =
=|al[b]P[l-1—costw]=|a|*|b[*sin®®

TAe ©—YroJ MeXLy BEKTOpamu @ b (coso=cosacosa’ -+
+ cos pcos P’ -+ cosy cosyp’).

Hrak, mbl nokasam (2).

Takum 0o6pa3oM, MBI HOJHOCTHIO AOKa3a/d, YTO U3 OImpe-
IeJieHHsl BEeKTOPHOro npousBefenusi mo c¢opmyJse (1) cnexyer
BTOpPOE€ €ro omnpejeseHue.

OG6paTHO, €C/JH BEKTOpP MHOAYUHSETCA BTOPOMY OMNpejeJie-
HHUIO, TOPJA OH €IUHCTBEHHEIH, IOTOMY YTO MOXeT OBITh TOJIbKO
OIHH BEKTOp, NMEPHeHAUKYJSPHHIA K @ U b, jaMHa KoToporo
paBHa MJOLAAU MNapaJuiesiorpaMma, HOCTPOEHHOro Ha &, b,
H IPHUTOM TakoH, uto cuctema (@, b, €) OpHEHTHPOBaHA Tak
XKe, Kak cucreMa x, y, 2. Ho Ttorma 3to ectb BEKTOP ¢,
OnpeJieTieHHbIA 110 tpopmy.ne (1), notomy 4To mocjenuuit, Kak
Mbl YOETHIHCD, . 00/1aJiaeT. yKa3aHHbIMM CBOHCTBaMH. .

~Ormetnm eine pas, uTo ycioBHe @X b =0 ecTb Heo6xodu-
MOe U OOCMOMOKHOE YCAO8UE KOARUHEAPHOCTI 6eKmopos @ u b.
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12.2. TeomMmeTpHUYeCKHUH CMBIC/A OnpeneNuUTEeNns
BTOpPOTO mopsjgKa. PaccMoTpuMm Temepn CneuuasnbHO 1Ba
HEHYJIEBBIX IJIOCKHX BEKTOpa

a=(a; a), b= b) ©)

B HEKOTOPOH NPSMOYroJbHOH CHCTeMe KOOpAMHAT X, Y
(puc. 30, 31). Byaem cuurath, 4TO paccMaTpHBaeMas IIO-
CKOCTb HA4XOIMTCS B MPOCTPAHCTBE H J00aBUM K OCAM X, Y

Y Y
’ a

(]
b
a z &z

Pnc, 30, Puc, 31,

NepPNeHAVKYASADHYIO K HUM oCcb 2. Bekrtopn @, b Oynyt Te-
nepb HMETb KOOpIMHATHI

a=(a, a, 0), b=, b, 0).
BexkTopHOE mpousBeJeHHe HX PaBHO

a, aylk 0

c=axXb= by b

rie B—opTt ocu z. Ilo omnpeneseHmoO BEKTOPHOrO IIpOH3Be-
JleHHs1 cucrema (@, b, €) OpHEHTHPOBaHa, Kak CHCTEMa KOOp-
IiHar x, y, 2. IloaTomy, oueBHAHO, ecaM ONpelesUTeNb

ay ay

by b, |>0

TO CHCTeMa BEKTOPOB (&, b) nomkHa ObITH OPHEHTHPOBaHa,
KaK OCH KOOpAMHAT (x, y). Ecim xe ompenesurens

a,, ay]<0

To cucreMa (@, b) opueHTHpPOBaHa NMPOTHBONOJOXHO OpUeHTa-
uai x, y. Ha puc. 30 n3o6pakeHa neppas CHTyauus pacrmo-
JIOXKEHUs BeKTOpoB (@, D), a Ha pua. 31 —BTOpas. Mul 3HaeM
TaKXe, YTO INIOWIAAb NapajjesorpaMma, NOCTPOEHHOTO Ha
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BeKTOpax @ u b, paBHa (cM. (4))

a; ay

—ICl" by by,

T. €. alCOMIOTHOH BeJMYUHE ONpeae/uTelsd

a a
a=|3 ) (5)

Hrak, Mpl aokasam, uto: 1) aGCo/OTHAs BeJHMUHHA OINpe-
IenuTens (5) paBHA MJIOMAAH napanaeﬂorpawma TIOCTPOEHHOTO
Ha BeKTopax @=(a,, a,) u b=(b,, b,); 2) snak omnpenenr-
TeJis (5) 3aBUCHT OT pacnonomex—mn 5THX BEKTOPOB OTHOCHTE/BHO
NpAMOYrONbHOH CHCTeMbl KOOpAMHAT X, Y. 3HAKy -+ COOt-
BEeTCTBYeT cHucTeMa (@, D), opueHTHpOBaHHas, Kak X, Yy, a
8HAKYy — COOTBETCTBYeT cHcTeMa (@, b), OpHeHTHPOBaHHas
NDOTHROMOJOXKHEIM 00pasoM.

12.3. CBoficTBa BEKTOPHOTO NPOH3BEAEHHS.
CnpasensuBel cBoficTBa

axb=—bxa], )
ax (ab)=alaxb], (7)
ax(®+c)=[axb]+[axc], 8)

rie @, b, c—npon3BosbHble BEKTOPLI, O.—CKanadp.

Ecnu BekTOpHblE NpOM3BENEHNS, BXOJsIIME B PaBeHCTRA
(6), (7), (8), BuIpasutb mo ¢opmyte (1) yepe3 KOMIIOHEHTHI
BEKTOPOB

a=(a, a, a,), b=(b,, b, b), c=(c ¢, ),

TO JIETKO MOJIyYHTb 5TH PaBEHCTBA.

@opmyast (6) n (7) Jerko CAefyiOT TaKKe H3 I'eOMeTpH-
yeckux cooGpaxenuil. IlycTb @ M b—HeKo/IMHeapHBIE Bek-
Topbl. Ecli B BEKTODHOM NpOM3BENEHHM 3aMEeHHTb MecTaMmH
a v b, TO njowAAL NapajjeJiorpaMma, NOCTPOEHHOrO Ha @
U b, ¥ nepneHIUKYJSAp K @ U b He usMensartca. Mamenurcs
JIUIIb HampaBJieHHe ¢ =a X B Ha IPOTHBOINOJIOXKHOE, YTO Blle-
yeT M3MeHeHUe opueHTanuu (@, b, axb).

YMHOXKEHHe Ha IOJIOXKHUTENbHOE YHCJIO O BeKTopa b yse-
JIMYUBAET JIMLIb B 00 pas IJIomajb napajiejorpamMmma, NocTpoeH-
HOro Ha @ H b, a HanpaB/eHHe BEKTOPHOIO NpPOH3BEJeHHs
ocranercsa npexHum. Ecim xe o <0, T0O

ax(ob)=ax(—|a|b)=|a|[aX(—b)]=
=—|a|[axb]=alaxb].
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3ametum eme, gto u3 (6) u (7) enemyer Taxkke, 4TO
(@) Xxb=—[bX (aa)]=—ca[bXa]=c[axb].
ITpumep 1. Onpenemurs yrona A tpeyrombuuka ABC

¢ BepumHamun A=(1, 2, 3), B=(2, 2, 2), C=(1, 2, 4).
OGo3sHaunM HCKOMBIH yros uepe3 . Takum obpasoMm, ®

—_— —_—
3TO yron mexay Bektopamu AB u AC. Hs Broporo ompene-
JIeHHsl BEKTODHOTO NPOH3BENEHHS HMEeM

sino=LADXE ]
| AB|| AC|
re AB=(1,0, —1), AC=(0, 0, 1), [ AB|=V'2,| AC|=1,
BxAC=[1 0 —1|=—}j,
00 1
Orcroza
. 1 n 3
SIHOJ=—V-—_5, ®=T’ (0=—4-.

Tag Kax l_i—é=(—l,0, 2w ,BZ‘|2=5>|IC)I2+IQI_§P=-
=]4-2=23, T0 HeobxoauMo B3ATh ®© = 3m/4.
SaMmeuanue. Eciu B Tpeyroavnuke ABC yron A nps-

MOH, TO (—I?C‘|2=BC2=AC2+AB"; ecmt A—Tynot yrod, 16
BC?* > AC*+- AB?, ecim A—octpmifi yroa, to BC* < AC? +
+ AB. zh

[TpuMep 2 (¥3 MeXanuKH).
Iycth saganbl fBe TOukH A u
B. K Touxke B npunoxena cH-
Ja, onpelejgenHas BekTopom F.

—_—
Tycts @ = AB. Mosenmon cu-
a6t F omrocumeasro mouku A
HQ3b6l602MCS. BEKTOPHOE [1POK3-
BeJieHNe BeKTopa @ Ha BekTop F: 7

b=axF

— —_—
(em. puc. 32, AD=BC).

BekTtop b (MoMeHT cujel F) nepneHIUKYJspeH K BEKTO-
pav @ nu F un uMeeT IJWHY, PaBHYIO NIJOMALU Napaseno-
rpamma, NOCTpOeHHOro Ha BekTopax @ u F. Hanpasnenue
e BekTopa b 3aBUCHUT OT TOH mNPAMOYTOJIBHON CHCTEMHI
KOOpIHHAT, KOTOpas 3aJaHa B 3TOM BOTpoOCce.

Puc, 32,
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Ha puc. 32 B3sta neBas cuctema koopaunar. Hanpasne-
HHe b B3ATO TaK, YTOOB BeKTOpH @&, F, b Toxe obpaszoBaiu
JIEBYIO CHCTEMY.

§ 13. CmeuiaHnoe (BEKTOPHO-CXaNsPHOE) NPOU3EENEHHE

Bexmopro-ckarsaiproim (cmeuiantoin) npoussedeHues 6eK-
mopos @, b, ¢ (B TpeXMepHOM JAeHCTBUTENbHOM NPOCTPAHCTBE)
HasblBAaeTCA CKaJApP, PABHBIH CKalsPHOMY NPOHM3BEJICHHIO BeK-
TOpa @ X b Ha BEKTOp C:

(@xb) c=(a,b,—a,b))c.+(a,b,—a,b,)c,+

a; ay a
+(ab,—ab)c,=b, b, b,
Cx C Cy

- (M

y
B cuay onpeaenennss CKadspHOTO MPOH3BEIEHHS
(@xb)c=|axb|npsxsc=(a||b|sinw) npaxsc.

[TosToMy MOXKHO ellle, O4YeBHAHO, €Ka3aTh, YTO CMEIIAHHOE
npoussefieHne (@ X b) ¢ paBHO oObeMy napaJJesenunena, no-
CTPOEHHOTO Ha BeKTopax @, b, ¢ co 3HaKOM -+ WM —
B 3aBHCUMOCTH OT TOro, GyJeT JIM cHCTeMa BEKTOPOB @&, b, ¢
OPHEHTHPOBaHA KaK CHCTeMa KOOpJHMHAT X, Y, z WJIH NPOTHBO-
MOMOXHBLIM 00pasoM. OTMETHM, YTO |Mpaxs €| paBHA BbICOTE

napaJjiiesienunesa.
Umeror MecTo paBeHcTBa
(axb)yc=(cxa)b=(bXc)a, 2)

KOTOpHIE JIErKO CJIeAYIOT M3 cBoficTB ompeneautens (1).
Ecqu BekTOpHl @, b, € JexkaT B OJHON MJIOCKOCTH, TO

(axb)c=0,

Tak Kak @ X b nepneHaukyaspen Bektopy ¢. Ob6partHo, ecsu
(ax b)c=0, To BeKTOP € NepneHJUKYJAPEH BEKTOpy & X b
H, CJICIOBATEJbHO, JIEXKHUT B IIJIOCKOCTH BEKTOPOB @ U b uiu
B IJIOCKOCTH, NapajiiesIbHOA 3TOH MJIOCKOGTH.

Takum o6pa3oM, YycJOBHE

(@axb)e=0

eCcTb Heob6xo0umoe u GOcmamounoe Yycaosue KOMNAAHAPHOCHIU
mpex sexmopos @, b, c.

[Mpumep 1. Hafitu yesoBHe NpHHALNEKHOCTH YeTHIpEX
TOYeK K OJHOH MNJIOCKOCTH.
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[lycTs naHel wetbipe ToUKU A, = Yp2) (j= 1,2, 3,4).
Ecmu 3tH TOukM Jsiekar B OHNHOH TJIOCKOCTH, TO BEKTOPHI

—— —_— —_— o
A;A,, AA;, AA, Takxke Jiexar B 3TOH MJIOCKOCTH, M, CJIe-
I0BaTebHO, HX CMEIaHHOE MPOM3BEJIeHHe PABHO HYJIO!

Xo—X1 Ys—Yi 22—2f
— — —
(A4, %X AjA,) AjA = |xs—x1 ya—yi 23—2i|=0,
Xa—Xi Yi—Yi 22—z
OTO ¥ eCcTb YyC/IOBHE MNpPHHANJIEKHOCTH YETHIPEX TOYeK
onHo# niockocTH (cp. § 9, (12)).

§ 14. Jluneiino HezaBHCMMasm CUCTEMA BEKTOPOB
3agaguM B R, (NeHCTBHTENILHOM HJM KOMMJEKCHOM) CH-
CTeMy H3 R BEKTOPOB
a’= (A, Qg +vvy Ag,)  (5=1, o0y, B). H
[To onpenenensio cucmema (1) auneiino Hesagucuma, ecau U3
BEKTOPHOTO paBeHCTBA
Mart4-MAat4 ... 4 AaF=0, 2
rae A, A,y o.., Ay—unucsa (COOTBETCTBEHHO AeHCTBHTEJbHbIE
HJIH KOMIJIEKCHBIE), CJIEJyeT, 4TO
7\:1‘=}b2= cee =7»k= .
Cucmema eexmopos (1) HasbIBaeTCA AUHELIHO B3ABUCUMOLL, €ClH
CYLIECTBYIOT 4uCaa Aj, Ay, ..., Ay, ONHOBpEMEHHO He paBHbIE

HYJ/IO, JVIA KOTOPBIX BBHIMOMHsETCS paBeHcTBO (2). Ecmu ana
OTpeIeIeHHOCTH CUUTaTh, 4TO A, =0, To u3 (2) ciexyer, 4TO

af=p,a ... dp,_ 0, 3)
rme
A Ap-1
l"l_‘—'—)\'_l' (EKR) l-"k—1=—'%;"’

Takum o6pasoM, ecau cucmema u3 k 6eKmopos AuHEHO 3a8u-
cuma, mo 00uH U3 HUX ecme, KakK TOBOPAT, AUHELHAA KOM-
Ounayua ocmaabHelx, WM, Kak eue roBOPAT, 3a8ucum om
0CMANbHOLX..

Tak kak Bce Bpemst OyleT HATH peub O AuUHeliHOl 3aBHU-
CHMOCTH, TO TEPMHH AuHeliHbili OyleM Mo3BOJATb cebe WHOTAA
omyckaTb. DyzeM Takike TrOBODHTb 3a8uCUMble WIH He3a8U-
CuMble BeKMOpP6l BMECTO 3ABUCUMAA W HE3ABUCUMAS CUCMEMA
8eKmopos.
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Onue BekTOp @' TOXe OGPa3yeT CHCTEMY — JIHHEHHO He3a-
BHCHMYIO, eclii @'=%~0, U 3aBucuMylo, ecau a*=0.
Ecnn cucrema BeKTOpOB at, ..., @ quHEHHO He3aBHCHMa,
TO JioGasl 4acTh 3TOH CHCTEMHL a@t, ..., @°(s < k) TeMm GoJjiee
JIMHEHHO He3aBHcHMA, [Haue Hamwach Obl HETPHBHAJbHASA
cucTeMa uHMcenT Ay, ..., Ay, VIS KOTOPOH BHIMOJHAJIOCH bl
Mat+ ...+ Aas=0,

k—s pa3

HO TOrjla I/l CHCTeMH Ay, ..., Ay, O, ..., 0, KOTOpas TOXKE
HeTpHBHA/bHA, UMeNO Obl MECTO

Mat+ ...+ Aas+0-a5tt 4 ... +0.ak=0.

W3 ckasanHoro cJIefyer, uTo €CJIM CHCTEMa BEKTOPOB at, .. .,0°
JUHEHHO 3aBHCHMa, TO Jo6asi NONOJHEHHas CHCTeMa

at, ..., as, at, ..., a*

o6azaeT TeM xe cBoHcTBOM. B wacTtHOCTH, cHCTEMa BEeKTOPOB,
cojepaxallas B ceGe HyJ€BOI BEKTOP, BCEria IMHEHHO 3aBHCHMA.
* CocTaBUM MaTpHLY, ONpejesseMylo BeKTOpaMH cucTeMsl (1)

ai1 @iz ve Qin
L L I I B

Ari Qra ¢33 Qpp

Teopema 1. Ecau paur A=k, m. e. paur A pasen
wucay eexmopos, mo cucmema (1) auneiino Hesasucuma.

Ecau e paur A < k, mo cucmema (1) aunedno sasucuma.

IMpumep 1. IIBa BekTOopa @' =(a;i, Qi.), @%=(Qy, Ag;)
B IeHCTBHTENLHOM NPOCTPaHCTBE R, 00pasyioT JHHEHHO He-
SaBHCHMYIO CHCTEMY, €CJIH ONpEeUTeNb

a1 Qge
QAai Qgg

0,

MOTOMY UTO BEeKTOPHOE YypaBHEHHe
Mat+ Ae:=0 (4)

SKBUBAJIEHTHO JBYM YypaBHEHHAM /s COOTBETCTBYIOILMX KOM-
TMOHEHT
ayhi + Ay =0, (5)
au?»l- -+ (1227\/2 =0. .
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Ho ecim A0, To cucrema (5) uMeeT eJMHCTBEHHOE TpH-
BHa/IbHOE pellleHHe

A, =h, =0. 6)

Ecmn ke A=0, To ypaBHeHusiMm (5) yIOBJETBOPSET HEKOTO-
pasi HeTpHBHaNbHas cucreMa (A, A,), T.e. npu A=0 cucrema
BEKTOPOB @', @* JIMHEHHO 3aBHCHMA. ‘

OueBuano, ckasaTh, YTO B JeHCTBHTENbHOM HpPOCTPAHCTBE
R, BeKTOpHl @' W @ KOJUIMHEAaPHbI WIH JIHHEHHO 3aBHCHMBI —
310 Bce paBHo. Ho Toraa ckasathb, YTO BEeKTOpH @' U @
He KOJLIHiIeapHbl UMM JIMHEHHO He- in
3aBHUCHMbl—3TO TOXe BCE paBHO.

[Tpumep 2. CucreMa BEKTOPOB 4

o e e ) O S b e g

a4, a, ..., a* (k>=3) B jeiicTBu-

TeAbHOM mpocTpaHcTBe R, Bcerja X >
Jauieiino sapucuma. [eoMeTpruecku b pb
3TO SCHO M3 pHc. 33: ecau €-—npo- Pue. 33.

H3BOJIbHBLIN BEKTOP U @, b — HEKOMN/u-
HeapHble BEKTODEHI, TO ECerja MOXKHO yKasaTb TakKue 4ucaa A,
W, 4TO

c=2X\a+ub.

D10 norasuiBaeT, 4YTO CHCTeMa @, b, ¢ JuHeliHO 3aBHCHMA.
Ecmi ke @ 1 H-—KoJIiHeapHble BEKTOPH, TO OHH JIMHEHHO
3aBHCHMbl. TeM OoJsee JiHHEHHO 3aBUCHMEI @, B, C.

[To Teopeme 1, uroObl mnccnepoBaTh mNapy BEKTOPOB @b,

az, Mbl LOJIXKHBL 3anHcaTb MaTpHUY U3 HX KOOpAHHAT
l21 a1,

A — | 11 12 |.

Go1  Qagli

B npauuHoM ciayuae k=2,

a) Ecmu panr A=1<2=%, To Teopema yTBep:Kiuaer,
YTO BeKTOpHl @', @® JHHEHHO 3aBHCHMBI.

6) Ecin ke panr A=2=£k, TO BeKTOpH @', a* JUHEHHO
HE3aBHCHMBI.

D10 coBNajaeT C NPUBEJEHHLIMY BBHIBOJAMH, IOTOMY YTO
B ciyuae a) A=0 n 6) As=0.

Tor ¢akT, uTo TpPU IPOU3BOJNLHEIX BekTopa a', a?, a?
B .R, MMHEAHO 3aBHCHMBI, TOXeE NPelyCMOTPEH TeopeMOH — Bellb

pair A<<2 < 3="¢.
[Ipumep 3. B TpexmepHOM HeACTBHTEJBLHOM NPOGTPAH-
ctBe R, 1Ba BeKTOpa
al= (g, Qg, Qi) O =(Qy, Gy Agp)
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JUHEHAHO 8aBHMCHMBI TOrja H TOJbKO TOTJA, KOrja OHH KOJ-
JINHEapHBI.

B camoM pnerne, nycTh @', @® Ko/MHeapHbl. Ecau ofuH
W3 JaHHBIX BEKTOPOB HYJIEBOH, TO OHH JIMHEHHO 3aBHCHMBI.
Ecnn ke @' ¥ @® KO/UIMHEapHBl W HE HyJIEBHE, TO

a*=\a?,
rae A—uekotopoe uucio. Ilocnennee osHauaer, uto a', a®
JIMHEHHO 3aBHCHMBI.

O6parHo, ecnu @', @® JuHeHHO 3aBHCHMEI, TO OAMH M3 HUX
3aBHCUT OT JAPYroro, Hanmpumep

az=_.p'al"
T. €. BEKTOPHl KOJUIMHEAPHBI.
Eciu B 3TOM cJyqyae pacCMOTPETb MaTpPULLYy

A_uaﬁ aj; a3
Qa1 Qgq Qg3

’

TO 3JIEMEHTH CTPOK MaTpHubl NpPOMOPUHOHANBHE, H MOSTOMY
par A=1<2=k,

T. €. Hallle YTBepXKJeHHe corjacyercs ¢ TeopeMod 1.
[Ipumep 4. PaccMoTpuM Tenepb TPH BeKTOpa B Ry:
a'=(a,4, ay,, Qy3),
ag:(azi» Qygy Qys),

Q° = (ag;, A3y, Qgy)-
Ilyctb
aii Qig O3
A=las az asx)|.
asi a3z Qasy
BekTopHOMY ypaBHeHHIO
Ma'+1a? 4 A0 =0 (7)
SKBHBAJIEHTHA CHCTEMa H3 TPeX ypaBHeHHil
a0+ g kg + a5 =0,
@2k + agghy + aghs =0, 7
15y -+ Qy5h, + Agehs = 0.
Ecm As=0, To cucreMa (7') HMeeT eIMHCTBEHHOE TpH-
BHaJbHOE pelleHHe Ay=A,=A,=0. Ho Toraa u ypasueunue (7)

MMeeT eIMHCTBEHHOe TPHBHAJbHOE pelleHHe H CHCTeMa BEKTO-
poB @', @% a® JMHeHHO He3aBHCHMA.
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Ecin A=0, To cucrema (7'), cnenoBaTesbHO, W ypaBHe-
Hue (7) ¥MelOT HeTpUBUaNMbHOE pelnerue (A;, A,, A4). Ho Torna
cucTeMa BeKTOpOB (@', a®, @°) qmuefiHo 3aBucuma. Ho snech
MOXHO pasnuyaTh JeTaju:

1) Ilyctp paur A=1, rne

Jeit aie ais|
A=|ai ay ay I
iasi Qs Ass|
Torpa mo kpaiineil Mepe oxHa W3 cTpok A, mycTh IjiA ompe-

JeNeHHOCTH NepBasi, MMeeT XOTA Obl OJMH 3JIeMEHT, He pas-
HEll Hymo. PaccMoTpum matpuny

aii Qi3 Qi3 (8)
Qo Qg9 Qg3 |

Oua wumeeT panr 1, mosTOMy BCe MOPOXKJAeMble €0 Ompeje-
JIUTEJIH BTOPOrO MOPSAKA PaBHbI HYJO

aii alzl aii alal_
Qoi Qoo Aof Qa3

’

ajs aisl_o
=0.
Qg3 Qo3

Ho Torma, oueBHAHO, KOMIOHEHTH BEKTODOB @' M @* mpomop-
[MOHAJIb HBI

T. €.
HJIH

=\at,
AHaJIOFPl‘IHO, yuutTheiBasg, 4TO B MaTpHLe

A" = aii aiy a3
Q3i Az ags-

TOXE€ BCE ONpeAe/IUTeNIH BTOPOro Nopsiilka paBHbI HYJIO, IIO-
JIY4HM, qTo )
a3'=plal

rie: U — HEKOTOpPOe YHCJIO. Takum ~0o6pasoM, B 3TOM cCiyyae
BEKTOPH @', @2, @° KOJUIMHeapHHl.

2) l'IyCTb tenepb paur A =2. Torna ojsa us martpuu, co-
CTOSILIMX ¥3 IBYX CTPOK MaTpuumt A, umeer paur 2. Ilycrs
JUIsl ONPeJeeHHOCTH 3TO. €CTh ~Ma'rpnua'A.', (cm.: (8)).- Ha ocHo- -
BaHHM. . IPUMepa, 3 BEKTOPH .@' U. @? JHHEHHO He3aBHCHMBI.
Ho cucrema a', a? a? saBucuma, :T.e.. JUIi HEKOTOPOH :
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HETPHUBHANbHOH TPOHKM uHces (Mg A, Ag)
Mat+4A,at 4 M08 =0. 9)

3mecy A;==0, notomy uTo uHaue Aa'4-A,a2=0, u B cuay

HE3aBHCHMOCTH CHCTeMHbl @', @? 6blio 6bl A;=A,=0. Ho Toraa
paBeHCTBO (9) MOKHO pa3pelliTb OTHOCHTENBHO @°:
A‘ N
wﬂwﬂmw,m=—ﬁ,%=—%-

Takum obpasoM, ecmn A=0, a paur A'=2 (cm. (8)), TO
BEKTOPH @' M A% HEKOJIIMHEapHHl, &8 BEKTOP @° NPUHALJEMHT
K TJIOCKOCTH 3THX BEKTOPOB.

TlpuBeneHHEIe pacCyKAeHHs He NpoTuBopeuar Teopeme l.
B camom nene, eciu A=£0, 10 panr A=3=%Fk wu no Tteo-
peme 1 cucrema BekTOpoB @', @?, @® JMHEHHO He3aBHCHMA.
Eemn xe A=0, 1o panr A < 3 u cucrema BeKTOpoB @', a?,
a?® jnuHeHHO 3aBHCHMA.

IIokasatenbcTBO TeopeMnu 1. BekrtopHoe paseH-
cTBO (2) SKBHBA/IEHTHO CJIEAYIOLIMM 7 YPaBHEHUAM JJIsl KOM-
NIOHEHT BEKTOpPOB:

9\/1(1"] + 7\-2021- + o e + A,kakl = O,
May, +ha,,+ oo+ 2a,, =0, @)

s o e ¢ s .
.

hlain 7\12(12,,-[- et ?"kakn =

[ycts panr A=~k. Torzna, ouepnano, k< n. CymecTByer He
PaBHBI HYJIO ONpPEeJeJUTeNb £-TO MOPSAKA, NOPOXKAaeMBl
matpuneli A. He orpanuuuBasi o6MmHOCTH, MOXKHO CUHUTATh,
YTO 5TO ONpeJeNuTeNb H3 KO3h(QUUHEHTOB NEPBHIX R ypaBHe-
Hui cucTteMbl (2'):

?\.lal'l + O + 7\.kam=0, }

. - . . . . . . . . (10)
Maget .o Ay, =0, j;
Qi eee Qpi
L 9‘—‘0,
aip ses Qpp

Tak kaxk oanopoxmas cucrema (10) umeer onpenenutesnp,
OTJIMUHBIA OT HYJS, TO OHA HMEET TOJIbKO TPUBHAJILHOE pe-
1IeHHe:

Ay=hg=...=Mh,=0,
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u cucremMa BekTopoB (1) smHeliHO He3aBucMa. ¥ TBEpIKIeHHE
TEOpEMBl B 3TOM CJIydae [0KasaHo.

[Tycts Tenepn panr A=s < k. IlepenymepyeM TnepemeHHble Ay W
K03QuUNeHTH a;; cHCTembl (2') TaK, 4TOSBI

Qi ees Qg1

I R Y #0.

[

Torpa cucteMy nepBLIX § ypaBHeHHH MOMKHO 3amkcaTth TaK:
it y nep p

ayhit oo Faghs=—as41, hsei—1sr—aphy )
L A I e LI . ¢ & ¢ ¢ 3 & ¥ 2 ? }
Gishit oot aeshs=— 541, hssi—vs+ —0Qpshy. )
Eclu NoNMOXHTb Agp1=...=Ap=1, TO JaHHYIO CHCTeMy MOXHO pe-
IIHTh OTHOCHTEJIBHO Ag, ++4, Ag. B pe3yJbTaTe NMOJYYHM HETPHBHAJILHOE
pelleHune
7\/1, DX IR }\k (11)

nepseiXx § ypaBHeHH# (2). Temepb MLl MOXKeM INIPHCOEAUHHTb K 3THM 8
ypasHeHusiM Jo6ble Apyrue k—s ypaBHeHult (2’), M nosnyyenHas cH-
cTeMa Bce paBHO OVAeT MMeTh HAHICHHYIO HETPHBHAMbLHYIO CHCTEMY
B xayecTBe pemeHHsi. UToSb OGBACHHTH 3TO YTBEepIKIEHHe, 3alHLICM
¢opmanbHo cucteMy (27) caexylomum o6pazom:

Maii+ oo M +Aepi-04 100 +2,:0=0,
@'
Magnt o M+ Ap 10040 oo 4Ry 0=0. )

Matpuia H3 KodpQHIHEHTOB IONYYeHHBIX YDaBHeHHH Bce DaBHO HMeeT
paHr s, TaK e KakK M paciuMpeHHas (cmpaBa HyJsmu!l) marpuna. [lep-
Bble § ypaBHeHuI cucTeMbl (2/) yZOBNETBOPSIOTCS HalJCHHBIMHM YMCJIAMH
A1, veey Ag (cM. (11)) 1 MPOH3BONLHBIMH YHCJIAMH Af, ..., A, Ha ocHo-
BAaHHH YTBepXAeHHs 2) § 4 (QpaBHJIA pelleHHS CHCTEM) YHCHAA Af, ey Ap
VIOBNETBOPSIOT H OCTaJbHBIM YpaBHEHHsIM CHCTeMHl (2’), T. e. uucaa
\I, «»+, Ap (HE BCE DaBHEIE HYJIO) YIOBJETBOPSIOT OCTaJbHBIM YpaBHe-
HUSAM cHcTeMbl (27).

TaxkuM o06pa3oM, BEKTOPH @, ,.,, @® JMHEHHO 3aBHCHMBI, H TEO-
peMa HoxasaHa H B 3TOM CJyuae.

§ 15. Jluneitnnie onepaTopb

3ajauM NpPOHM3BOJBLHYIO KBaJPAaTHYIO MATPHILY
i ess Qip
A="akt"= P (l)

ApT 290 Qpp
Marpuny A MOXKHO paccMaTpuBaTh Kak o0nepamop, TNPHBOAA-

IIH# B COOTBETCTBHE KaXXJOMY BEKTOPY X == (X, ..., X,) ER,
BEeKTOD ¥ =(Yi +-+» Y,) €E R,, KOMIOHEHTH KOTOPOTO BEIUMC-



88 §18. IUHEMHBIE ONEPATOPEI

JIsIoTes Mo (opMyJiam
Y =4a4ix, .. + AinXps
' L] . . . . L] . L] . . (2)

Yn=0qyiX%; + ... + ApnXns
Wi, Kopoue,

Y= S‘aux, (l‘=], cony fl). (2,)

j=1

FoBopsit, u4TO i-7 KOOp/MMHATA BEKTOpA ¥ SarHCHIBACTCH C
nomoupio i-fi cTpokn A. IToT onepatop KOpoTKo Gyjaem 3ani-
CBIBAaThb TaK:

"

y=A4x (x, yER,). 2"

3ameuanune 1. Ecm a, wu nanee b,,—KOMIJIEKCHBIE

uycsna, To R, Halo CuMTaTbh KOMIJIEKCHBIM NPOCTPaHCTBOM.

Ecin ke ay,, b,,— nefictButesibHble uHcha, TO R, MOXeT
ObiTb W NeHCTBHTEJbHBIM H KOMIMJIEKCHBIM NPOCTPAHCTBOM.

B cnyuae oaHOMEpPHOTO NpOCTPaHCTBA R; BEKTOPH X W

Yy cyTs uMena, W oneparop (2") npeBpaimiaetes B (YHKUHIO

y=auX.

Onepamop (2") auselinbii. DTO 3HAYMT, YTO OH YAOBJET-
BOPfiET YCJIOBHIO

Alax +PxY=0aAx +pAx’
ans moGbiXx BeKTOpoB X, x' € R, u uncen o, B. B camom
nene,

n n \n
,_;lau(ax/-i-Bx§)=ai=2‘a,,x,+ﬂ,§]a,,x; (i=1, ..., n).

Ecan matpuun A=|a,,| u B=|b,| pasun, T. €. HMeIOT
paBHBIE COOTBETCTBYIOLIME 3J1EMEHTHl Ay, =b,,, TO OHM ONpe-
IENSOT TOXAECTBEHHO PaBHblE ONepaTophl:

Ax=Bx, Vx€R,. 3
O6paTHO, H3 paBeHETBa (3) BLHITEKAET; YTO
akt= bkl‘ (k l—l $eey n),

T. €. paBeHcTBO Marpun A u B (A B). B stom nerko yGe-
JIMTbCSl, €CJH MOJIOXKHTBL B (3)

. X=x'=(0, ...,0,1,0, ...,0),
rae 1 cTouT Ha I-M mecte (I=1,':..y n). ‘
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Taknum ofpasoM, pas/qMUHBIM MaTpHuaM A COOTBETCTBYIOT
pa3/HuHbie OnepaTophl—ecqn ABe Matpuubnl A; 1 A, oTaH-
yaloTcs XOTs Obl OJHHM 5JEMEHTOM, TO 00s3aTeJIbHO CYLIeCT-
BYET BEKTOp X, A/ KOTOPOro

Ax =A%

[Myctb, Kpome A, sajau eule apyroit oneparop B, ompe-
IessieMblil KBajipaTHOR MaTpHieH n-ro nopsika

B=[by]

Kaxnomy X &R, COOTBETCTBYeT MpH moMomy oneparopa A
BEKTOp ¥ € R,, KOTOpOMy NpH momowu omeparopa B coor-
BETCTBYET BEKTOp 2 C KOMIIOHEHTaMH, BBHIYHCJISEMEIMH O op-
MyJam

M:

zk=[ bkl'yl (k=], ...,n).

]
—

B pesysbTaTe NOJYYHM CJIOKHBIA JIMHEHHBIH oneparop

2=BAx (x€R,), “)
rje

n n n n
Zp== :.21 butyi= 1§ bkt,;: A Xy = igl (

i=

n

n
1 bkiail\> Xp= ’,;21 Ve Xy

@ marpuueft |y, [, HasbiBaemo# npouseedenuem mampuy B n A
1 0003HauaeMoH TaK:
BA =]y )

rae
Vk/=,~§ byay (ko j=1, 5ouy ), ©

T. €. uTOOBl MOJIyYHTH SMEMEHT Y, MaTpuubl BA (npunanse-
)amuii K ee k-l CTpOKe H j-My cTOJIOIY), HAlO 3JIEMEHTHI
k- CTpOKH MaTpuUBl B YMHOXHTH Ha COOTBETCTBYIOLLME 3J€-
MEHTH j-rO CTOJ0IAa MaTpHubl A # Pe3yabTaT CJOXHTb.
Onpedeaumenrs mampuyvi- BA paeen npoussedenur onpe-
Oeaumeneti mampuy B u A: '

|BA[=|B]|| A|. )

D10 cpofcTBO BHITeKaeT H3 (GOPMYJH JJs1 NPOH3BEAEHHA
onpenenurene (cM. § 2, CBOHCTBO K)).
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[Tycts marpuua onepatopa A (cm. (1)) mmeer ompenesu-
Te/JIb, He PaBHBIH HYJIO:

A=|ay|+0.

B stom cayuae (cm. § 4, Teopema 1) cucrema ypaBuenuit (2),
WM, YTO BCe PaBHO, ONeEpaTopHoe ypaBHeHue y = AXx umeer
eUHCTBEHHOE pemleHne & € R, npu JmoOoM 3aJaHHOM ¥ €R,,.
ITpu sToM opmyJbl, MO KOTOPHIM HaXOAHTCH X JJIA 3a1aH-
HOTO ¥ € R, UMET BHA

M;

X, =
4 s

bjsys (j=1’ UK n)' (8

I
—_

31ech
bjs=Asj/A (S, ]=1’ RN} n) (9)

(cM. § 4, (3')), rme A,;—aireGpanueckoe [ONOJHEHHE 3Je-
MEeHTa a,; B ompenesurene A.

BnpoueM, nssi Hac cefiyac BaXHO TOJBKO OTMETHTb, YTO
yucaa by SIBASIOTCA 3/EMEHTaMH MaT PHIIbI

B=]bl,
ofsafatolell ceyoIyMy 3aMeyaTeIbHbIMH CBOHCTBaAMMU:!
BAx=x Vx€R, (10)
ABy=y VyER,. (11)

B camoM pesie, NpousBOJILHEIE BEKTOpP X € R, NEpPeXOJHT
IIOCPENICTBOM onepatopa A B HEKOTOPHIl BEKTOP ¥, KOTOPHIil
IEPeXOJUT MOCPeICTBOM omepaTtopa B obparHo B x. C mpy-
rOH CTODOHBI, KamAOMy ¥ € R, COOTBETCTBYET IPH NOMOIIH
oneparopa B (cm. (8)) HekoTOpHIl X ¥ NPHTOM TakOH, 4TO
Ax=y.

B pasencrse (11) mMoxHO, OYeBHIHO, BMECTO § MOCTABHUThb
Ipyryio 6YKBY, NMO3TOMY Mbl IOJIYYHJIH TOXKJIECTBA

BAx=ABx=x, Vx.
Oneparop x =Ex (VX € R,) HasbIBaeTCs eQUHUUHbIM ONe-
pamopom. Marpuua, eMy COOTBETCTBYIOILAsS, UMEET BHJ

1 0.,.0
E_[0 1O

o o & 0 o

0 0'.‘ 1

u HasbiBaeTcs edunuunor. Mbl JoKasaJsH, uTO
AB=BA=E.
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Oneparop B, ofnanaomuit 3THM CBOACTBOM, Ha3bIBaeTCA 06 pam-
Hom K onepatopy A u o6osnauaercss yepes A~!. CooTBerct-
BEHHO €ro MaTpHiua HasblBaeTCsi o0pamuoli mampuyed K MaT-
pine A u ofo3navaercs Toxe uepe3 A~ DjeMeHTH MaTtpu-
nel A~! HaxomsATcs MO 3JeMeHTaM MaTpHuel 4 6 [OMOMLIbIO
dopmya (9).

Mur noxasamu, uTo ecau onpeleaumens |A| xeadpamroil
smampuybt A He pasen HYao, Mo OHQ umeem o6pamuyro mam-
puyy A=Y Oaa A™, TakuM o6pasoM, BHIOMHSIOTCS CBOMCTBA

A'A=AA"'=E.

Ecnu onpenenutesnsh Marpunbl A papen nymmo (| A|=0),
TO OHa He uMeeT oGpaTHON MaTpHubl. JlOCTaTOYHO CKa3arh,
YTO ypaBHeHHe Y= Ax HMeeT pellleHHe He I/ BCAKOTO Y.
Mexny Tem cBolictBo AA~'y=y, ecJH OHO BBINOJIHAETCS,
yTBEPKJ2eT, 4To Kaxdony y € R,, COOTBETCTBYET (IPH MOMOLIH
onepatopa A~!) Tako#l X, UTO OH €CTb pEIlEHHE YpPaBHEHHS
y=Ax. ‘

3ameuanue. Onepanuio YMHOMKEHHS MaTPHIl MOXKHO
pPacnpocTpaHUTh M HA HeKBaApaTHHle Matpuusl B n A, juub
Obl YuCJIO CTOJOLOB MaTpuLbl B COBNAJaJo € YHUCIOM CTPOK
marpunsl A. Torga yMHOMXeHWe MaTpuu NPOM3BOAMM N0 Gop-
MyJsaM, nomoGubiM (6). Hanpumep, ecau

- 1 23 11
B=<0 1 0>, A=<0 1>,
0 01 10

4 3
BA=10 1) .
\1 o
[Mpoussenenne AB B JaHHOM cJyuae . pacCMATPHBAThH
HeJIb3d, TaK Kak y Mmatpuusl A apa ctosbua, ay mMatpuus B
TPH CTPOKH.
Hasa keanpatHeix matpul A u B npownssenenust ABu BA
HMEIOT CMBICJI, HO Hajneko He Bcerga AB pasHo BA. Hampu-

Mep, eCcJH ,
A=(1 1) B=(5 o)

(3 ). ma=(l l),
r. e. ABs=BA.

TO

TO
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Jlerko nposeputs, uto (AB)C = A (BC).
Ecmn A—smneliHBlfi omepaTop, TO 3amuch AX MOXHO
paccMaTpHBaTh KaK HpOHM3BeleHHe MaTpuupl A Ha 0AHOCTOJO-

LOBYIO MaTpuuy
X1
)
Xn

[ycte sanadn muHefinsie onepatopst A u B. Cymmoid ux
HasbiBaeTcs oneparop A+ B, onpenenseMbili pPaBeHCTBOM

(A+B)x=Ax+Bx VxeER,.
OuesuiHo, MaTpuua onepatopa A -4- B coBnajaer ¢ MéTpnueﬁ,

paBHOll cymme matpui oneparopos A n B.
Jlerko mposepurb, 4TO

AB4C)=AB+ AC.
[Mpumep 1. Haiitn marpuuy, obpaTHyio martpuue

1 20
A=<0 1 l>.
N1 10

Matpuna A onpenensier muHefiHbI# onepatop y = Ax, npu-
BOASAILUMA B COOTBETCTBHE KaXKAOMY BEKTOPY X == (X;, X,, X;3)
BEKTOD ¥ =(Y;, Ys Ys) NPH NOMOIIH PaBEHCTB

Yy =%, + 2x,,
Yo=X,+ Xy
Yg=X+ X,

DT paBeHCTBa MOXHO pacCMaTpHBAaTh TaKKe Kak JIMHel-
HYIO CHCTEMY TPeX YpaBHEHHH OTHOCHTENbHO HEU3BECTHBIX X,
X, Xg. Onpenesmresb 5TOH cHCTeMbl He paBeH HyJso. Ho Torna
ee MOXKHO DeLINTb NPH JMOOLIX 33JaHHBIX Y, Yy Yy- B pesyiib-
TaTe MOJIYYHM PaBEHCTBA

xi=—y1*2y8-’

Xo=Yi—Y»

x3=_yl +y2+l/§,
onpefienONLE orepatop X = A='y, ofpatusiil k onepatopy A.
Marpuua 3Toro oneparopa S : Py A1

-1 0 @
A-1=< o _1>_
—1 1

D10 u ecThb MaTpuua, 06paTHas K. marpuue A.
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dneMeHTHl MaTpHibl A~! MOXKHO MOJIYYHTD IyTEM BBHIYMCIIE-
uuit no cgopmynam (9).

OGosHauum 3J1eMeHTbl 0OpaTHOH MaTpuust A~ uepes bj,.
Umeem A=1, b,,=4,,,

A11‘=Ii :)|=_]s A12=_|(1) (I)|=Iv A13=|(1) :|=’—l»
dum? 8l=0 Au]} Y= dam|} [,
Asl.=|f ‘l’|=2, A”:—Ié ‘l)|=—1, A33=|(1) f|=1.

Takum ob6pasom,
bij=Ay=—1, byp=45=0, by=4;=2,
b21‘=A12=], b22=A2‘2=0, b23=‘432=_]’
b81=A13=_l’ b32=A23=1’ b83=A33=1'

—1 0 2
A-1=| 10 —1),
-1 1 1

MMpumep 2. Buuncsnts nmpouseesienve Marpuu, BA, rae

1 01 20 0
A=(o 1 2), B=(o 3 2),
1 11 2 1 —1
BoiuncsieHne MOXHO TnpousBecTH no gopmyaam (5), (6),
HO MOXKHO paccy>JaTh M CJeLYIOIUM 00pa3oM.
Marpuua A onpegpenser onepatop y= AX, NpUBOAALIMA

B COOTBETCTBHE BEKTOPAM X = (X, X,, X3) BEKTOPH Y=Yy, Y3, Ys)
IpU MOMOILH PABEHCTB

Hrak,

Y1 =%+ X,
ya=xz+2txs'
s = X; -+ Xy -+ X

Marpuna e B onpezenser oneparop 2= By, npuBoas-
muii B COOTBETCTBHE BEKTOPaM ¥ = (Y;, Y,y Ys) BEKTOPHl & =
=(2;, 2;, 2;) TIPH NIOMOIIH PaBEHCTB
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Ho Torna oneparop

2=BAx
onpeJensieTcs paBeHCTBaMU
2y =2 (X, + x) = 2%, +2x,
2, =3 (X34 2x5) + 2 (x, 4 x, -+ x5) = 2x, + 5x, 4 8x,,

zs=2(xx‘l‘xs)"l'(xz'l‘2xs)_(x1+x2+x3)= X1 +3x3~

CrnenopatenbHo, npoussesienye. BA matpun B n A ectb Marpuua

2 0 2
BA={2 5 8).
1 03

§ 16. Basacu B R,

B npoctpancrBe R, (IEHCTBUTEJIbHOM WJIH KOMIJIEKCHOM)
BBEJiEM /I BEKTOPOB:

)

HASLIBACMBIX oprmamy oced npocmparcmsa R,.

Ocoro  x, npocTpaHcTBa R, Ha3bIBAETCSl MHOXKECTBO TOYeK
suga (0, ..., 0, x4, O, ..., 0), roe x, crour Ha k-M MmecTe
H fpolOeraer ‘Bce NefCTBHTesbHBIE (KOMIJIEKCHbIE) 3HAUEHHS,
a BeKTOD [* Has3piBaeTCsl OpmoM OCU X

Ecna @ =(x;, ..., X,) €CTb NPOU3BOJILHBIA BEKTOP (Aeii-
CTBUTEIbHHA B NeHCTBHTEJIbHOM R, WM KOMIJIEKCHHIH B
KOMIIeKCHOM R,), TO ero MOXHO, OYeBHJHO, 3alucaTbh B
Buje JnuHeHHOH KomOuHauuu u3 BekTOpoB (1) caepyromum o6-
pasom:

a=x,i"+ x, 0%+ ... Fx,i" @)
Tak kak u3 paBeHcTBA @ = (X, ..., X,)=0 caenyer, uto
x;=...=x,=0, To cucrema (#*, ..., {") IMHeHHO He3aBHCHMA.

SallaIlHM IIPOH3BOJILHYIO CHUCTEMY H3 n JIMHEHHO He3aBHCH-
MBIX BEKTOpPOB
a1=(au-, coey al,,), ]

] ®3)

a"=(a"l', ey a,,,,).
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Kak ™Mbl 3HaeM (cMm. § 14, Teopema 1), cucteMa (3) JmHeilHO
HE3aBHCHMa, €CJIH OMNpeesHUTe b

aii  ees  Qip

s s 2 o s o

A= 0. )

Aui see Gpn

Ecmn e A=0, 1o cucrema (3) JuHEAHO 32BHCHMA,

CornacHo teopeme 1 § 14 mobble n+4 1 BEKTOPOB B MpO-
CTpaHCTBe R, JMHEHHO 3aBUCHMBI, TaK Kak PaHI MaTPHIEl H3
KOMIIOHEHT 3THX BEKTOPOB He mpeBbimaer n. [lostomy, eciH

a=(Xg ..., X,)—IPOU3BOJILHEII BEKTOP M CHCTEMA BEKTO-
poB (3) smHeHiHO HesaBucuMa (A ==0), To cucreMa BEKTOPOB
a', ..., a*, a JuHe#HO 2aBHCUMa, T. €. CYLIECTBYIOT YHCJIA
Ay evvs Mgy Apai, ONHOBPEMEHHO HE DaBHBIE HYJIO, TaKHE, YTO

rat4 .o A et A, L a=0,

rie A,.;%0 (unaue cucrema (3) 6bla Obl JIMHEHHO 3aBHCH-
mo#). Otciozna

n
= Z xl;ak’ (5)
k=1
Ap

rae x,= ;»;+1 (k=1, ..., n). Buipasum cymmy (5) uepes

opTHl ¥ (cM. (2))s
n1 n \ n n
a= kZ,I xh <ZZ a,,,;’ 2 (kzl a,,,x;\/ i,
= =1 =1 = /

C npyroit cTOpOHH, o (2)

B cuny smmelinofi He3aBucHMOCTH cHCTeMsl §Y, ..., i x03D"
(ULMEHTH! I1PU OJUHAKOBBHIX BEKTOpax &‘ NOJLKHDBI ObIThL PaBHbI

n
xzr-.gl auxr  (I=1, ..., n). (6)

Takum o6pa3oMm, ecsqd KOMIIOHEHTH X; BEKTOpa @ MO CH-
creme #', ..., {" U3BECTHHI, TO KCMITOHEHTH X} 3TOr0 BEKTODA
no cucreme @', .., a® HaxonxArcs u3 (6) M TMPHUTOM E€IUHCT-
BeHHBIM 00pa3oM, TaK Kak omnpefe/uresib cucteMbl (6) ecTb
A=0.

Mbl noxkasanu, 4TO, Kaxkosa Obt Hu 06l AUHELIHO He3asuUCH-
Mas cucmema 6eKmopos @, ..., a", awobot eekmop a€ R,
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MOXNCHO pasaoxcumes no amoil cucmeme, m. e. npedcmasume
6 8ude cymmo (5), ede xi, ..., X,—HeKomopvie uuciq, onpe-
Ocasemvie u3z (6) u npumom eOQUHCMBEHHOIM 00pPA30OM.

B sToM cMmbicsie cucTeMy BEKTOPOB @', ..., @" HashlBAIOT
6a3ucom B R,, KeJsast 3THM CKasaTh, 4TO JitoGOH BeKTOp @ € R,
MO2KHO NpPEeACTaBUTb B BHJE JIMHEHHOH KOMOMHANuH (5) U3 ITHX
BEKTOPOB H TPHTOM eJMHCTBEHHHIM oGpasom. Mel nokasam,
4TO NPOUBBOALHASL AUHEHO He3a8UCUMAA CUCTEeMA U3 N 6eK-
mopog 8 R, ecme 6asuc 6 R,,.

JIuHefiHO He3aBHCHMAsi CUCTEMa H3 M1 BEKTOPOB

1 __
Q' =iy oy Ay Qpyagy ooes Qip)s

. L] . . . o . - L . . . L . L[] . .
m ——
A" =(Apgy vovy Ay A iy +oor Qpp)y

rre m<n, He ecTb 6Ga3uc B R,. B camom gnese, paHr mar-
pHIBl KOMIMOHEHT STHX BeKTOpOB paBeH m. Bynem cuuratsb,
YTO MepBble M CTOJOLOB 3TOH MaTpHLEl 06pasyloT ompeje-
JITeJb, He paBHLIA HyJmo. Pacluupum sty MaTpuuny, Npunucas
K Hell BHU3Y CTpDOKY

a"*'=(0,...,0, 1,0, ..., 0),

rae 1 ctout Ha (m+ 1)-M mecte. Pacumupennas MaTpuia uMeet

paur m-1, H, cjefoBaTe/NIbHO, CHCTEMa BEKTOPOB @', . ..

..ey @™, a@™*! nuHefiHO He3aBucuma. Ho torma Bexrtop a”+!

He MOxeT ObITb JIMHEHHOH KOMOHHalLHeH W3 BEKTOPOB CHCTEMb|

a', ..., @™, 4 sTa cucteMa He ecth 6asuc B R,.
O6o3nauuM yepes

A=

e e ¢ o 0 8 .

aji Qg e al’n"

Ani  Qpy +2s Qpp
MaTpHIlY BeKTOpoB (&%, ..., @®)?).

[Tepexox ot 6Gasuca (&%, .,., I?) k Gasucy (at, ,s,, @%) ocymecr-
BAAETCA NpU noMou MaTpuisl A:

n
ak = 2 aksts (k=1i co0y n)r (7)
s=1
T. e, BeKTOp @* BEIpaKaeTcsi uepe3 BEKTOPH {5 ¢ momolubw R-fi'cTporu
matpuumt A. OG6parmbii nmepexox ot (at, ..., a® k (i, ..., ") npo-
ucxomuT npu nomomw ofpatHoit marpuust A=l (em. § 15, (9)
n ;
= 2 bgat s=1, ves, 1), ®

=1

1y XoTA HHXKE TEeKCT JaH MeJKHM IpH)TOM, 03HAKOMbTECh C HUM,
Ha (9) mmr cchnaemcs B § 17.



§16. BASHUCHI B Rp 97

A
ANCMEHTH KOTOPOR BHIYHCAAIOTCA no popmyam b,,::f. rae Ay —

NALIOHKT SJIEMEHTa aye B onpefesuTesie A (o6paTHM BHHMaHHe, 4YTO 3Jie-
MCHT bgy, MpHHApAMeMauuit S-i cTtpoke W [-My cToabuy, BhIpaxaercs
ucpe3 afbloHKT Ay, sieMeHTa a5, NpHHAAJexamero l-i CTpoke H s-My
c1o161y). OTMeTHM elne, YTO

n n n n n n
a= ) ral= ) xd = x; I byal = > baxs )at,
) I=1 s=1 s=1 I=1 I=1\s=1
OTKyAa
, n
X = 2 bsixss ()

s=1

T. €. TepeXOA OT KOOPRHHAT (Xf, ses, Xn) K (X1, e0ey X4) MPOHCKOXHT
npu noMowy MaTpuusl (cM. § 3)

(A=Y = (A) =

M3 (9) BuAHO, 4TO ¥/ BHPAMKaeTCs 9epe3 Xf, «ss, X, C NOMOUIBIO
l-ro cronidua matpuuni A=} wim l-# crpoku Matpuus (A-1Y)’, Tpaucmo-
nupoBaHHo#t K AL

Hanee no ¢opmyae (6)

n
Xs= 2 agexl (s=1, 440, 1)
=1

’
BHIHO, 9TO Mepexof OT (X1, «ve, ¥n) K (¥i, ¢»., X,) COBEPIIAETCH MpPH
nomomu Matpuubl A’ TpaHCmOHHpOBaHHOH K A, T. €. xg BhIpa)Kaercs
4epe3 X1, «.., Xn C NOMOWbIO S-f CTPOKH MaTpuubl A’ Hau s-ro cTOMGLA
maTpuus A
3ameyanue. B § 15 6bu10 ycTaHOB/IEHO, 4YTO NpPOU3BOJbBHAS

KBaJpaTHasA MaTpHUa
aii  ese Qip
A = e o o 0 o o (10)
Ani  sev Qpp

onpefensier JuHefnuifi onepatop y=Ax (x € R,, ¥ € R,), 3anapae-
MEH 1o ¢dopmyaam

n
ye= 2 apsxy (k=1 4ss, n). (11
i=1

Ho umeer MecTo u oGpaTHOe yTBepKAeHHE: KAaKOB OBl HH GbLJ JHHeHHbIH
onepatop y=Ax (x € R,, ¥ € R;), OH omnpegensieTcsi HeKOTOPOH
matpuueit (10) Taxk, 4TO BEKTOp ¥ = AX BHIUHCJIAETCH NO BEKTOPY X IO
tdopmyaam (11).

B camoM gese, nycThb 3ajaH NMPOHM3BOJILHBIA JIMHEHHBIH omeparop
y=Ax (x € R,, ¥ € R,). O6o3naunm 06passi opTOB £ NPH €0 OMOLLH
CJIeyIomUM 06pasom:

n
A ) = (@is, Gagr orer angd = D) psl® (=1, oy 1)
k=1
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Torxa B cuny auneitnoctn A J1060#f BeKTOP

n
x=xl+ . xnidn =D xi

s=1

oTOGpaXkaeTcss NPH MoMowH A B BeKTOp ¥, onpejeisieMulii paBeHCTBaMH

n n
y=Ax=A<2 x:i‘>= 2 xsA (I%) =

s=1 §=

n n n n .
= 2 Xg 2 apsik = 2 (2 ak,x,> i,

s=1 k=1 k=1 \s=1
OTKYAa CJeflyeT, YTO k-f KOMIOHeHTa § onpeleasierTcs no ¢opmyde (11).
Takum ofpa3som, onepatop A mnopoxpaer matpuuy (10), y xoropoit
B cTon6uax CTOSIT KOODAHHATH 06pa3oB
6asHCHBIX BEKTOPOB (OPTOB) MPH NOMOIIH
onepatopa A.

MMpumep 1. Haittu wmarpuny
JIHHEHHOro oneparopa (npeobpa3oBa-
Husl) A, 3aKJ/Ioyalomerocs B MOBOPO-

Z, T€ BEKTOPOB INIOCKOCTH R,, BBIXOAS-
Prc. 34. ImHX M3 HayaJja, Ha yroa a (0 < a <
< m/2) NPOTHB 4acOBOH CTpENKH.
Bosbmem 3a 6asuc Bextopn i'=(l, 0), i2=(0, 1). Torza,
oueBHAHO, uTO (pHC. 34)

A (f") = (cosa, sina),
A (i*) = (—sina, cosa).

HOSTOMy MaTpuia Hallero omnepatopa HMEET BHJ
cosa —sina
A= ( ) .

sin a CcOSs &

§ 17. OproroHanpHbie Gasucol B R,

l'oBopsAT, YTO 1Ba HEHYJEBHIX BEKTOpa X, ¥ € R,, HMeloT
00uHaK080e (0OHO U MO Jice) Hanpasaenue, €CJM CyIECTBYET
noAOJCUMEAbHOe YUCTO A Takoe, UTO X =Ay.

IIponsBosibHEIN HeHYJIEBOH BeKTOp X € R, MOXHO, Kak
FOBOPAT, HOPpMUpPOSamb, 3aMEHWB €ro Ha eJUHUYHBLII BEKTOD

1
y= [*] X (lyl—l),

MMEIOLIHIl TO 2Ke HalpaBJieHHe, 4TO M BEKTOp X.
Epuununbiil (MMelomuii HopMy (AJIMBY), paBHyio 1) BekTOp
HAa3bIBAIOT HOPMAAbHOLM.
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JlBa BekTOpa X M y B mpocTpaHcTBe R, HasHBalOT 0pmMo-
ZOHANBHLIMU, €CJIH HX CKaJApDHOE MPOH3BEeJEHUe PaBHO HYJIO:
(%, y)=0.

3nech R, MOMeT ObITh AeHGTBUTEILHBIM HJIH KOMIJIEKCHbBIM.
B cnyyae komnjaekcHoro R, ckajisipHOe NpoM3BeAeHHe orpe-
zensercs, Kak B § 6, (5).

CucteMa BeKTOpOB

X, ..., X’€R, M

HAa3bIBAaeTCS OPIMO20HAAbHOL, €CJIH JIo0bie [Ba ee BEKTOpPa OPTO-
roHanbHbl. CHcTeMa BeKTOpOB (1) HasbiBaeTcs opmo2oHanbHol
H HOpMQAAbHOL WM OPTOHOPMHUDOBAHHOH, ecsH

1, k=l
0, k£l

T. €. BCE BEKTOPH CHCTEMHl HOPMaslbHbl M MONAapHO OPTOTro-
HanbHbl. Ecm cHcTemMa BekTOpoB (1) opTOroHanbHa M HH OAMH
BEKTOp CHCTEMbl He PaBeH HYJEeBOMY, TO, HOPMHDPYS HX, NOJY-
Y4M, OYEBHIHO, OPTOHODMHPOBaHHYIO cHcTeMy. Opmoropmu-
posannan cucmema (1) auneiino nesasucuma. B camoMm gere,
nycTb

(xk. x’)=6k,={ (k, l=l, cey 'V),

A Ak ...+ hx’ =0,

rae Ajy ooy Ay—uHucsa. YMHOXHB 3TO PaBEHCTBO CKaMspPHO
Ha X%, MOJIy4uM, OYEBHIHO,

Ag (x5, £5)=A,=0 (s=1, ..., V).

Ho Torma oproHopMHpOBaHHAs cHCTeMa H3 1 BEKTOPOB B R,
ecTb 0asuc M, CJefOBaTeNbHO, KaMABIH BEKTOp @ € R, MOXHO
NpeACTaBHTb B BHIe JMHEHHOH KOMOHMHAUMH

a= kZI Mk, )

YMHOXKas 3TO PaBEHCTBO CKAJSIPHO HA X%, MOJNYUUM
(@, x9)=»r, (s=1,...,n)

H, CJeL0BaTeJbHO,
n
a =k2 (@, x*)x*, VageRr,.
=1

Yucno (@, x*) (|x*|=11) HasbiBaeTcs npoexyueil sexmopa a
Ha HampabJ/ieHHe BeKTopa X*.
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"B -‘peanbHOM JneHCTBHTENPHOM NpPOCTpaHCTBe Ry Be/HUHHA
(@, x*) ectp oObuHas 4YHCJNOBas NPOEKIHA BEKTOpa @ Ha
HanpaBJieHHe BeKTopa X*.

- Teopema 1. Opmoropmuposannyro cucmemy 6eKmopos

X 2% .., %% (v<n)

MOJNCHO NOnoAHume 00 OpmMOHOpMuposanHozo 6asuca 6 R,.
Hnuave 2060ps, MOXHO yKkasams eekmopet XV*1, ..., X™ maKue,
4mo cucmema

F 2NN A AL 4 3)

6ydem OpMOROPMUPOBAHHOL U, caedosamersHo, Oydem 6asu-
com 6 R,.

HokxasateabcTBO. Tak Kak v <n, T0 B R, cymecr-
BYeT BEKTOp @, He 3aBHCAME JuHEHHO oT X', ..., xV.
Ho Torna

a=’g‘,l (@, x¥)xkty,

rie y=0. BekTop y oOprOoroHaseH KO BCEM BEKTOpaM
xY ..., x'. B camom pene,

o, x9)= a—g (@, x¥)x*, x3>=(a, X5 —(@a, x5)=0 (4)
(s=1, ..., v).

[TpoHOpMHpOBaB ¥, TNOJYYHM BEKTOD
1
D=y (X =1),
H CHUCTeMa
xh ..., xY, XV

6ynet oproHopmHpoBaHa. Ecim v+4-1=n, To Mbl moayunm
6asuc B R,. Eci Her, TO 3TOT npouecc npoaoKaeM.
Ha (n—wv)-m 3rane nosnyuum Gasuc (3) B R,.

Cucrema opToB ocell B R,

it=(1,0,0,...,0,0),
it=0, 1, 0, ..., 0, 0),
i"=(0, 0,0, ..., 0, 1)

MOXKET CJIYXKITb NPHMEPOM CPTOHOPMHPOBAaHHOrO Gasuca B R,.
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i+ :IIpOHSBOJIBHBIN  BEKTOP @ = (¥4, o0+, x,,)e R, pasnaraercn
MO OpTaM, CAeAYIOIIHM oﬁpasomx \

a=xi'4+...+x, in.__ E Jé,,i" ‘ R .:,.(5)

rie x,=I(a, i*) (k=1, ..., n)—mnpoekuus BeKTOpa @ Ha
HanpasieHue opTa i*.

Tlycts 3amana HeKOTOpaﬂ onpejeseHHast OpTOHopMHpOBaH-
Hasi CHCTeMa H3 7 BEKTOPOB

a =(ali’ e ey am),

. . L . L] . . . . i., (6)

A" =(Apiy +oey Apy)s

I =
= 2}1 api®  (k=1, ..., n). (7

[lepexon or BektopoB (i, ..., i") k (@', ..., @") 3z;ech
OCYIIECTBJSETCS MPH MOMOLIH MaTPHILbI

A1l eee Qip
A= L R (8)
Api eee Qpp
T. €. BEeKTOp a* Bolpaxaercs uepes i*, ..., i" C IOMOIUBIO

k-ii cTpoku Matpuubl A.

B nanbHefinieM Mbl cyuTaeéM MPOCTPAHCTBO R, U MaTpuuy
A neficTBUTENILHBIMH (CM. janee 3aMeyaHHe 2).

Mampuya A opmoconasera, T. e. 00jafaeT C/CLYIOINM
CBOHCTBOM:

sgl Qs =04 (b, I=1, ..., n). )

)

B camoM jeJie, Tak KaKk B JJAHHOM CJiyuae cucreMa at, ..., a*
OpPTOHOPMUPOBaHA, TO

n n
le = (ak, al) = < Z] aksis’ 2 alrir> =
S =

n n n
2‘ rs@ier (" ’ i, = > 2=J aksatr sr= 21 ApsQys- (10)

n[}/;

Mubl BuAMM, YTO W, o6paTHo. OPTOrOHa/MbHOCTb MaTpHUB! (8)
BJeyeT 3a coGofi OPTOHOPMUPYEMOCTb CHCTEMbl BEKTODOB
a', ..., a", onpejelieHHbXx no gopmyaam (7).
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D10 moxaswiBaet, uTo gopmyavt (7), ede | ay,|— npousgors-
Hble OPMO2OHANbHbIE MAMPUYbL, ONPEOENsIONM 6Ce B03MONCHbIE
opmoHopmuposarrvie b6asucet 8 R,..

IToMHOXHM BeKTOp i Ha BEKTOp @* cKanlsipHO:

Orciona

I

n
i’=k i, a?) “k=kz‘ a,,a*. (11)
=1

[
—

Takum o6pasoM, mepexox ot Gasuca (@', ..., a”) Kk Gasucy
@, ..., i") ocyuiecTBJasieTCs MPH NOMOIIM MaTpuubl A*, TpaH-
cronnpoBaHHOH K A. Tak kak npeoGpasoBanus (11) o6paTHbl
npeo6pasoBauuaM (7) (cM. § 15), TO MBI NONyTHO AOKa3am,
YTO OPTOTOHa/lbHast MaTpHua A objajaeT CeAyOIHM 3aMeya-
TeJIbHHIM CBOHCTBOM:

A'=A"
N3 (11) caenyer

n n
6“=(ih, i‘):(zl a,ka", 21 a,,a’>=
s= r=
n n .
= s§l rgl A5, 8ry (a‘v ar) = sgl askasl' (12)

Oprorona/ibHast MaTpuua Oblla onpeleieHa HaMH KaK Ta-
Kasi MaTpHua, y KOTOPOH CTPOKH (BEKTOPHI, NPEACTaBASIOLIHE
HX) HOPMa/IbHBEI, a PasHble CTPOKH OPTOTrOHaNbHH. M3 storo
onpejie/ieHHs, KaK 3T0 BUAHO u3 (12), aBTOMaTHYeCKH CJeayer,
YTO y OPTOrOHAJbHOA MaTPHUbl H CTOJOLBI HOPMAJbHEI, a
pasHble CTONOIBI OPTOrOHAMIbHHI.

Ilepexox ot (xy ..., X%,) K (X{, ..., X;) coBepiaeTcs
npy nomouy Matpuusl (cm. (9) § 16, x' =Ax)
(A')_1=A”=A,
n n
T. . (cqmaﬂ, uto a= X xjat= xsi‘>
l=1 s=1
n1
xXp= 241 Qs Xs. (]3)
sS=
Tlepexon xe oT (x, ..., %3) K (%;, ..., x,) coBepmaeTcs

nupu nomowy (cM. (6) § 16) matpuupt A’ TpancnosupopaHHOM
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KA, T e.
n
ko= 3 a,.x].
l=]

OrMmeTuM, 4YTO oOmpejeJHTeNb MPOH3BOJIBHOA OPTOroHA/b-
Ho#t Matpuusl A (cM. (6)) mo a6comorHoil BenuyuHe paseH 1:
I'A'I=llakl||=l‘

310 c/aefyer u3 TOFO, YTO

" 100,,,0
010,,,0

AP =]ay|-|ay|= Z,aksais =.....|=L
$= 000,.,1

3mech MBI CUHTaeM, YTO SJIEeMEHT Yy, NPOU3BENEHUs ompene-
Juresiel paBeH CyMMe MpPOM3BENEHHH 3JeMEHTOB k-H CTpOKM
Ha COOTBETCTBYIOLIUE 3JIEMEHTHI i-if CTPOKH (CM. § 2, cBOMCTBO K)).

OrMeTHM elle, 4TO ONpPeJe/UTe/b U3 KOMIOHEHT BEKTOPOB
Gasuca i*, ..., " paseH 1

100.,.0
Oolto:.:(.) =1'
000,,,1

Ecim \opToronanbHelii 6asuc a', ..., @ UMeeT Ompeje/iu-
teab |A|=1 (cM. (6)), TO roBopsAT, YTO 3ITOT Oa3uc OpueH-
muposarn max oce, Kak 6asuc i, ..., i" Ecm xe |[A|=—1,
TO — N POMUBONOAONCHOIM 00pA3oM. DTH ONpPEJeNIeHHs COrJia-
CYIOTCS C COOTBETCTBYIOIIHMH ONpEAEJEHHAMH B JBYMEPHOM
H TPeXMepHOM cJyuasX, clelaHHeMu B § 11 u B § 12.

3aMmeyanue 1. Ecim 60 Mbl B maTtpune A (cMm. (8))
KOOpIUHATHl BeKTopa a* B Oasuce (i', ..., i") mocTaBdIH
B k-cronben (k=1, ..., n), To nepexoj OT KOOPAHHAT BeK-
Topa x' K KOOpJMHATaM BEKTOPa X OCYIeCTBJAsJCH Obl
¢ nomouibio cTpok Mmatpuikl A. Ilepexox xe or x k x°
B ¢opmyse (13) npoucxoama Obl ¢ MoOMOWIbIO MaTpuHusl A’.

3aMeyanue 2. B KoMniekcHOM npocTpaHcTse R, Ma-
tpuua (8), rae a,;, KOMIJeKCHbe, Ha3biBAETCH OpPmMO20HAN6HOL,
ecsu

n
sZla,“a,s=6ks (k, I=1, ..., n). 9"

[TokaxkeM, 4YTO OpPTOHOPMHUPOBaHHAasl CHCTEMAa BeKTOPOB
(6) B KOMMJAEKCHOM R, MOPOXKIAeT OPTOrOHAJBHYIO MAaTpHIY
A (cM. (8)). B camom gese, B KOMIIEKCHOM R, CKal/spHoe
npou3BefieHHe BEKTOPOB X, ¥y MOAYHHAETCA CBOHCTBaM
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(cm. § 6, 6'), BY)
*, )=, %), (ax+By, 2)=a(x, 2)+p(y, 2),

rie a, —KomnJekcHsle uucaa. Ilostomy

(x, 0y +B2)= @y TPz, D)=y, D+ Fz, H=_
=a(y, X)+B (2 x)=a(x, y)+P(x, 2).

Ho Torma a/na OpPTOHOPMHPOBAaHHOH CHCTEMbl BEKTOPOB
a', ..., @" NMeeT MecTo

. n n
6Izl = (ak, al) = <321 aksi” rz alri’> =

n

n n
=$=2:1 rg aksalr () 2 alzsalr sr =

s=l r=1
n_‘ _
= s%‘l ApsQysy (10,)

T. e. MaTpuua A OpToroHajibHa. Ml BHAMM, 4TO H, 06paTHO,
OPTOTOHaJbHOCTb A BJI€YeT OPTOHOPMHPOBAHHOCTb BEKTOPOB
a', ..., a*, onpefeNeHHHX no ¢opmyaam (7).

[MomHOoXHM BekTOp i Ha a* ckansipHo (cm. (7)):

n n
. . . NIy B -
(‘l’ ak)=<l’» 2 aks“>= 2‘1 Qs (ll’ r’)“_‘akz-
s=

Orcrona
it = 2, , ak) a"=k21 a,,a*. (11

Takum oOpasomM, mepexoj ot 6asuca (at, ..., a”) k O6a-
sucy (i, ..., i") OCyLIECTBJ/IA€TCA NPH NOMOLIM MAaTpHUbI

Qi see am

f A*=o"0-.‘

A ver Quy

Tak kak npeobpasoBanna (11°) ofparubl npeoGpasopa-
nuaM (7), TO TIONYTHO MOKa3aHO, YTO OPTOrOHa/bHAs MaTpHLA
A ofnanaet clefyIOLHM 3aMeyaTe/bHbIM CBOHCTBOM:

AP=A* (A') 1= (A)* ='-(X”_)=‘K' (1)
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Hs (11') enenyer Y
. n —_ n —_
Oy = (", i’)'---—'-(zl a,a’, 21 a,’,a’>=
= r=1
! n n
=s§ g karl &= 2: ashaar

CnenoBarenbHO, paBeHCTBa

2. agag (b, 1=1,.77, n

(tak ke, Kak (9')) MOTYT CJAYXUTb ONpPENEJEHHEM OpPTOro-
HaJbHOH Marpuub A.

Ha ocHoBanuu (14) n ofwux ¢akToB, HMONyueHHHIX B § 16
(neTuT), OTMETHM MAaTPHIBI, OCYLIECTBJISIOMNE HIKeC e yIoIue
OpTOrOHAJIbHbIE OTOOpaXKeHus:

A @, ..., i")— (@@ ..., @) (cM. (7)),

A*: @, ..., a)— @, ..., ") (cm. (19));

AN (%) eoey X)) — (X5 oo ey %) (cM. (6) § 16);
Ai (Xgy ooy X)) — (Xly ooey %) (cM. (14)),

rae (Xy, ++.5 X,) H (X[, «..y X;)—KOOPAHHATBH HPOH3BOJIb~
HOTO BEKTOpa B KOMIJIEKCHOM NpPOCTPaHCTBe R,  OTHO-
curenbHo Gasuca (i%, ...,I") ¥ OPTOHOPMHPOBAaHHOrO G6asuca
(a*, ...,a".

Haxoneu, paBeHCTBO || A 1|=1 B KOMIJIEKCHOM CJy4ae 10~
KasblBaeTcs Tak:

0 +.o O
0

n
- - see 0
|Al2=,akl“ai/|= ‘glaksais = =L

.

1
0
0

O e = O

OpTor0Haanme MaTpHulbl HA3BIBAIOT €lIe YHUMAPHLIMU.

§ 18. UnBapnaHTHbIe CBOACTBA CKaJSPHOro
H BEKTOPHOTO NPOH3BEREHHI

3aMeuaHue. B TpexvepHOM NeHCTBHTENbHOM NPOCTPAH-
CTBe MyCThb 3ajaHbl JBE NPSMOYTOJbHBIE CHCTEMbl KOODIMHAT
Xyy Xy Xg W Yy, Uy, Ys C CHCTEMAMH OPTOB COOTBETCTBEHHO
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@, 8, ) u (S S, J°). Iyt

3

j”=‘§l o dt  (k=1, 2, 3) )
(cp. (7) u (13) § 17). Torma marpuua (AeHicTBHTeNbHAsA!)
A= oy,

opToroHajsbHa u (cp. (13) § 17)

3
Y= Xl X (l =1, 2, 3) (2)

OnHa u Ta e TOYKa (BEKTOp) MPOCTPAHCTBA HMeeT B mep-
BO# cucTeme (KOOPJAHHAT) KOOPAHHATHI (KOMIIOHEHTBI) (Xy, X4y X3),
8 BO BTOPOH—KOODIHHATH (Y, Ygs Ys). Ilpu 3TOM opMy I
npeo6pa3oBaHusA KOOPAHHAT (TEPEXOHA (X;, Xyy X5) K (Yi» Yz Ys))
B TOYHOCTH TakHe e, KaKk (popMyJsl NpeoOpas0BaHHsS CHCTEMbI
oproB (i*, i% I®) B cucremy optoB (J', j?, j°). B oboux cay-
yasgx INpUMEHseTC OJHA M Ta e OpPTOrOHaJbHAa# MaTpHLa
(em. (13) u (7) § 17)

A =] o]

B nepBoM ciyyae Marpuna A npuUMEHsIeTCS K CUCTEME WYHCeJ
(%7, Xy, X3), 9TOOBI MOJNYYHTb CHCTEMY uuces (Y, Yy Ys), 4
BO BTOPOM Ta ke MaTpuua A npuMeHsietcs K optam (i*, i2, i%),
uto6bl MOJy4YuTh OpTH (S, f2, j°).

Janum obuiee onpejejieHHe BeKTOpa, MNPHHATOE B TEH30p-
HOM HCUYHCJ/ICHHH.

Bexmopom 6 mpexmeprom npocmparcmee Ha3bi8aemcesn 6eLb,
svlpascaemas 8 Kancool NnpaAmMOY20abHOL cucmeme KoopOuHam
Hekomopoli mpouKold wucea, Komopbie npeobpasyroOmces mak
oe (npu nomowu mod ogce mampuybl), KaK mMpotKu opmos
COOMBEMCMBYIOU4UX CUCTEM KOOPOUHAM.

ITogobHaa TepMuHONOrHs yHoTpeb/sieTcss w B CJyyae
n-MepHBIX NPOCTPAHCTB.

Ilyctb -@ 1 b—BeKTOPH TPEXMEPHOTO NPOCTPAHCTBA (ZEHCTBUTE/Nb-
Horol), omnpefenseMble B CHCTEMaX KOOPAHHAT ¢ opTamu (i, {2, %) u
(J4, J2, J?) caenyiomum oGpasom:

a=ay, it +a, 4oy, B=ay, j4-a,,/2+a,, /3,
b=b ' by B2+ by B =b, [ 4-b,, 02+ b, J%

HiMeer MecTO paBeHCTBO

3 3
N
ab= Z| axsbx$= E: ayrbyt,
s=1 r=1
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TIOKa3bIBaloLLee, 9TO CKAAAPHOE NPOU3sederUue UHBAPUAHINHO QMHOCUMEAEHO
npeobpasosanul npAMOY20AbHUIX CUCTEM KOOpAUnaMm.

B camoM neJse, Tak Kak cHCTeMHI BekTOpoB (%, #2, i%) u (j1, j2, f3)
OpTOHOPMHPOBaHHI, TO OHH npeobpasyiotcs no ¢opmyaam (1), rre | a,,,[lﬁ—
HEKOTOpas  OPTOroHaJbHas  MaTpHua. KOMNOHeHTH  BekTopa @
(ax,s Gy, Gx,) NPeO6PaA3yIOTCS B KOMNOHEHTH (ay,, Gy,, Qy,) NPH Wo-
moly ToH ke MaTpHubl (cM. (2)). IMostomy ’

3 3 3 3 \
2 ay,by,= 2 Z a”a"slz arvav)'—"
r=1 r=1\s=1 v=1

33 3
=3 Beee( 3 e )=
s=1v=1 r=1

Mul n0Kaca/H MHBAapHAHTHOCTb CKAJISIPHOTO MPOH3BefieHHSI @b BHIYHCJH-
TeJbHBIM DyTeM. Bnpouem, u3 Apyroro, reOMeTPHYECKOTO ONpeAeseHus
CKaJIIPHOTO NpPOH3BefieHMs BEKTOPOB (HANPaBJEHHHIX OTPE3KOB), B CHAY
KOTOpOro @b=|b|-np,a, HENMOCPeiCTBEHHO BHIHO, YTO 3TO YHCJIO €CTh
MHBapHaHT—BeAb S5TO ONpejeseHHe He CBS3AaHO HH C KaKoH CHCTeMoM
KOOp JiUHAT.

Yro KacaeTcs BeKTOPHOTO NpoH3BefieHHss @ X b, TO OHO WHBapHAaHTHO
OTHOCHTEAbHO NPSMOYTOJbHBIX CHCTEM KOOPAHHAT C OAWHAKOBOH OpHEH-
tanued. B cncremax, umerommx opth (%, 2, 3) u (J4, j2, j°), Bex-
TOpHbBIE NPOM3BE/IEHHS BHIPAXKAIOTCA CJEYIOmHM o6pasoM:

it o3P
[axb],‘, i3, = |0x,

X1

jl.’
[aXbly, p, yo=|ay,
)33

4| w

a,‘sbx3=ab.
s=1

@

B cuny ¢opmya (1) u (2)

3 3
2 alsis 2 assi"
s=1

s=1

3
2 ot
s=1

3 3 3
‘ —
[@XPlps, po, oo =| D osey ) Gasley D) Clagley |=
s=1 s=1 s=1
3 3 3
N
2: aisb"a 2 a“b"s 2 as-"b"s
s=1 s=1 s=1
2 B |lagg g s TAT LI
=|ay, Oy, Qx| |02l OCoe Oog|= % |Qy, Oy, Gy, |=
by, by, bxyll®si O3z Qgg by, by, by,
=% [axb]p. i, 9 4)
[fe Hajo NOCTaBHTb 3HAK -+ MJAM — B SaBUCHMOCTH OT TOro, Gyxer

Ju onpeleuTent || pased +1 mam —1, yto #te paBHO, MeHAET
HJIH HeT paccMaTpuBaeMoe IPéo6pa3oBaHH@ KODPAHHAT OPHEHTALHMIO.
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+ [Ip#: mEPEMHOXKEHUH ONpeAeAHTeyied MBI B ZAHHOM.:Clydae NO/B3O-
BaJHCh CJELYIOWHM TPaBHJIOM: 3JIEMEHT Y;; MAaTPHUB NPOH3BeJeHHS
I vir | onpemensercss Kak npou3BefeHHe i-H CTPOKH NepBOro ONpefeJH-
TeJisl Ha k-10 CTPOKY Broporo (cM.-§ 2, cBolcTBO K)).

. -HTaK, MBI JI0Ka3aJH BBIYHCJIHTE/NbHLIM IIyTeM, UTO 6eKMOpPHOe Npou3-
sederite 08yx 6eKMOPO8 UHBAPUAHMHO OMHOCUMEALHO Nnpeobpasosanul nps-
MOY2ONbHBIX CUCMEM KOOPOUHAM, He USMEHAIOUUX UX OPUEHMAYUIO.

Ilpeo6pasoBanus (3), (4) HHTEpeCHH TeM, YTO OHH 0GOGWAIOTCA
Ha cJyyaif, KOorga poJib BeKTOPa @ HrpaeT BaXKHHIi B MaTeMaTH4YeCcKOM
aHa/Iu3e CHMBOJHUECKHIl BEKTOP V T 9 )

§ 19. IpeoGpasosaHne NPSAMOYroJbHBIX KOOPAMHAT
B TJIOCKOCTH

PaccMOTpuM MJIOCKOCTb R,, TAe S8ajiaHa NpsMOYroJibHast
cHCTEMa KOOPIAMHAT X;, X,. IlycThb
r=(1,0), #=0, 1)
— opTHl OceHl x;, X,. OpThl i, i® 06pa3ylOT OPTOHOPMHPOBAH-
"HbIfl 6asuC B R,.

[Tpou3BO/IbHBIH €IMHUYHBIA (HOPMaNbHbBIA) BEKTOP H' MOXKET
GHITh 3amucaH cJefylomuM o0pasoM:

b'=(cosa, sina) (O<<a< 2w).
EnvHHYHBIE OpTOrOHANbHBEIM (MepneHIUKY/AApHbI) K B!
BEKTOP, KOTOPHIH Mbl 0003Hau4MM uepe3 H?, MOXKET COOTBET-

k11 I
CTBOBATb TOJILKO JIHGO YIJy ot Jm60o a—. Tak kaxk

cos (a—l—%) =—sin e, sin(a-l—%) =Ccosa,

14 . . k14
COS(G—-?) ==Ssin &, Slﬂ(a-——?) = —C0s a,

TO BCEBO3MOXKHBIE OPTOHOPDMHDOBaHHLIe cucteMel b, B B R,

onpefe/s0Tcs Jubo paBeHcTBamMM (puC. 35)
b'=ilcosa+i?sina, ) ,
b2=—i‘sina+i2cosa)} O<a<2m), 1)

COOTBETCTBYIOIIMMH BpAIIeHHIO OCeH OKOJIO Hayasa Ha Yrosa o
H COXPaHEHHIO OpHeHTaluH, JMbo paBeHcTBamu (puc. 36)

b =ilcosa}i?sina, ) ,
b2 =i'sinoo—i?cos o, (1"

COOTBETCTBYIOWIUMH BpaICHHIO ocell OKOJIO Haya/la Ha yroa o
H H3MEHECHHUIO OpPHCHTALUH.
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O6a npeoGpasopanns OGbeIMHSIOTC B - CieRylomedt ¢op-
MyJe:

bl‘=aﬂil+al_’il' l

b =a,i' - a,l?, M

rle MaTpHua npeo6pa3oBaHHsA

A= u aip Qg
Qai Qg

@

OpPTOroHa/lbHa (CyMMa KBaJpaTOB SJEMEHTOB KaXXJoOH H3 ee
CTPOK MJM CTOJOLOB paBHa 1, a cKalspHOoe npou3BeneHHe
IBYX pasHBIX CTPOK HJIH CTONG-
uoB pasHo 0).

Z

N Mz
+2

i -~
A Z

(4

b’ Zy

2\ i =

<\ 1

Puc. 35. Puc, 36.

JlioGoe onpenesieHHoe OpTOroHajbHOe mpeoGpasoBaHue (1)
ecTb Ha caMoM Jiesie OfHO u3 mpeoGpasoBanuii (1°), (1”) npu
HEKOTOpOM O,

M3 (1) B cuiy opTOroHanbHOCTH MaTpuUEl (2) CJEAYET, YTO

i'=oa;b - a,b, 3)
it = al’zbl + azzbat )

¥ Mbl DoJyuusau npeobpasoBaHHe, 0OpaTHOe MpeoOpas0OBaHHIO
(1), ¢ maTpuued

"au‘ o521p= Al

Opo azzll !
COMpSKEHHOH K A.

3anamiM B MJIOCKOCTH NDOH3BOJbHLIM BEKTOP (TOYKY) @.

[Tycts o HMmeeT B CcTapod W HOBOH cHCTeME KOODJAMHATHL
(x5, X) H (x{, x;). Torna

a = x,i' 4 x,i? = x;b" 4 x;b% “)
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B cuny ¢opmya (3) u (4)
x1b' 4 x,0* = x; (00,0 4005, 8%) - %, (130" -+ 01,0%) =
= (0 Xy - CggXy) B 4= (Og Xy - 0ty X,) B°.
[Tostomy, npupaBHHBasi KOMIIOHEHTHI NPH OJAHMHAKOBLIX OpTax
b, b®, nmoayunm
X{ =g Xy + QgpXy, } )
Xy == gy Xy 4 QppXy.
B cuny xe dopmya (1) u (4)
X,it < X8 = x; (ailil + 0,y l?) + x; (gl + 0y,i%) =
= (0 X7 QgpXp) 8 - (X7 + o) B2,
OTKYAa, NpUPaBHHBas KOMIOHEHTH npu i* u %, nojayuum
¢opmynbl, obpaTHble K (5):
Xy == 0y Xy = Olyy X5,

Ecan Hapsany ¢ mpeobpasoBanuem (6) mepeHecTd emie Ha-
qano oceil x;, x; B TouKy O’, UMEIOLIYI0 KOOPAMUHATHI X, = X,
x,=x3, To ¢opMysbl (6) YCHOKHSTCH, OUEBHAHO, CJENYIO-
UM obpasom:

X=X 0y X] + Oy X, } ™
Xy == X3 - 0y X7 - 0lyp X

Htak, mnpousBo/ibHOE NpeoOpa3oBaHUe MIPSIMOYTOJbHBIX
KOODAMHAT (X;, X,) B MNPSMOYTOJIbHBIE KOOPIHHATHI (X, X3)
G MepeHocoM Hadaja CHCTEMBI (X;, X,) B Touky O'=(x?, x3)
BeipaxkaeTcs Qopmysamu (7), rae Matpuua

”aﬁ Olg1 u
Qg Cgp
OpTOroHasbHas.
CooTBeTcTBYyIOLIee NMpeo6pa3oBaHye, COXPaHSIOUEe OpPHEH-
TalHI0 CHCTEMBI KOOpJAMHAT, HMEeT BHJ
Xy=X{ < x{ cOs a—x; sin a, 7
X=X} <4 X} Sina = x; cos a ()
n mpeobpa3oBanie, MeHSIOL e OPHEHTALHI0, UMEET BHJ
X;=X, = x; cOS A4 x;3 sin a, )
Xy =X} -} x] sSinx—x; cos

(vatpunel ko3dduuuentToB npu x; u x; B (7°) u (7") cootser-
sTBeHHO TpaHcnouupyiot (1Y) u (17)).
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§ 20. Jluneiinnie noanpocTpanctsa B R,

Muoxecteo L 8 R, (L c R,) HasbiBaeTcsi aunedinoim nod-
NPOCM PAHCMEOM NPOCMPAHCmea R, WIH, KOpoye, HOANPOCT-
paHcTBOM B R,, ecaH W3 TOro, 4yto ABa KakHX-JHGO BeKTopa
X W y npuHapjexar K L (x, ¥ € L), aBToMaTudecku caenyer,
uTO BeKTOp aX + Py Toxe mpunaanexkur K L (ax 4Py € L),
rae o, Bp—uncna. floonpocmparcmeo L nasvieaemes m-mep-
HbiM, €CTM B HeM HMeeTcs JIMHEAHO He3aBHCHMAasi CHCTEMa
a', ..., a™, cocrosulas M3 m BEKTOPOB, H HET CHCTEMHI,
cocrosiueid 3 m-- 1 JAMHEHHO HE3aBHCHMBIX BEKTOPOB.

Takum o6pa3oM, eciH @ —TNpOH3BOJILHBI BekTop B D
(@a€L), To cucrema a', ..., @™, @& JHHEAHO 3aBHCHMA, T.e.
CYIIECTBYeT HETPHBHANbHASA CHCTEMA HHCEN Agy ooy Ay, Ajpyq
Takas,, 4TO

Mot .. FAa” A, ,a=0. 1))
3nech A, ;5% 0, uHave Gbu1O OhHI
%ial-l" .o -l—}\,ma"’=0,

H BCJEJCTBHE JIHHEHHOH HEe3aBHCHMOCTH cucTeMb a, ..., a™
6110 Obl Aj=...=A4,=0, u Bca cHCTEMA Ay, ..., Ay Ajpyg

Oniia O TpuBHanbHOH. Torma ypaenenue (1) MOXKHO pelnHTb
OTHOCHTENIbHO &:

a=p’1ax+ e +p’mam (p's=_}"s/7°m+l)’ (2)

T. €. NPEeACTaBHTb B BHAe JIHHEeHHOH KOMOHHAMU U3 BEKTOPOB
al, ..., a®. C npyroii CTOpOHH, JIMHeiiHas KOMOMHALMA BHAA
(2) npuHapJexxnt K L, moTOMy 4TO L —mOANpOCTPaHCTBO.
B 3toM cMbic/le TOBOPAT, UTO CHCTEMA @, ..., @™ ecTb 6a3uc
B L. OueBugHO, mobasi Apyrasi JMHEHHO He3aBHCHMas CHCTeMa
BekTopoB b, ..., b™, npunapsexkamux K L, ecth Gasuc B L.

Ecsn pasnoxute BekTOpH b no BeKkTOpam at, ..., a®,
TO NOJNYYHUM

m
bk = Zlbk,a‘ k=1, ..., m).

ITo ananormu ¢ TeM, Kak Mbl paccyxpaam B § 16 paa R,
(rhe Tenepb Hajfo 3aMEHHTh ¥ u @* COOTBETCTBEHHO Ha @, b¥),
MOXKHO TOJIyYuTb, YTO cuctema b*, ..., b™ JauHeidHO HesaBH-
clMa TOTAa ¥ TOJbKO TOrja, KOTAa ompejesutenb |b,, |0,
M uto Jnobasi HesaBHCHMasi CHCTeMa, cocTosimias M3 [ < m
BEKTOPOB, yXe He MoxeT OuiTb GasucoM B L.
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[TpocTpancTBo ‘R, MOXHO paccMaTpHBaTh Kak MOANpPOCT-
paHcTso R,, HMeiollee n H3MEPeHHH.

MuoxecTBO, COCTOslLlee H3 OXHOTO HyJieBOro Bekrtopa 0
ecTh JuHeiiHoe moxnpocTpaHcTBO (00 --P0=0). IIpo Hero
rosopst, 4to oHO uMeeT 0 m3Mepenuii. Bekrop 0 He oGpasyer
JUHEAHO HEe3aBHCHMOH CcHCTeMbl—H3 paBeHcTBa A0=0, rae
A—uncs0, He 0053aTeJIBHO CJIEAYeT, UTO A €CTb HYJIb.

Eciu BeKTOp X°5~0, TO MHOXXECTBO BEKTOPOB BHa Ax?, rae
A — POH3BOJIBHOE YUCJIO, €CTb 00HOMEpPHOe No0N POCM PAKCMEO.
B kauectBe 6a3uca B HeM MOXHO B3ATb BeKTOp X°.

[lycts L ecTh /uHeltHOe moAmpocTpaHcTBo B R,. Dyzem
rOBOPUTb, YTO BeKTOp ¥ ER, opmozonasen & L, econ oH
opToroHaseH K Jo6omy BeKTOopy # € L. OGosnaumm uepe3 L'
MHOXECTBO BCeX BEKTOPOB, OPTOrOHaJbHREIX K L. L' ecThb
noAnpocTpaHcTeo. B camom nene, nycts ©, ' €LY, T. €.

(v, u)=0, Vuel;
(', u)=0, VuelL.

Torna ans mobeIX uncesn o, P
(ev+po’, w)=o(v, u)+p @', u)=0, VucL,

T.e. av+po’ €L

[To onpepenenuio nodnpocmparcmeo L' < R, naseieaemcs
OpMOSOHANbHOIM K OanHOMY nodnpocmpancmey L < R, ecau
L' ecTb MHOXeCTBO BC€X BEKTOPOB, KaXKIBIi H3 KOTOPHIX
oproronasneH kK L.

Hmke nokasbiBaeTcsi TeopeMma, BBIACHSIOMAS CTPYKTYPY
MPOU3BOJIBHOTO MOANPOCTpaHCTBa L — R, W eMy OpTOroHaJIb-
Horo nojamnpoctpaictBa L' < R,. B uwactHocTH, u3 mee cJe-
ayet, uto ecau L' opmoeonaneto Kk L, mo u, obpamno, L opmo-
eonanreo k L.

Teopema 1. Ilyeme L ecme auneiinoe nodnpocmpati-
cmeo, omauuroe om R, u Hyseeoeo nodnpocmpancmea. Tozda:

a) cyujecmeyem yenoe 4ucao m, yoosremsopalOuee Hepa-
sencmeam

I<m<n, (3)
1 OPIMOHOPMUPOBAHAHbIL 6a3uc
at, ..., a” (4)

6 L; ecau smom 6asuc npodonsicumse atobeim cnocobom 0o op-
MOHOPMUPOBARH020 Gasuca 8 R,:

a, ..., a», a™t', ..., a, (6]
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mo. auretinoe nodnpocmparcmeo Lt ¢ 6asucom

ar*t, ..., a*

(6)
o6aadaem caedyrouumy ceolicmsamu:

6) L' ecrme noonpocmpancmeo, opmozorarernoe K L;

B) L ecms nodnpocmparcmeo, opmoeonassroe Kk L';

r) aoboii eekmop @ € R,, moxcHo npedemasume 68 8ude cymmot

a=u-+9,

ede u €L, vEL' u npu amom edurcmeenroim 00pas3om.

HokaszateabcTBo. [lo ycaoBhio L OTIIMYHO OT Hy.Jte-
BOrO [MOANMPOCTPAHCTBA, CJeJ0BaTeJqbHO, B L cymecTByer
BeKTOp X, OoTJuuHbA oT 0. Hopmupys X, nosyunm HopMasb-

Hblll BEKTOP

ol=—x
lx] ™

O6osnaynM uyepe3 a® JmoGoi, NpuHAAJMexamuil K L HopmaJb-
Hblil BEKTOp, OpPTOroHajpHbil K a' (|a%|=1, (a? a')=0),
ecan Takoll cymectByer. [lanee, oGosHauum uepe3 a® mnpu-
HajJjiexamuii K L HOPMaJbHBIA BEKTOP, OPTOrOHANBHBIA K @'
uat(a|=1, (a* a')=(a®, a*)=0), ecan Taxkoi cymecr-
ByeT. DTOT IPOLECC 3aKOHYHTCSI Ha HEKOTOPOM m-M 3Tamne,
rlie m yIOBJIETBODSieT HepaBeHCTBaM (3), T. e. HafieTcst opTo-
HOPMUDOBAHHAsl CHCTeMa BeKTOPOB (4), NpHHALJexalmux K L,
HO yxe He GyzeT B L eIMHHYHOro BEKTOPa, OPTOTOHATBLHOIO

K BekTopam a', ..., @™ B camom gmene, m =1, nmoromMy uto
sasefioMo a'€ L. C Opyroft CTOpOHBI, m He MOXET OBbITb
paBHbIM n. B NpPOTHBHOM cayyae BEKTOpH @', ..., @" mnpu-

Hajgexand Obl K L M BMecTe ¢ HHMH MpHHAAJEXKand OGbl
n

K TMOXMpPOCTPaHCTBY L Bce suHefiHble KOMOMHAmuu ) A.ak,
k=1

H Torja moJyuusoch Obl, 4To L coBmagaer c R,, HO L oT/muHO
ot R,. IlonyyenHas opTOHOPMHPOBAHHAs cHCTeMa @l ..., @™
ecTb 6asuc B L. B camom nesie, BMecte ¢ BekTOpamu @, ..., @™

m
npuHaaiexaT K L v BCe X JMHeiHble KOMOWHAIMH ) Aa%.
k=1

Ho Gosbuwie B L Apyrux BEKTOPOB HET, MOTOMY 4TO, €CJH
JONMYCTUTb, YTO HEKOTOPHIH BEKTOp @ €L He ecTh Takasi Ju-
HeiiHass KOMOWHAIHS, TO @& MOXHO OblIo OBl 3anucaTh B BHJE
CYMMBI

3

a= ‘1 (@, a¥) ar+y, (N
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rie y 0. Tak kak BeKTOpH @ M @* NpUHALJNEXaT K TNOA-
npocTpaHcTBY L, TO nmpuumioch 6B 3aKJIOYHTb, YTO BEKTOP

m

y=a—2 (a, ab)a*

k=1

toxe npuHaanexutr kK L. Ho Bektop y oproronanen ko

BeeM @ (s=1, ..., m) (M. § 17, (4)). [IpoHOpMUpOBaHHEIH
BEKTOP
1
= 8
b=m1Y ®
TOXKE TNpHHaanexan 6ol K L n Ob1 Gl OPTOTOHAJBHBIM KO
BceM a* (k=1, ..., m). Ho 310 HEBOSMOXHO B CHJy MaK-

CHMaJIbHOTO CBOHCTBA 4HC/IAa m. DTHM J0KasaHO YTBEPKIE-
HHe a) TeOopeMbl.

JlonosHenne 0pTOHOPMHPOBAHHON CHCTEMBI (4) 10 OpTOHOP-
MHpOBaHHOTO 6asnca (5) ocyulecTBJS€TCS Ha OCHOBaHHH TeO-
pembt 1 § 17. OGosnauuM uepes L' nommpocTpaHCTBO BCeX

n

JUHEMHBIX KOMOGMHANME ©= X p,a* M3 BEKTOPOB CHCTEMEI
k=m+1
(6). Kaxnaeiii Takodl BEeKTOp, OYEBHIHO, OPTOTOHANEH K JIO-
GoMy BeKTOpY # € L, KOTOpHI NpeACTaBJsieTcs B BUIE CYMMBI
m

u= X Ma*. C npyro#i ctopouw, eciu @ € R, ecTb NpoHs-
k=1

BOJIbHBIII BEKTOP, OPTOTOHAJIbHBIA KO BCeM BeKTopaM # €L,
B YaCTHOCTH K @', ..., @™, TO ero pasjoxeHne no 6asucy (5)
HMeeT BHA

n n
a=k2l (a, @) a*= > (@, " a%,

=m+
T.e. @€L". M jokasamn ytBepxkieHHe 6) TeOpEMEL.
m
Janee, moGoit BekTOp #= X, A@* €L opToronajen Ko
k=1
n
BCEM BEKTOpPaM ©= % W,a* € L' v, ecin u3BeCTHO, uTG
k=m+1
n
KaKoi-m00 BeKTOp @ = ) (@, @*) @* OpTOrOHaleH KO BCeN
k’:l

BeKTopaM u3 L', B wactHoctH K @”*Y, ..., a*, T0 @a=

m
= kZl (@, a*)a*, 1. e. a € L. Mbl J0Ka3amu yTBEpKAEHNUE B),
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Hakonen, eciu a € R,—npou3BoJbHbefl BexTOp, TO €ro
€IMHCTBEHHBIM 06Pa3oM MOXKHO MpEACTaBUTb B BHIE CYMMb

n
a=k2l (@, a¥ a*=u+9v,
rae

m n
u= 2 (@, aha*el, v= 2 (a, a®a*cl’.
k=1 k=m+1

Atum Teopema | JoKazaHa MOJMHOCTHIO.

Teopema 2. ITycme L ecme nodnpocmparcmeo m uame-
penuii 8 R,. Toeda nodnpocmparcmeo L' = R,, opmoeonanre-
Hoe K L, umeem n—m wusmepenuti u npu amom L ecme
8 csot0 o4epeds nodnpocmpancmeo, opmozoHassroe K L'.

HokasartenbctBo. Ecam L ommuno or R, u or
HYJIEBOT'O MOJNPOCTPAHCTBA, TO HaHHAS TEOpeMa COAEPIKUTCH,
OueBHIHO, B Teopeme 1

Ilycts L ecTh HyJIeBOE MOANPOCTPAHCTBO. Tak Kak Jioboi
BeKTOp @ € R, oproroHanex x 0, to L'=R, u uamepenue R,
paBHo n—O0=n. OGpaTtHO, BeKTOp 0 OpPTOroHaJeH KO BCeM
BekTopaM @ € R,=L*. ]JIpyrux BEKTOpOB, OPTOrOHA/bHBIX
KO BceM BeKkTopaM R,, HeT, MNOTOMY UTO BCSKHH OTJIMYHBIH
oT 0 BeKTOp yxke He OPTOroHajleH K caMomy ceGe. Mul jo-
Kasasd, uto L oprtoroHambHo Kk L'.

Ecmn L=R,, TOo paccyxpaaeM MoJXoOHbIM 06pa3oM.

CanencrBue 1. [Tyems 3adana cucmema eexmopos

X .., X7, )

u nycme L' ecms nodnpocmparcmeo eexmopos ©, Kaxcdbii
U3 KOMOPpLLX OPIMOSOHAACH K 6eKMOpaM §MoLl cucmemol:

(©, x)=0 (k=1, ..., m).

ITycme, Oanee, dan 6eKkmop @, OPMOOKAALHLIL KO 6cem yKa-
3aHHOLM  BEKMOpAM O, M. e. OPIMO0HANbHBIL K nodnpocm-
pancmey L'. Toe0a @ ecmb Hexkomopas aurednas Kombunayus
u3 eexmopos sadaHHoi cucmemor (9)

m
a= 2 ﬂ,kx".
k=1

HokasateabetTBo. PaccMorpum moanpoctpanctso L,
COCTOfILIEE M3 BCEBO3MOXHBIX JIMHEHHLIX KOMOMHAUMI BEKTOPOB
cucrembl (9), T.e. BCAKMA BeKTOp # €L ecTb Hekortopas
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JuHeiiHas KoMOHHanus
m
k=1 '

B sToM cayyae 6yaeM TaKxe TIOBOPHTb, 4YTO NOJANPOCT-
paHcTBO L HaTAHYTO Ha BEKTOPH! cHCTeMhbl (9).

Tak Kak BCsKHIi BEeKTOpP © € L' opToronajeH K BeKTOpam
cucreMsl (9), TO OH, OYEBHIHO, OPTOTOHAJNEH K JIOOOMY BEK-
Topy # € L. D10 nokasbiBaeT, YTO NMOANpPOCTpaHcTBO L’ opTo-
rosajibHo K noanpoctpanctBy L. Ho Torga no teopeme 2 u L
opTOoroHatbHO K L', T.e. L COCTOHT H3 6cex BEKTOPOB X,
oproroHajbHbiX K L’. Tlo ycnoBHiO @ ecTb OfMH H3 Takux
BEKTOPOB X, CJIeJIOBaTesibHO, @ €CTb HEeKOTopas JuHeHHas
KOMOHHALIMA U3 BeKTOpOB cHcTeMHl (9).

§ 21. Teopemb ¢pearosbmoBa THNA

B sToM naparpade Hanaraercsi TEOpPHsl JIMHEHHBIX YpaBHe-
HYl, mapaJijiesibHas TeOpHH, H3JoXKeHHoH B § 4.

3ro GesgeTepMHHaHTHas Teopus. B ee popMympoBKH onpe-
JleJIMTeNIb CHCTEME! YpaBHeHHH SIBHO He BXOZMT. [1peumyiecTso
ee 3aKJIIOYAeTcsl B TOM, YTO OHA MOCHYXHWJa OCHOBOH H aHaJo-
roM JJIs MHOTHX oGOGLIEHHH B MaTeMaTHueCKOM aHamm3e. [lep-
Bble Takhe BaxkHble 0600uieHHs npuHaniexat dpearoanmy ).

Mbl cHOBa paccMaTpHBaeM JIHHeHHBIH onepaTop (cM. § 15) A:

y=Ax (x€R,), )

NPUBOASIIMA B COOTBETCTBHE KaXKAOMY BEKTOPY X € R, BEKTOD
Y ER, npu NOMOWH PaBEHCTB

n
y1=$21 AisXs (=1, ..., n). 2
3nechb
aii Qia "‘_ain
A="ais”= e e e e e e 3)
Api Qpg see Qpp

— 3ajaniias KpanpartHas marpuua. Oneparopy A cooTsercT-
BYET CONpAJCEHHblL eMy Oreparop

y= A’x (xER,,), (1*)

1) 3. HU. Openronpm (1867—1927) — mBejcKuit MaTeMaTHK.
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onpenesieMblit conpsikeHHOH K (3) MaTpuued
a_ﬁ a—;i.;ﬂ.' Enl N

A =] o], (3%

%1n Q9 e« Qnn
[TpH mOMOIM KOMMOHEHT BEKTOPOB X, ¥ OH 3aMHCHIBACTCH
B BHUJIE -
n
=Bam (=1 .. ), @)

T. € KOMIOHEHTa Y; BHIPAXKAeTCs Yepe3 KOOPAHHATH! BEKTOPA X
¢ moMmolubio j-# CTpoku Marpuupl A* WM j-TO cTo6ua Mart-
puunt A.

CnpaseJIiBO PaBEHCTBO

(Ax, 2)=(x, A*2) Vx, 2ER,, (4)

BepHOe AN BeeX X, 2 €R,. B camom gene, ans nmeiictsu-
TeJbHBX R, H a

(Axr 2)= 24 Yizi= ZJ (Z azsxs>z =

B kowmnjekcHOM cnyqae

n
(Ax, 2)= Z, y,z,— 21 a/sxs>zj=

(3
"

PaBencTBo (4) XapakTepHO AJIS CONPSLKEHHOTO oneparopa,
MOTOMY YTO, €CJIM JJ1 HeKOToporo JuHeiHoro oneparopa B
BLITIOJIHACTCA PAaBEHCTBO

(Ax, 2)=(x, Bz), Vx,2z€R,, ()

To HeoGxogumo B= A*. [efictButensto, (B=|b,|), ans
JIeACTBUTEJIbHBIX Qg by R,
n n
(Ax’ Z) 21 521 X1
P
(%, Bz)= 2, D bzxe =2 X byxz;.

1i=1 {=1s=1
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U3 (5) caenyer, urto

n n
1§1 sgl Q;Xe2; = 2 2, bxs2, Vx,2€R,, (6)

i=1s=1

oTkyaa a;;=b,; (i, s=1, ..., n), B ueM MOXHO y6eiHTbCH,
eci nonoxutb B (6) x=(0,...,0,1,0, ...,0) n 2=
=@©,...,0,1,0,...,0), rie y ¥ enuHuua CTOMT Ha $-M

MecTe, a Yy & Ha i-M MecTe. B komnjekcHOM cayuae

(Ax, 2)= Z 2 ;%2

i=1s=

JK)

n n n

(%, Bz)—'zxsz i = 2bz=.22 s;xszj’
OTKYJa a/,_bs, wm b —a

Takum o6pasom, conpﬂorceuubzu onepamop A* K auHeliHoOMY
onepamopy A MONCHO makxce onpederums KaK maxoti Auedi-
Holl onepamop, 04 Komopoeo evinoaxsemcs paseHcmeo (4).

Paeenctea (1) u (1*) MOXKHO paccMaTpuBaTb KaK ypaBHe-
HHSl—3allaH BeKTOp ¥ € R, W Mul niiem x € R,,, 171 KOTOPOTO
BuinoJiHsieTcss paBeHcTBo (1) mam (17).

CooTBeTcTBYIOLINE OAHOPOJHEIE YPaBHEHHSA MMEIOT BHI

Ax=0 (1,)
Wi
21 aisxs=0 (i= L., n) : (20)
. =
A*2=0 (13)
NN -
2 az=0 (=1, ...,n) @)

O6Gosnaunm yepe3 L obpa3 npocTpaHcTBa R, npu nomouju
onepamopa A:
L=A(R,)

—u uepes L' nodnpocmpancmeo ecex sexmopos z, yoogrem-
sopsoujx 00HOPOOHOMY conpsoertomy ypasreruro (lg).

Mbl HasBamu L’ moanpocTpaHCTBOM, MOTOMY YTO BMeCTe
¢ 2, 2' K Hemy npHHaJJIeKaT Takxke az2-+f2’, roe o u f—
uricaa:

A* (a2 +pR)=ad*2+pA%2' =0.
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L ecTb TOXe MOAMPOCTPAHCTBO, NOTOMY 4TO, ecyiu ¥, ¥' €L,
TO CYHMECTBYIOT BeKTOpn X, X' €R, Takue, uto y=Ax,
y'=Ax', u, crenoBatesbHO, 7

ay 4By =aAx +pAx' = A(ax +px’),
T.e. ay+Py €L.

CnpasepymBa jemma (cM. § 20, Teopema 2).

Jlemma 1. ITodnpocmparcmea L u L' e3aumuo opmo-
eoHaronbl, m.e. L' ecme mHoscecmso ecex eexmopos 2, Kav-
Obili u3 Komopeix opmozonaren k L, a L 6 csoto ovepedo ecmo
MHOJICECMBO 6CeX 6eKMOpos Y, KaxObli U3 KOMOpsuLX 0pmoeo-
nanren k L'. Ecau L umeem k usmepenuii, mo L' umeem
n—*k usmepenuil.

HokasatenbcTBo. O6GpaTHMcsi K paBeHCTBY

(Ax, 2)=(x, A*2), W)

BepHOMY AJA Bcex X, 2 €R,. Ilycte 2 ecTb BekTOp, opro-
roHaqpHeli K L, Ttorja Ajs Hero JeBas d4actb (7) paBHa
HyJIO A8 BceX X €R,, HO TOrjia W mpaBas 4acTb paBHa
HyJ/IO AJI BceX X € R,, B YacCTHOCTH Ljs X = A*2:

(A*z, A*2)=0.

CnepoBarenbHo, A*z=0. Mbl 10Ka3anu, 4TO €C/IH BEKTOp 2
OpTOroHajJleH K L, TO OH YNOBJICTBOPSIeT ypaBHeHHIO A*2 =0
(r.e. 2z€L’).

OGpaTHO, NYCTb BEKTOP & YHAOBJIETBOPSET YpPaBHEHHIO
A*z=0. [lna takoro 2 npapas 4acTb (7) paBHa HyJ/IiO MpH
JOGBIX X, HO TOTJa W JeBas pPaBHAa HYJIO, T. €. 2 OPTOrOHAJIEH
KO BceM BeKTopaMm Buia Ax, T.e. KO BCeM BeKTOpam y € L.
Jlpyrumu csnoBamH, & OPTOroHaleH K L.

Mgl nokasamu, uTo L' ecTb MHOXKECTBO 6cex BEKTOPOB Z,
OpTOroHaJbHHIX K nopanpocrpanctsy L. Ho Torma Ha ocHosa-
v Teopemul 2 § 20 u, obpaTHO, L ecTb MHOXKeCTBO 6cex
BEKTOPOB ¥, OPTOrOHa/bHBIX K L*, u cymMmma u3mepenuii L u L*
paBHa n. JleMmma jokasaHa.

CnpaBenJuBa TeopeMa.

Teopema 1. Hasa mozo umober ypasHerue

y=Ax (1
umeno pewenue 0ra Oannozo eekmopa ¥ E€R,, Heobx0dumo
u Oocmamouno, 4mobol 6eKmop Y OGblA OPMOLOHANLHOIM KO
6cem sekmopam 2, Yyoosremeoparoulum OOHOPOOHOMY cOnps-

OCEHHOMY YPABHEHUIO
A*z2=0. (19
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-Peurenue- x ypasuenun (1), ecau ono cywcmsyem, HOKCHO
sanucome 6 eude cymmol

X=x"4u,

20e Xx°— KaKoe-au6O HACMHOE - petenue ypaenenwz 1), au—
npou3eoAbHOe peuierue 00HOPOOH020 YpPABHENUS

Au=0. (1)

Jwbas ykasannas cymma ecmo pewerive (1').

HdokasateabcTBo. B cuny nemmn 1, econ L= A(R,),
a L' ecTb MHOXECTBO BceX 2, YAOBJIETBOPSIOIMX YpPaBHEHHIO
A*z=0, To L n L' eyTb noANpocTPaHCTBa, OPTOTOHAJbHBIE
B3aumHo. Ho Torma, ecam ans y cymectByer pelnenue ypas-
Henns (1), To ¥y €L u HeoGxoaumMo Bce 2 € L' OpTOrOHAJbHEL
k y. Ecan xe BekTOp y opTOoroHaneH ko BceM 2 €LY, To
y €L, T.e. cyliecTByeT X, A8 KoToporo y = Ax.

[lycTh Tenmepb AJA BeKTOpa ¥ CYLIECTBYET pelueHHe ypas-
nenns (1). OBosnauum ero uepes x°1

y=Ax".

Toraa, oueBHAHO, cymMma X" +4u, roe Au=0, ecTb ToXe
peiwenue ypaBHenus (1°):

Ax*+u)=Ax"+Au=9y+0=y.
O6paTiio, ec/ii X ecTb NPOU3BOJIbHOE pellleHue ypaBHeHus (1),
a x“—onpene.nemloe 4YacTHOE pelweHune, TO
y=Ax, y=Ax,
H, CJeAOBaTeJIbHO,
0=Ax—Ax'=A(x —x° = Au,

rie #=x—xX° T. e. xX=x"+1u, rile ¥ YyLOBJETBOPSAET
ypaBHenno Ay =0.

3ameuyanue. IloscHum Ha npuMepe JeHCTBHUTENLHOrO
npocTpancTBa R, cBsA3b Teopemnl 1 ¢ Teopueli Kponekepa —
Kanemm. Tlyers BekTOp ¥ ==(Y;, Y,) OPTOTOHAJEH KO BCEM

peleHnsm CHCTEMBI
5,2, + 052, =0, }

Qy52; + A2, =0.

@

[NokaxkeM, uTO TOTZa paHru matrpuubl A W pacluupeHHOH Mat-
pHLbI

_llaii a2 1
T llaa as Yal
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paBHbl- Mexay coGoii. Ecou. paar A=2, TO, OueBHAHO,
panr B=2. Ilyctb panr A=1.Bcerna paur B> panr A=1.
IosToMy HaM HeoGX0AMMO JIOKa3aTh, YTO

A ='Iaﬁ yl,=_0 A =|01'2 Yi
! i Ys ’ 2 Q3 Y2

=0.

B camoM jesne, Tak Kak Y OPTOTOHajleH K pelleHusM CH-
crembl (8) (HETpHBHAMBHBEIM), TO Y2, + Y,2,=0. Ilostomy,
cuuTas, uto 2; %0,

A= a3y, —a,Y; = ,
Y929 2]
=0,;Y;+ y - T (432, + a52,) =0,
A, =a,,y,—a,Y,=

Yo2 Y.
= Qy,Y, + 09 _;'1'2- = 712' (@522, + azzzz) =0.

Orciofa cnepyer, uTo paHr B=paur A=1.

OGpaTHO, NYCTb BEKTOp ¥ = (Y, Y,) TaKOB, 4TO paHr B=
=panr A, Toraa (l) umeer HexkoTOpoe peleHHe (Xx;, X,).
JlokaxkeM, 4TO Y OPTOrOHAJEH K DelleHHaM z= (2;, 2,) CH-
crembl (8). B camom nexe,

Y121 F Ya2, = (Q43% + QiaXs) 2, 4 (Qai%, - Qy9X,) 2, =
= (8432, + y,25) Xy + (A1321 + 0,5,2,) X, =0-%, 40 x,=0.

Teopema 2. O0HopoOnbie ypasHenus
Ax=0 (1o)

Ax=0 (13)

umeiom OOUHAKOB0E HUCAO AUHENHO HEe3aBUCUMbIX petlenul.

B uacmuocmu, ecau 00HO U3 amux YpasHewut umeem
moabko mpusuaieroe pewenue 0, m. e. umeem Hysb Hesa-
BUCUMbLX peulenull, mo 5mo eepHo u 041 O0pyeoeo.

3aMeuanune. B mocnennem cnyyae ypasenue (1) umeer
€IUHCTBEHHOE pellieHHe.

HoxasateanbcTBo. Marpuusl A u A* uMmeloT oauH
H TOT K€ paHr, KOTOpeH 0003HauuM uepe3 k. OHHM HUMEIOT
TAKXKe OJMH M TOT XKe onpelesutens A.

Ecmn k=n, to As=0 u ypasuenus (I;) u (17 umeior
TOJILKO TpHBHaJbHBIE pemteHuss 0. B atoMm cayuae, corsacHo
teopeme I, ypaBnenue (1) WMeeT eJMHCTBEHHOE pelleHHe MpH
JMOoOkX Y € R,,.
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[ycrs Tenmeps 1<k < n. INocse coorBercTBytOmWEe# mepe-
HyMepauuH ypaBHeHHH H KOMIOHEHT OmpelesuTe/]b

aif 00 Qg

-onoo.%o,

Api ees App

Ilepsrie & ypaBHenuii (1°) Tenepb sanmiiem B BHAE

T R T e L T
e o o e 8 8 e e 8 e o 8 0 o 9 e o o o 2 8 " 0 4 s o e (9)
QpiXy oo o b QX = — g s 1 X1+« + — O Xy

Huxe npusoautcsi Tabmina n—~k BEKTOPOB

Xl=(x, ..., x,1,0,...,0),
X'=(x3 ..., ¥4, 0,1,0, ...,0),

@ ¢ o o s e s 0 s 0 s e o s e 0 0 s e 0

x""k=(x?_k, co ey xﬁ‘k, 0, o oy O’ l)’

(10)

Yro6hl MOJYYHTb MepBbli BEKTOP, MOACTaBJsieM B cucteMy (9)
Xpei= l, xk+2=0, eeey xn=0

H pellaeM ee OTHOCHTEJbHO Xj, ..., X,. EJMHCTBEHHbIE pelle-
HHs, KOTOpble 3[eCh MoJydaioTcsi, 0003HauYHM yepes X1, ..., X}.
YTo6bl MOJMYYHTb BTOPOH BeKTOp, mojictassieM B (9)

xk+]‘=0, xk+2=l, xk+3=0, o0 ey xn=0

M HaxofuM uyucaa xi, ..., xX; u T. L. Bekropw (10) obianaor
CJIEYIOLMMH CBOHCTBaMH.

1) Cucrema BekTopoB (10) smHefiHO HesaBuCHMa, MOTOMY
YTO pAaHr MaTpHIB STHX BEKTOPOB pPaBeH YHCJY STHX Bek-
TOPOB u=n—=k.

2) Kaxneiii Bektop eucremnl (10) ecTb peienue (mobbix!)
ypaBHeHu# (2,) wm Ax =0.

3) BceBosmoKHbIe perienns ypaBHeHHss Ax =0 uUMeioT BHJ

MEI4 oA,y X TR,

rae Ay +e.y A,_p—NpPOU3BOJIbLHEIE YHCJIA.
OGBLIYHO 3TH TPH YTBEPXKJAEHHA 3aMEHSIOT CJIOBaMH: ypas-
Henue (1)) umeer n—~& JMHEHHO He3aBHCHMBIX peLUEHH.
[TomoGHBEIMA paccymJAeHHsIMH, YYMThIBasi, 4TO paHr A=
= paur A*, JOKa3sbiBaeM, 4To ypaBHeHHe A*x =0 Toxe HMeeT
n—kFk JumHeliHO He3aBHCHMMbIX pewenufi. Teopema pmoKasaHa.
Teopema 3. Ecau 00#o u3 o0Hopodneix ypasrenud (1,)
urw (13) umeem k aunelino Hesasucumolx peuwierull, mo u
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Opyzoe umeem k aunedno wne3asucumolx peutenud; o6pasol
ae L=A(R,) u L*=A*(R,) npocmpancmea R,, noay-
waemvle npu nomowu onepamopos A u A*, cyms nodnpocm-
parcmea n—~k usmepenui.

HokaszateabcTBO. [lepBoe yTBepXKIeHHe TeOpeMbl
O PaBEHCTBE KOJIMUECTB JIMHEHHO He3aBHCHMBIX pellleHHH OfHO-
ponunix ypasHenwit (1,) u (17) ectb Teopema 2, a BTOpOE —
ecTb JemMMma 1, B cujJly KOTOpOH u3MepeHue NOANPOCTPaHCTBA
L paBHo n—k, rie k—u3MepeHHe MOANPOCTpaHcTBa L’ Bek-
TOPOB 2, YHOBJIETBODPSIOLWMX ypaBHeHHIO A*2 = 0. AHaJOTHUHO
usmepenve L* paBHO n—£k, Tle R—KOJHYECTBO H3MepeHHH
NOANPOCTPAHCTBA BEKTOPOB #, YIOBJETBOPSAIOIMX YPABHEHUIO
Au=0.

§ 22. CamoconpsxeHHBIH onepaTop.
KsagpaTuunas dopma

JluneiHulii onepatop

yk=l§1 ak,x, (k::lv "')n) (l)
WJIH, KOPOTKO,
y=Ax (x€R,, YER), @

Ha3bIBAETCS CAMOCONPANCEHHbIM, €CIH OH paBeH CBOEMY COMNpsi-
XeHHOMY (A= A*), T. e. ecan

Ax=A*x Vx€ER,, 3)
WHAYe TOBODS, €C/M MaTpuna A CHMMeTpHuecKast:
akl=a’k (k, l=1, ...,n) (@

(em. 3) u (3% § 21). Mu cuuraem a,;, ¥ R, IeHCTBHTE.Db-
HBIMM (CM. HIXe 3aMeuanue I).
Jns caMocoOmpsKeHHOro omepaTopa HMeeT MeCTO Xapak-
TEpHOE PaBEHCTBO
(x, A2)=(Ax,2) Vx,2€R,

(cm. § 21, (4)). Ouesumso,
![n n n n
(%, Ax)=;§l Xp g} akzxz=’§l 1§1 XXy (Q=ay). (4)
Buipaxenne cnpaBa B (4') HasbiBaeTcs Keadpamutrodl

gopmoii n-eo nopadka. DTo HenmpepeiBHAas (GYHRLYA OT Bek-
TOpa X MJH, 4YTO BCE PaBHO, OT MNEPEMEHHUIX X;, ..., X,.
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Bynem paccvatpuBath 9Ty (QYHKUMIO Ha MHOXKecTse.-S
BHauYeHHA X, HMEOIMX eJAMHWYHYIO Hopmy (|x|=1). MHO-
xecTBO S ecTb chepa B R, pamuyca | ¢ HeHTPoM B TOYKe O
S-—orpaHnyeHHoe MHOXeCTBO. Kpome Toro, oHO 3aMKHyTo 1):
€CJIM TOYKM MocjefobatesbHocTH {XV} (v=1, 2, ...) npu-
Hagexat Kk S (1. e. |xV|=1, v=1, 2, ...) H 3Ta nocneuo-
BaTEJbHOCTb CTPEMHTCA K HEKOTOPOH Touke X° € R, (x¥— X°,
v—» 00), TO HeMHHyeMO X°€ S, T. e. |x°|=1, noromy uto
Hojx0 =] &Y |—| || < | #"—x° | — 0, o*rxy,ualx“}——l

‘Hafinem makcumym kBagpathuno#t dopmbt (4') Ha coepe S.
Tak kak ¢opMa (4') ecTb HempepbiBHas (YHKLHA HA 3aMKHY-
TOM OrDaHMYEHHOM MHOXKECTBE, TO MaKCUMyM ee Ha S IOCTH-
raeTcs AJ1a HEKOTOPOro eJIMHHYHOro BeKTopa X! (|x'|=1).
OGo3HauuM 3TOT MaKCHMyM 4Yepe3 A;:

Ai=(Ax', x') > (Ax, x) Vx:|x|=1 o)

Beesem mnoampocTpaHcTBO L, OpTOroHaibHOE K BEKTODPY
X!, T. e. MHOXKECTBO BCeX BEKTOPOB ¥, KaXKAbI H3 KOTOPBIX
opToroHaseH K x'. B L’ Bo3bMeM MpPOM3BOJIbHBIA €IHHHYHbINA
BekTop ?° (| ©°|=1). BekTop

cosa-x'+sina-9°
8aBHCHT OT O H HMeeT €JUHHUHYIO HOpMY

coso-x'4sina-v° | =
=(cosa-x!+sina-v°, cosa-x'4sino- 9°)1/2 =
= (costo +sin*a)l/2 =1,

IMpn =0 stoT BekTOp oOpamaerca B x'. Ho Torna
($yHKIHUSA

P (o) = (A (cosa-x*+sina- 9°), cosa-x!-4-sin a- 9%

NoCTHraeT cBoero Makcumyma B touke o =0 (¢ (0) = (4x?!, x1))
M B CHJy HEOGXOIMMOIO YCJIOBHS 3KCTpeMyMa

¥ (0)=0
BoigucauM 31y npousBoany. Mmeem
P (@) =cos®a (Ax?, x?) +sin2a (Ax?, 9°) + sin?a (42°, ).

1) CM. Hamy KHHry «Bocmas martematuka. [Jduddepenuuanbhoe
¥ WHTerpajbHoe HcuucieHue», § 8.12.
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CaenoBartesibHO,
V' (@) =— sin 2a (Ax?, x') 4 2cos2a (Ax?, ©°)+
+sin2a (A9°, %)
H
V' (0) =2 (Ax?, ©°) =0.

Mbl nosyuusM, 4YTO BeKTOp AX' OPTOroHajleH KO BCeM
eIMHHYHBIM BeKTopaM ©°€ L’, cJiefoBaTe/qIbHO, H K JIOOBIM
BekTopam ¥ €L'. Ho Torma Ax' orimuaercs or X! Jmwb
MHOXHUTeJieM (cM. caeactBie 1 B konme § 20), 1. e.

Ax'=Ax1,

rae A—HEeKOTOPOe WYHCJIO.

M3 nepBoro cooTHowenus (paBeHcTBa) B (5), yuHTHIBas,
uto |x'|=1, caenyer

A =(xt, x')=A.

Takum oOpasoM, Mbl J0Ka3aj¥, 4TO MaKCHMYM KBajpa-

TuyHOH opMmbl (4') Ha eanHnuHOM chepe | X |=1 npocTuraercs
B HEKOTOpOH Touke X!,

Im;dxl (Ax, x)=(Ax*, x')=M\;.

[Ipu sTom
Axt=Mx?, |x'|=1.

Ml BHIMM, YTO HEeTPHBHAJbLHLIA (He PaBHBIH HYJIO) BeK-
TOp X' oToOpaxkaeTcsi NpH NoMoluw onepatopa A B BeKTOp
A, X', eMy KOJITHHeapHBIH.

Takol BEKTOD Ha3bIBAaeTCH COOCHIBEHHOLIM BeKMOPOM oOne-
pamopa A, a YHCIO A{—npuHadIeHauUM SMOMY 6eKMOpY
COBCMBEHHbIM BHAYEHUEM.

Byzem Teneps paccmarpubaTh onepatop A Ha noampoct-
paHcTBe R!, onpeJie/IseMOM KaK MHOXEeCTBO BEKTOPOB X ( € R,),
OPTOTOHAJbHBIX K BEKTOPY X' (Bbllueé Mbl €ro o6o3Hayasu
yepe3 L’). R ectb (n— 1)-MepHOe MOANPOCTPAHCTBO—B HEM
MMEIOTCS OPTOHOPMHPOBaHHBIE O6a3uchl, cocTosiue M3 n—1
pekTopoB. llesqp Hawma 3ak/oyaeTcssi B TNOJBICKAHWH OJHOIO
takoro 0asuca, Kak Mbl YBHAMM, €CTECTBEHHO CBf3aHHOIO
¢ omneparopom A.

BaxHo nonuepkHyTh, uTO o06pa3 A(R') mommpocTpaH-
crBa R' npu nomowd oneparopa A npuHaiexHT K R1,
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noToMy uro, ecmu (X, x')=0, To
(Ax, x')=(x, Ax!) = (>, A,xY) =); (¥, x1) =0,

1. e. Ax €R1,
CamoconpsikeHHOCTb onepatopa A’ Ha R TpUBHA/bHBIM
o6pa3oM COXpaHsercs, MOTOMY 4TO PaBEeHCTBO

(Ax, y)=(x, Ay)

BepHOe 1711 BCeX X, ¥ € R, BepHO Tak)Ke I BceX X, ¥ € RL.
Hrak, Mbl Tenepb paccCMaTpHBaeM CaMOCONpSKEHHBIH
JIMHeHHbIA omepatop A Ha JHHEHHOM moAmpocTpaHcTBe R!
n3mepenuss n—1. K HeMy MOXHO NpHUMEHUThL NpHUBeJEHHbIE
BBIIIE PACCYXKJAEHHS H OGHapYXUTb B R! CyulecTBOBaHHE elu-
HHYHOTO BeKTOopa X? Takoro, 4To
max (Ax, x)=(Ax?, »?) =LA <A;.
| xi=1 | %2 =1
(%, x1)=0 {(x2, x1)=0
Heno B ToM, 4TO emuHuyHas cdepa S' B R! onpeje-
JIsieTcsl, O4YeBHAHO, KaK MHOXECTBO eJMHHYHBIX BEKTOPOB X,
oproroHanbHbXx K X'. Tlpu sTom

sz = 7\:21'2.

Mgl Hamu BTOpOH COGCTBeHHBI BeKTOp omepatopa A —
BEeKTOp X? W NpUHAJJIeXxalllee K HeMy COGCTBEHHOE 3HaueHue
Ay, OYEBHMAHO, He IpeBblaomee A; (IpU YMeHbLIEHHH 06-
JIACTH PAcCMOTpPEHHs MaKCHMYM MOXKET TOJIbKO YMEHbBIIHThCS).
ITpu srom (x!, x?%) =0.

[Topo6HbIM 06pa3oM MOXKHO BBECTH MOANPOCTPAHCTBO R?,
H3MEpEHHs] n—2, OPTOTOHAJLHOE K BeKTOopaM X! W X2, moka-
3atb, uT0 omepatop A otobpaxaer R? B R? u onpemenuThb
TpeTHil eIMHUYHBIA BEKTOP X2, OPTOrOHaJbHEA K X' H K X*
TaKoH, YTO AJS HETO HMeeT MecTo

max (Ax, x)=(Ax3, x3) =]y

[xi=1
(¥, ¥1)=0, (¥, x*)=0

Axd=hex® Ay <Ay <Hy).

[Tpomo/mxue STOT MPOLECG MO HHAYKUMH N0 AM-TO Bek-
TOpa X", Mbl MOJIYYHM OPTOHOPMHUPOBAHHYIO CHCTEMY BEKTODOB

X', X3, .., X0 6)
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H CUCTEMY JeHCTBHTENbHBIX qyHucen

Ay dgy ooy Ay, )
obJsafalommx CBOHCTBAMH

AxkE=»\,x* k=1, ..., n),}

@

MM .. >, ®)
MBI TONYUHIH NOAHYIO cucmemy COGCMBEHHOIX 6eKMOopoe
onepamopa A W NPHHALJEXALMX HM COOCTBEHHBIX 3HauYeHHH.
Tak kak OpTOHOPMHpOBaHHasl chcreMa (6) mpuHajjexur Kk R,
M COCTOMT M3 1 BeKTOPOB, TO OHa ecTb 6asuc B R, (cM. § 17).

ITosToMy npOM3BOJBHBI BEKTOP X € R, MOXHO PpasJoXHTh
o 3TOH cHCTeMe:

X = é‘, (x, xF) x*, ()]

Torpa Ham camoconpsikeHHHIH omepatop A MoxeT OHTH 3a-
nucaH caefywomum o6pasoM:

Ax=A<i (x, x")xﬂ: i} (x, x*) Axk=
k=1 / k=t

=§1 Ay (2, xB) Xk (10)

Ml nokasaim Teopemy.

Teopema 1. Canoconpsxenrnomy onepamopy A 8 npo-
cmpancmee R, coomeemcmeyem OpMOZOHAALHAS — CUCMEMA
eexmopos X%, ..., x™ (6asuc R,) u cucmema Oelicmeumens-
HolX qucer My, ..., A, maxue, umo Ax 0aa moboz0 xX€R,
npedcmasasemcs 6 eude cymmor (10).

KsanparnuHasi ¢opma (4') COOTBETCTBEHHO 3aNHCHIBAETCs
caepylomuM 06pasom:

(x, Ax)=<i‘,l (x, x%) x*, 21 Ay (x, x9) x3>=

k:
n
=2 hlx, 0% ()

Ha npakTuke uyacTo MBI HCXOAMM M3 HEKOTOpPOii KBajpa-
THYHOH €OPMBI
n

n
i Ay XpX Ay, =ay). 4’
2 Dawnn  (G=ay) @)
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Urobsl NpUMEHHTH K Hefl MONYyUeHHEIE . Pe3y/bTaThly . MOHEHO -
onpefeUTh B CBS3U G HeRl JIMHEAHBIA omeparop
y= Ax,
onpejessieMbli paBeHCTBaMHU

. n
y,=z,',l ayx,  (E=1,700,n).

B cuny ycnoBust a,,=a,;, 3TO - cCaMOCONpsKEHHHIA onepaTop,
M K HeMy npuMeHnMa Teopema 1. Ha ssbike KBanpaTHuHOH
¢opMel Teopema 1 MoxeT OHITb mMepedOpMy/HPOBaHa CJeAyIO-
EM o6pasoM.
Teopema 2. Ilycme 3adana keadpamuunas ¢opma
(4") 6 Hexomopoli n-mepHOL cucmeme KOOPOUHAM Xiy « ..y X,
n

npocmparcmea R, ¢ opmamu I, ..., 10" <x= X xdt ).
k=1

Cyuwecmeyem npamoyeororan cucmema xoopouram &g, ..., &,
c opmamu X, ..., X", 06pasyrouumu opmoeonareHoll 6asuc

n
x= X E.x* ), u cucmema delicmeumensron 4ucen Ay « . .y A,
k=1

maxue, 4mo Keadpamuuras gopma (4') 8 smoii cucmeme ecmo
cymma keadpamos Koopdurnam &, 6eKmopa X, NOMHONCEHHbIX
COOIMEEMCMBEHHO HA 4UCAQ Ag)

n n n
Ny
2 D ayxx= 2 AEL 4"
k=11l=1 s=1
IMepexox ot JneBoft uactd (4''') K mpaBofi MOXKHO OCy-
IIECTBUTb, €CJIH H3BECTHbl PA3/IOXKEHUs BEKTOPOB X%, ..., £"

mo opram i*, ..., 1" Ilycts
n
X/ = 21 B],l"
s=

(cm. § 17, (7), rae Hamo 3aMeHHTb a@;,, @* COOTBETCTBEHHO

Ha P, »/). Tak kak §',...,1" u X', ..., X"—O0pTOHOP-
MUPOBaHHble GasHChl B R,, TO MaTpuua
A=l“3]s"

opToroHaJjbHas. Mbl cunTaeM, 4TO OHa M3BECTHA. Onud u TOT
XKe BEKTOD X MOXXHO PasjoKHTb MO ABYM 6a3ucam;

n n
x=2 xi*= 2t
s=1 i=1
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lo Torna

1

=1

1l B CHJTY JIHHEHHOM He3aBHEHMOCTH CHETEMB! &%, .., £% MOMYUHM

x3=i§ ﬁ/sgl (s=1, .0y n). (1)

Taknm of6pa3oM, nmepexoa OT KoOpAWHAT Efy ..y E, K KOOp-
JIHHATAM Xy, + .4y X, OCYLIECTBJSIETCS MOCPENCTBOM MATPHUIHI
A", TpaHcnounpoBanHo#l K A (T. €. ¢ TOMOLIBIO GTPOK MAaT-
punsl A’ win etoaGuos matpuusl A).

Ecim noacraButh Bhlpaxenns (11) ans x, B JeByio
yacte (4'*'), TO HOJ/KHBI MOJYYHTh MpaByiO, 3amuilieM 3TO

PaBEHCTBO!
) n n n n n n n
Y \l
a 12 = a0 )" B =

n n n
| S N |
= k= 2 3 8ME A
se j= =
0, j=i,
rze 8,,=1{ , jmi, TCMMEBON Kponekepa.
=i, _

Ecm npupaBHATE KO3hQHUMEHTH npu oAvHaKoBmx §E;,

TO MOJYYHM paBeHCTBa

n n
Q| ] 0 »
kz' ﬁ/k(lzlt aklp’z’l>=6/ia'l @ 1=1,...,n),
KOTOpblE MOXKHO TPaKTOBATh CJAEAYIOIUM 00pasoM  (eM.
§ 15, (6)). Onsa martpuub
A=lay] (G=ay)
CaMOCOTpXKEHHOTo onepatopa A CyWecTBYeT OpTOrOHA/NbHAS

14TpHLA
A=]Bl

AcA A= =91, (12)
rje QI-—'H@KOTOpaﬂ JuaroHa/ibHas Marpuia
kf 0 0 ... 0
QI: 00 oleo ‘0.':'. 000 (13)

lo 0 o .. A
(A,— neficTBUTEJbHEIE 4YMCHA), HasbBaeMad KAHOHUYECKOU.

TaKasa, 4To
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OtmeruM, 4TO 1J151 OPTOTOHAJbHOH JEHCTBHTeNLHOR MaT-
puubsl A
A-1=AL,
Tak Kak onpenenuTesd OPTOTOHANBHBIX MaTpull |A|=
=|A"}|=41, 10 u3 (12) caepyer

i].=Il7\;=l9ll=lAl'IAI'I/\"I=IAI- (1)

M norasanu, B YaCTHOCTH, CNEIYIOLLYIO TEOpeMy.

Teopema 3. Ecau onpederumens | A| camocon psscetinot
mampuyor A ne pasen uyso (| A|5=0), mo ece ee cobemeen-
Hole 4uUcAQ Mgy .., A, HE pasHbl HYAIO (7»,;&0, i=1, ..., n).

M3 teopemnr 2 chepyer, 4TO

1) Ecim A;>...2>A, >0, TO KBagpaTHuHas ¢opma
NoJIOXKHTe/IbHasA A5 JIIOOBIX BEKTOPOB § = 0, a cllefloBaTeNbHO,
A JoOblX BeKTOpoB X~=0. B 3TOM ciyyae oHa HaspBaercs
CMpPo20 NOAOKHCUMENbHOLL.

2) Ecru 0> A; >k, >...>M\,, TO dopMa oTpuUATE/D-
Hag jaas JuoOblx §=%40, cJjefoBaTeNbHO, H JIOOBIX X 5= 0.
B sToM cisiyuae OHa Ha3bIBaeTCs CMpo20 OMPUYAMEAbHOL.

3) Ecom A;>...>A, u A, =0, To dopma HeoTpHIaTE D~
Has. Cyuectsyer Hanpasjenwe, (ocb §.), BIOJB KOTOPOTro
OHAa PaBHA HYJ/IO. DTO MOAOHCUMENbHAST POPMA, HO He CMpoeo.

4) Ecm Aj=0=A,>...>=M,, TO ¢popma ompuya-
MeALHAA He CMpoeo.

5) Ecom A; >0, a A,<0, 10 ¢hopma Heonpedesenna.
Ecmi uck/tounTh HYNEBYIO TOYKY, TO BIOJBL OcH &; oHa moJo-
JKUTE/bHAs!, BJIOJIb e OCH §,—OTpHIAaTeNbHas.

Okaswigaercss, uto mno Buay Marpuusl |A], no sHaky
HEKOTOPHIX MOPOXKIaeMbIX €I0 OlpejleuTeNell MOXKHO Y3HaTb,
OyAyT /M ee CcOOGCTBEHHBlE UHC/IAa BCE IOJIOXKUTENbHBE, BCeE
OTpHLATeNLHBIE WM CPeIH HHX eCTh Kak [OJIOXKHTebHble,
Tak M OTpiuaresbHble. B stoM 3akmouaercs meopema Cuas-
secmpa l).

CocTaBuM psii TVIaBHHIX MHHOPOB KBafpaTHuHOH (OpMEI
(Ax, x):
ait ag, AL eer o
Q1 Qg

;lou,An=o'onao..,

Aj=ay, A=

Api see  Qyp

Corasiactio Teopeme CunbBecTpa, KOTOPYi0 MBI HE JOKa3Hl-
BaeM, MMEIOT MeCTO CJIENYIOIHe YTBEPKIEHHs !

by Jxk. k. Cu.m:secrp (1814—1897) — anrnuiickuit  MaTeMaTHR,
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1. Ecm A; >0, A,>0,...,A,>0, T0 dopma cTporo
nofoxurenbHa (cayuafi 1)).

2. Eom A; <0, A, >0, A;<O, ..., (—NA, >0,
T0 opma CTpOI‘O OTpHLlaTeJbHAaA (c.nyqan 2)).

3. Ecom A; >0, A, >0, ...,A, >0 nm

A; <0, A0, ..., (—1)"A, >0

u umeercs j, mpu Kotopom A,=0, To ¢opma 3aBesomMo He
CTPOro OrnpejesieHHa.

4. Bo Bcex ocCTasbHBIX cJyyasX KBajpaTHyeckass ¢opma
HeonpeJleNieHHa.

3ameuanune 1. Ecin R,—KOMIJIEKCHOE NPOCTPAHCTBO,
a 0,,=a,,—No-NpexKHeMy JeACTBUTE/bHbIE YuCJa, TO pac-
CY2/I€HHS1, IPHBeJIeHHbIe BhILIE, MaIo oTvHYaioTes. Popmyia (4')
Tenephb 3aNHChIBAaeTCHA TaK!

n n
(x, Ax)= Z Xp Z aklxl 24 21 ((7329%72

Yueao (x, Ax) octaeTcs NEHCTBHTENbHBIM, NOTOMY YTO

n

, dxy= X %a

n

n n n
= 2 2 QupXpXy= 2 2 Qpxpx; = (%, AX).
k=11l=1 k=11=1

310 mnoka3biBaeT, YTO MNpHUBEeleHHBIE BbIe (akThl (op-
myant (4')—(10)) ocraioTcs HeM3MEeHHBIMH, B YacTHOCTH YHCJA
hiy ...y A, B B ClIydae KOMIJEKCHOro R, JeHCTBHTEJbHEI.
Teopema 1 MONHOCTBIO cOXpaHSieTCs /IS KOMIIJIEKCHOTO R,.
Qopmyaa (4") Tenepb UMeeT BUL

(x, Ax)= Z; Al (x, x9) ]2,

T. €. Telmepb y¥Ke KBaJpaThl uucen (X, X) HaJIO0 3aMeHHTb Ha
KBanpathl ux wmonynel. Qopmynaa (4°'') Temepb yxe BBINIS-
IUT CJIeRYIOWUM 06pas3oM:

g} IZ aklxkxl 521 AglEs] %

a B OCTaJbHOM TeopemMa 2 OCTaeTCsl B CHJE.
3aMmeyanue 2. OtMernM, 4TO NEHCTBHTEJBLHOCTb COOCT-
BEHHbIX 3HaueHHH CAMOCONMPSKEHHOro JIMHEHHOro omneparopa
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A B R, (mefCTBHTEJIbHOM MJIM KOMIIJIEKCHOM) MOXHO JOKa3aTb
caenyiomum o6pasoM. Ilyctb A—cobcTBeHHOE 3HaueHHe ole-
patopa A u x° (| x°|=l)—npuHajnexxamuii K HeMy cOGCT-
BeHHBIH BeKTOp. Tak Kak Ax®=Ax°, To
A=A(x% x°)=(Ax°, x°) = (Ax°, x°) = (x°, Ax’)=

. = (x°, }va)___X(xo’ x0)=';"“

OpTOroHaMbHOCTb COOCTBEHHEIX BEKTOPOB ONepaTtopa, NpH
HaJJIeXallkX pasHbIM COGCTBEHHBIM 3HAUEHHSIM, TOXE MOXKHO
JI0Ka3aTh HENOCPEJCTBEHHO.

B camoMm peue,

Axt=Mhx?, Ax?=l;x?
(x=1, |&*[=1, M+M),
TOrJla
Ap (22, x%) = (Mx?, x2) =(Ax?, x%) = (x*, Ax?) = (xT, A, x%)=
= Az (X7, ¥7) =1, (X7, X7).
Tak kak A;5=M; 1O (X%, £2)=0.

§ 23. Ksagpathunas dopma B JByMEpPHOM NPOCTpPaHCTBE

Ilpn n=2 kBajpatvunas ¢opMa HMEeT BHI
aiix% + QjoXiXy + AaiXeXi + aznxg = al'ix? + 2ai2xixs + azzxgv (1)

TaK KaK @;3=dy; (MBI CUHTAEM @, HEHACTBHTEJIbHBIMH).
Yro6el npusectd ¢opmy (1) K cymme KBajpaToB KOOPAH-

HaT BekTopa (§;, §,) B Hekotopom OGasuce (&', x?), Hajo

(cM. § 22) nafitu GasucHBle OpTH X!, X*—COGCTBEHHbIE BeK-

TOPBl CaMOCONPSRKEHHOTO onepatopa A, NOPOXKAEHHOTO CHM-

MeTpHuecKofl marpuue

o

Qoi  Qgp

YKaxeM crioco6 HaxoXJeHHsl COOCTBEHHBIX 3HauYeHHH (yu-
cesl) U COOCTBEHHBIX BEKTOpOB omepatopa A, OTJHYHEBIA OT
Metoja § 22.

Hrak, ecmm A,—coGcTBeHHOe uncso oneparopa A H
X' = (x{, x¢) == 0 —coOTBeTCTBYIOIUH eMy COOCTBEHHbIH BeK-
TOp, TO

Ax® =M x°.
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IlepenumeM 310 ypaBHeHHe B KOOpIHHATHOH Qopme:

(a1 —20) 5" + a5, %" =0, } @
Ay 4 (Ag, — o) ¥ =0,
W4 B onepatopHo#l dopme:
(A—AE) x° =0, — 2"

rie E—ToXIecTBeHHBIH ormeparop.

Takum o6pasoM, ofHOpoAHAas cucTeMa (2) HMeeT HeHyJe-
BOE peilleHHe X', UTO MOXeT OLITb, €CJI1  ONpeje/IUTe]b CHC-
Tembl (2) wiau (2') paBeH HYJIO:

al‘i_’"’o Qyg, =| A—2\E|=0
Qj, Ay —Ny _I 0 I— :

Hrak, co6CTBEHHOE UHCJO A, ABJSIETCS KOPHEM ypaBHEHHs

| A—ME|=0, 3

KOTOPOe Ha3blBAETCA XAPAKMEPUCIUMECKUM YDABHEHUem Olle-
paropa A (wm xBagpatHuHoll ¢opmb (Ax, X)).

Bepro u o6patHoe yTBepxkaenne. Ecmu A, siBisieTcsi KOpHEM
ypaBHeHHs1 (3), TO HeTPUBHAJIbHOE peLIeHHEe CUCTEMbI

(A—MAE) x =0 )

6y et cOOCTBEHHEIM BEKTOPOM CaMOCONPSRKEHHOTO oneparopa A.
CnepoBate/ibHO, COGCTBEHHBlE 4uc/ia onepatopa A Haxo-
ISITCS B JaHHOM CJlyuae KaK KOPHH KBaJlpaTHOTO ypaBHeHus (3):

] (a;;—4) (@5, —M) —ai, =0,
A2 —(a;; +ay) A apa,,—aj =0.

Peiias 310 ypaBHeHue, mosyyaem

A= % [y +as, +V 3%+ (0 —a50)%), )
Ay = %[al«,- +a,,— V 4a5: + (ay —022)2].

©)

Orciona BuiHO, 4T0 A; = A,, mpu stOM A;=A, B cJaydae
12=0, a;;=0,,. ByseM njs onpeneseHHOCTH CYMTATb, YTO
a;; = 0,, (MHaue MeHAeM x; Ha X, U ¥, Ha x;). Toraa
: 1
hi=ay (}"i'—aii‘ =5 [V 4+ (@— a0 —(au —aza)]>0>~
W (5) cnenyer, uto cobemeennovie 3HateHus onepamopa A
(camocon psscerHoe0) — Oelicmeumensrble HUCAQ.
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Tenepp Mo u3BeCTHHIM COGCTBEHHBIM YMCJaM A; M A, Hail-
IeM coOCTBEHHblE eJWHHYHBIE BEKTOPbl, KaK pelLIeHHs CHCTe-
mbl (4). Tak kak |A—ME|=0, 1O

paur (A—ME)<1

Econ A;=AX7,, T0 B 3TOM cayuae marpuua A—A;E cocTout
U3 OnHMX HyJed (A, =A,=a;;=4a,,, a;;=0), T. e. ee panr
pasen Hymo. B stoM cayuae kBaapaTuunas ¢opma yxe npu-
BeleHa K CyMMe KBaJApaToOB (a;, =a,; =0). Cucteme (4) ynos-
JieTBOpAeT JoGoil BeKTop X = (X;, ,). [losTomy 3a cobcTBen-
Hble BEKTOPBl MOXHO B3ATb OPTHI CHCTEMBl KOOPAHMHAT
xt'=i=(l, 0), x2=7=(0, 1). Jliobas npyras cucrema (x', x?)
OPTOHOPMAJILHLIX BeKTOPOB 00JajaeT TeM CBOHCTBOM, YTO U
9TOM CHCTeMe KBaJpaTHyHas (opMa MO-NpexKHeMYy COCTOHT M3
OMHHX KBaJpaToB.

Teneps, ecmu A; > 1A, TO Mmub0 @y, =0, smbo a;,=0,
aji 5= a,,. BTOpo#l ciyuah MOXHO He paccMaTpuBaTh, TaK Kak
tdopma (1) yxke npuBeseHa K cymMMe KBajpaToB. Mrak, mycTb
a,, #0. Torna

paur (A—ME)=1.

[TosaToMy nOCTaTOYHO paccMOTPeTh OJHO YpaBHEHHE CUCTEMBI (4)1
(a;;—Ay) x; + a;,x,=0.

Orciona nveem (ag, %= 0)

x? = [(— af-l + }"1)/‘11‘2] x'l:’ ‘

A — Qi
1__ 1 11
9= (v M)

siBJIsieTCsl peinenveM cuctemul (4). Hopmupysa stot BekTOp,
NOJYYUM COGCTBEHHLIH BEKTOP

BekTop

= (", &) == :
+ (i —aii) .
(T i)

ITporons snemeHTapHBIE NpeoGpasOBaHWS, MOMKHO MOJYYHTh
paBeHCTBA ‘

l 5
A =4 77 1/-1 + (a5 — a33)/V 4a% + (a1 —a,,)?,
x50 = slgn am 'l/l —(a;;— agz)/l/.4al) + (a1 —a,,) J

(6)
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B nannuefiureM nocrarouno 6path B dpopmynax (6) suax +.
CoBepllleHHO aHAJOTHYHO MO COOCTBEHHOMY 4HGHY A, Hali-
IeM cobcTBeHHBIH BeKTOp X?. OxasbiBaeTcs, 4TO

X2 =(x{", x7) = (—x{", x{").

CocraBiM Temeps MaTpHIy omepaTropa (OPTOFOHAMBHOTO
npeobpasoBanus) A, mepesonsmero optH (£, f) BopTsl (&1, x2%):

o

_’é\) xgl)

A=

(B CTpOKaX CTOAT KOOPIWHATH 06pa30oB Ga3nCHHIX OPTOB I M j
npu nomomu A, T. e. X'=x{"l 4 x{Vf, X2=—xV 4 x{V]).
Torma koopauHathl BekTOpa (X;, X,) B cHcTeMe (I, ) cBf3aHH
¢ xkoopaunaramu (%;, E,) atoro BekTOpa B cucTeMe (X', X?) @
TNOMOILbIO CTOJIONOB MaTpHIBl Al

X = xVE — xVE,,
xz == xgl)gi + x(ll)gr

[ToncraBnss 3Ti 3HaueHuss B KBajpatuunyio dopmy (1) u yuu-
ThiBas opmysiel (5) u (6), nosyuum

aiix? + Qaile‘xz + azzxg =Aki§$ -+ 7‘4232- (8)

[TpaBast yacTb 5TOr0 paBeHGTBA HA3HIBACTCA KAHOHUHECKUM
cudom Kkeadpamuurol gopmet.

Econ uncaa A; u A, oaHoro sHaka, To OyAeM TOBODHTb,
YTO KBajlpaTHyHas (GopMa MPHHAIIEKUT SAMUNMULECKOMY MUNY;
ecm Ay M A, PasHBIX 3HAKOB, TO 2unepbOAUUECKOMY Mmuny;
€C/IH Ke OIHO U3 uuces A; WIM A, paBHO HymO, TO napabo-
AUMECKOMY MUny.

M3 (5) BuaHo, uto AjA,=a;;a,,—ai,. Tlosromy Tunm dop-
mul (1) MOXHO ompenesuTh MO 3HAKY BBIPAXKEHHS Qj{Qy,— ;.

Ksaaparnunas ¢opma Gymer sasunmudeckold, aunepboau-
yeckoll uau napaboauueckoli, €CJU BHIPAXKEHHE a;{,,— a3},
COOTBETCTBEHHO OOJIbllle, MeHblle M PAaBHO HYJIO.

[Tpumep 1. TlpuBecTn Kk KaHOHWYECKOMY BHAY GopMy

—V B xix, 4213

3
B nauHoM coydae au_l al-—-—VT, 50 =2. Tak xax

™

; 3
Qi85 — 0 =2—F =7 > 0, To dopma GyzeT IUNTHIECKOH.
Haiigem co6c*r3ennue BeKTOpbl H HX COOCTBEHHBIE 3HaUeHHUA
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no dopmyram (5), (6)1

1 3 1. 3 5

("3 5)s b=

B encreme (&', £?) Halma KBajpaTHuHas GopMa HMeeT BHI

52, 1 g
?gl‘i‘fgr

Hanee,

Tak Kax x$1’=—21-=cos(—%) ) XD E—%—=sm (——;—’).
TO NpeoGpasoBaHie ¢ MOMOMIBIO MATPHILEI

A0 — g

x 2(1) x;l)

03HauaeT MOBOPOT CHCTEMBI X1, Xy HA Yyroj o=m/3 OKOJIO
Hayaza KOOPAWHAT 10 4acoBOH eTpesike (CM. mpuMep 1 B KOH-
ue § 16).

A= (xl == (x.‘", xél))y x2=(—xP, x{l)))

§ 24. Kpueraa sTOporo mopsiaka

24.1. O6mwee ypaBHeHHE KPHBOH BTOpPOTO
nopAxKa. B mrockocTH, B HEKOTOPOH NMpPSMOYTOJNBbHOH cHe-
TeMe KOOpAMHAT X, y, NMyCTh 3aJlaHa KpHBas, onpejesseMas
HESIBHO YpaBHEHHEM BTOpOH CTemeHH

Ax*4-2Bxy 4+ Cy*+2Dx+42Ey 4 F =0, )

rre A, B, C, D, E, F—s3anannble JeHCTBHTE/bHBIE YHCJA.
[Ipu sToM uucsa A B,C OJIHOBPEMEHHO He PaBHEI HYJIIO. dra
KpHBasl HasblBaeTCsl Kpusoil amopozo nopadka. Ha camom pene
MOXXET CJIyuUTbCH, YTO HET BOBce TOueK (X, y) ¢ JelicTpu-
TEeJbHBIMH KOOPJAMHATaMH, YAOBJIETBOpsIomMUX YypasHeHuio (1).
B stoM cayuae roBopsT, uTO ypaBHehue (1) onpenenser muu-
MYI0 Kpusyro emopoeo nopadka. Mel He 6yleM u3yuaThb MHH-
Mble KpUBLIe. Y paBHeHUe
X2 yt=—1

MOXKET CJIYKMTb MPHMEPOM YPaBHEHHS] BTOPOH CTEIEHH, Ompe-
AEJISIOIETO MHHUMYIO KPHUBYIO.

24.2. BaxHbe cayuaum o6mero YypaBHEHHS
KpHBO#l BTOpPOTro nmopsaka. [lepeuncauM miecTh Bax-
RefIINX YacTHBIX cJayuyaeB obmiero ypaBaenus (1)1
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1) YpaBuenne sasunca

X2 2 1

Z+tpE=1l @=b>0)

C TIOJyOoCsIMH AJIMHBL @ U b. B wactnocrw, npn a=>b ypasne-
HHE OKpYKHcHOCTU

24 yt=a?

C IEHTPOM B Hauale KOODAUHAT W PalHycoM d.
2) YpaBHenue eunepboavt

X2
@_ﬁ=1 @=b>0)
¢ nosayocsiMi a u b.

3) ¥YpaBHeHue napaboaot

y=2px (p>0).
4) YpaBHEHHE napbl nepecekaroyusca ApAMbLL
e —byr=0 (0<a,bd).
5) YpaBuenne napot naparressHeix WM COBNAdAOLYUX

npamox
. —at=0 (az=0),

6) YpaBHeHuWe, onpelessioLIee MO4KY,
X 4y'=0

OcTaHOBHMCSt BKpaTile Ha MEPeuHc/IeHHBIX KpPHBbIX.
dQanunec

2+y_1 @=b>0). )

[Tpu a=1>0 samunc (2) obpamaercs B OKPYKHOCTb pajuyca
@ ¢ LEHTPOM B HayajJe KOOpJWHAT, T. €. FeOMeTPHYECKOe Mec-
TO TOYEK, OTCTOSIUMX OT Haya/ja Ha PaCCTOSHUH a.

Mycre a > b. [Nonoxum c=V a*—b*. OrMeTHM Ha OCH ¥
Toukd F;, F,, umeioumye abciuuccel x=-—c¢ U x=c. I10 ¢ho-
Kycot sraunca. dnminc (2) MOXKHO ONpejesuTh Kak FeoMeTpH-
YeCKOe MECTO TOYEK, CyMMa PacCTOSHHA KOTOPHIX 10 (OKYy-
coB F;, F, ecTb BeJIMUHHA MOCTOSIHHAsl, paBHas 2a.

B camom pene (puc. 37),

MF; =V x+oP+ 4% MF,=V x—0o*+ 77
=V &+ + i +V =+
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oTKyza

-V iEFrortr=Vx—=cr+¢

40 4 (x4 O 4 2= daV (X F O + ¢ = (x—0)* + 1
4a* 4 dex=4aV (xF O + ¢,
a‘ + 2a%x + 2t = a2 [x* + 2ex + ¢ - 7,
— b%? = — a’b* 4 a*?,
a2h? = b2x? 4 a?iP,

oTKyna caeayer ypasuenne (2). Ecom mpocneants sTH EBHI-
KJalK¥ B OOpaTHOM NOpsJKe, TO NOJYUMM, YTO €CJIN TOYKa
(x, y) yLOBJETBOpSCT ypaB-
neunto (2), To Ccymma ee
paccrosuuli o F;n F;
paBHa 2a.

Ecan B ypaBHenu (2) 3a-
MEHWTb X Ha —Xx, TO OHO
He H3MEHHTCSI— 3TO NOKa3bl-
BaeT, uto sisunc (2) ecThb
KpHBas, CHMMETpHYHAsl OT-
HOCHTEJIbHO ocH Y. AHauno-

Puc, 37, ruyHo aanunc (2) cHmMeT-

pHYEH OTHOCHTENILHO OCH X,

[IOTOMY YTO €ro YpaBHeHHe

He H3MeHsieTcsl npu saveHe y Ha —y. Ho Ttorpa pocrarouno

M3yuYnTh €ro ypaBHeHHe B MEPBOH uyeTBepTH (CHCTEMBI KOOP-

auHaT), T. e. Ann x, y>0. YacTe snnunca, Haxopsulasncy B
NePBOH UETBEPTH, Ompelensercs ypaBHEHHEM

y= ;’)— Vao—x O<x<a).

113 sTOTO ypaBHeHus) BUANM, UTO Hall SJUJIMIC MPOXOIHT yepes
toukn (0, b) n (a, 0). Tlpu osTOM ero opaunara y npp He-
npepLBHOM BO3pacTaHHH x Ha otpeske [0, a] HenpepsiBHO
yOblBaeT.

damnc—orpannyeHnas Kpupas. OH HaXOAWTICs BHYTPH
Kpyra pagvMyca a ¢ NeHTpPOM B Hauajie KOOPAMHAT (1Js KOOop-
IMHAT J1i000H TOYKH jJmnca (¥, y) MMEET MECTO HepaBEeHCTBO

vy e (XL 2
v+ yr<at (st )=a) .

Us pne. 37 ™Mbl BuauM, YTO SJUIMNC €CTh HeNpephiBHAR
saMKHyTas Kpupas. B mepsofi 4eTBepTH 5TO BLIYKJas BBepX
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KpuBas. B Jmo6ofi ee TOUKe MOXHO MPOBECTH KacaTesbHYIO ).
Bce atu cBoficTBa W MHOrMe Apyrue MOryT OHITh C YCIEXOM
H3yYeHbl METOJAMH MaTeMaTHUECKOTO aHAJIH33, KOTOPHI K TOMY
e JaeT CPeACTBAa AJA TOYHOTO ONpejesieHdst BBHICKa3aHHBIX
Bblllle MOHSTHH — HENPEPHIBHOCTh, BHIIYKJOCTb H T. X.

YpaBHeHHe 3/1JHICa MOXKHO 3amucaTb €mle B MapameTpu-
yeckoil ¢opme

Ihien ) (oo <8 <oo). ®)

B camom gene

3 2
;‘_2+i_2=cos20+sin29=l,

T. €. TouKa (X, y), onpefenseMas paBeHCTBaMH (3) mpm Jmo-
Gom 0 mnpuHapiexur smauncy (2). Ecaum 0 HempepriBHO

4
4 NN
7 M
i
a1
/) Rlz Ja 'z
Puc. 38,

npoteraet noayuHTepsan [0, 2m), To Touka (x, y) OMHCHIBAET
noaubifl snsunc. ITpu panbHeiiineM BospacTaHud 0 [BHxKeHHe
[IEPHOAHUECKH MOBTCPSETCS.

BoiicHsM cmbicsl napameTpa 0 © MOnyTHO yKaxeM crnocof mocTpoe-
uusl sasunca (puc. 38). IlpoBegeM jBe KOHUEHTPHUECKHX OKPYKHOCTH
paguycoB b n a (b < a) c neurpom B Touke O. 3aTeM npoBefeM pajH-

1) Cm. wawy keury «Bercmasi matemaTmka. JudgepceHunanshoe a
uHTerpasibHoe HCUHCJeHHe», § 4.2. :
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yc-BeKTOp noj yryiom 6 K ocH t B OGO3HAUUM €ro TOUKH MepeceyeHHs
C OKPYXHOCTAMH pajuyca b u o coorserctsenno T u N. W3 Tourm N
IIPOBEREM TMPSIMYIO, MapajJiesibHYl0 OCH Yy, a H3 Toukd T —TpaMYyIo,
napanaJesbHylo ocH Xx. Touka nepeceueHus sTHX NpsmMbix M npunagie-
) JKMT oJaquncy. B camom jpene,
nycTb x—a6cuucca Touks M, a
y—opauHaTa sto#l ToukH. Torga
(cm. puc. 38)
x#=0N.cos §=acos 0,
y=TR=0T sin6=>bsin 6,

T. @, To4ka M peficTBHTENbHO
HaxoAuTca Ha ouaunce (3) o
napameTp 0 ecTb yrom Mexny
ockio x ¥ ayyoM ON., OTMmeTHM,
uto O He ABASETCH NOJNAPHBIM
yrJIoM @, KOTOpHIi obpasyeT
panuyc-BekTop OM @ ocbio x

(tg q>=%tg0 . Hanpumep, ec-
m ¢g==n/4, a= V—3, b=1,

PHCJ 390
0 0=mn/3; ectt ¢@=0, 10 0=0; ecnup="n/2, T0 O=n/2,
Funep6ona

x2 2

S—m=1 (0<ab) (@)
Tonoxum c =) a® -+ b® ¥ OTMETHM Ha OCH X TOUKH FiuF;—
oxycor eunepboast (4), uMeomyé abCUUCCHl X=—C U X=C

(puc. 39).

T'unepGona (4) moxer GHITh ONpENe/IEHA Takxke Kak reo-
MeTPHYECKOE MecTO ToueK A= (x, y), PasHOCTb pacCTOAHUi
KOTOpbIX 10 (okycoB -Fy m F, ecTb BeJHYHHA NOCTOsIHHaf,
paBHas 2a.

Hmeem (cm. puc. 39)

AF,— AF; =V ¥+ 2=V G— O + i* = 2a,
Vixdor+yr=V (x—c)+y-+2a,
4cx—4a2=4al/(x—-c)2+y2,
‘ bixt——qaly? = azb?,
OTKYyJla CJelyeT ypaBHeHHe (4).

Mbl mosyunsnu npaByio BeTBb rumepGosnst (cMm. puc. 39).

Urobbl Mo/y4uTh JIEBYIO BETBb, HAlO UCXOAUTh M3 PABEHCTBA

AFé—AF1-=2a.

PaccykJiennsMi, NPOBeJEHHEIMH B OOpaTHOM ENopsjke,
MOXHO 3aKJIOUHTb, OTIIPaBJAACH OT ypaBHeHusi (4), 4TO TOU-
KM (X, Y), eMy YJOBJIETBOpsIOIIKe, MNPHHALIEXKAT K YKasaH-
HOMY BBIIlIE FeOMETPHYECKOMY MECTY.
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[To Buny ypaBuenus (4) sakodaeM, uto rumepGona (4)
CHMMETPHYHA OTHOCHUTENIBHO OCH X H ocH y. Yacte rumepGo-
JIBI (4), Haxo;mm,aaca B NepBOH YeTBepTH, HMeET YypaBHeHHE

y—— Vi—a (a<<x <o) (6)

Mu BHAMM, YTO Hama runep6oJia NMPOXOJHT 4Yepe3 TOUKY
(a, 0) u npu BO3pacTaHMH X Ha MOJYHHTepBane [a@, 00) OpaH-
Hara Yy BO3pacTaeT M cTpeMurcss K OeckoHeunocTd. Touku
B=(—a,0) n C=(a,0), B KOTOPHIX rumepGo/ia rnepecekaer
OCb X, HasbIBAIOTCS GepulUHamu eunepboiol.

Ha puc. 39 HapucoBannl JiBe mpsMbIE;

b
y==xx

dro acumnmomot Haue runepGoOJIEL..

[Tyctb Ha no.nyuHTepBaJIe [a, 00) (wm (—oo, a]) sanana
xpuBas y=f (x). ToBopsr, uTo npsMas y=mx-+n ecto
acumnmoma 3TOH KPUBOH NpPH X — - oo (y——o00), ecaH

lim [f (x)—=mx—n]=0

(coomercmenno 11m [f (x)--mx—n] =0).
Paccmorpum Kycox Hamre#t runep6oIHI, onpenesnseMbiii pa-
BeHCTBOM (D), M CpaBHHM €ro G IpsMOH y=-x. [pexen
. bx 2
lim [——-—Vx”—a’] lim £ —% __— —o.
x>+ LG 1>+ x—i—]/-xz—az
b

Sro nokasbiBaer, 4TO MpsMast Y==—x €CTb acHMNTOTa pac-
CMaTpPHBaeMOro Kycka rumep6oinl npu x— --o0o. Ho Ttoraa
TOBOPAT, YTO MpsMas y= — X €CTh aCUMNTOTa (BCei!) rumep-

Gosbl npu X — -+ oo. B cuay cumMerpuu Hame#d rumep-
GOJIBl OTHOCHTE/IBHO OCeH, TaK K€ KaK CHMMETPHH maphl mps-

b
MBIX §Y = + Ex OTHOCHTEJIbHO OCeH, MOXHO CKasaTb, 4TO o6e

9T NpSMbIE SIBJISIOTCA aCHMIITOTaMM Haiuel runepGoOJBl U MpH-
TOM KaK NpH X— + 00, TaK H IOPH ¥ — — 00,

[IpaBasi BerBb rumnepGosbl (4) Moxer ObITh 3amHcaHa B
napaMeTpHuecKoM BHJe

x=achu=%(e"+e'”),

- . (6)
y=bshu=2 @@ —e-2), (—o0 < u < o)
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B camom gnene, Tak Kak
ch*y—sh*u=1, )

TO M3 ypaBHeHuH (6) moayuum

2P b 20—
= b—;—ch u—shzu=1.

Bepxufifi moJioBHHa NpaBOH BeTBM THNepGOJbI COOTBETCT-
BYeT H3MeHeHHIO U € [0, 00), a HHKHAA—HU3MEHEHHIO U € (—00,0].

BrisicHuM, Kak napaMeTp u €BfI3aH C napaMeTpoM 0 B napaMeTpH-
UeCKOM yPaBHEHHH SJIJIMNCA, W TONYTHO YKaeM Crnoco§ MOCTPOeHHs
runep6oJisl ¢ NMOMOWBIO HHPKYJAs H JuHeHkH, Tak Kak Ham cnocob
NOCTPOeHHst runep6ogn 6yfeT OCHOBaH Ha crnocoGe NMOCTPOEHHS SJIIMMN-
cay TO MBI H3JIOXKHM STH JBa cmocofa NocTpoeHHsI coBMecTHO (puc. 40).

g q
P
Y i \ M
b~k 1 | N
Py 3] ] \
7 i ! \
| \\ | \
g \\l ‘\
o )\
v 4 A 8,
. S
0 Zy a
Puc, 40,

OrpaHnuuMcsl NOcTpoeHHeM uacTell saJaunca (2) u runepboant (6), Haxo-
JAAIHEXCA B nepBoit yetsepTu. IIpoBejeM fpe KOHUEHTPHYECKHE OKDYIHK-
HOCTH pajuyca a H b ¢ ueHTpOM B HauasJe koopauHaT. IIpoBegem Jayu,
BHXOLSIIHA H3 Hayajla KOOPAMHAT moj yrsoM B, k ocu x. Ilycts Ty H
Ni—TOuKH nepeceyeHHs] 9TOTO JyYa C YKa3aHHBIMH OKDPYKHOCTAMH
(OTy=0b, ONj=a). Ilposoas u3 Touek Tj u Nj npsiMble, Mapaesab-
HHe OCSIM X H Yy COOTBETCTBEHHO, NOJIYUUM TOYKY HX TepeceyeHHs
My = (x4, Yo), NPUHAAJEXKAMYIO dMauNCY (2). 3aTem npoBogum ayu OM,,
Ilycts N,— TOuka nepeceyeHHs] TOro Jyda ¢ OKPYKHOCTLIO pajHyca a;
P—TouKka mepeceyeHHs STOro Jyya ¢ npsiMofl, mapaJlieJIbHOH OCH Yy H
npoxonsmeft uepes Touky oasmunca A= (a, 0), Ypaenenue aysa OP
MOXKHO 3aluCcaTh;
Yo

=20
Y X

a
Orciona caenyeT, uTo opAUHaTa TOYKH P paBHa Yo=—xy—°. JHanee co-
0

eRUHUM TOUYKY Bj= (xo, 0) ¢ ToukoR N, u H3 ToukH A mpoBejeMm npsi-
Mylo, mapajJieabHylo BjN,, koTopas nepecewer ays OP B Touke Q.
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N3 nogoSus tpeyroasuaukos OAQ a OBiN, nonyaam, aro 0Q =a?/x,.
Paguycom OQ Ha ocu x oTveyaeM TOuky B,= (a?/x,, 0).

Tenepb u3 Touek B,.H P npoBogsM npsiMee, napaJslieJibHEIE OCAM
y u x cootperctBenHo. Touka nepeceuenust 3THX npAMBX Mp= (X, Vo),
rae Xo=a?/x, npunagiexut runepdoae (4).

B camoM nene, Tak Kak Touka (¥, Yo) JEKHT Ha sanunce (2), TO
v Sk () ) d

—_—— _..b_z ¢ ——

—— — e S —
2 2 g2gl 2 2 L
a b o 22 X 2 a

T. e. Touka M, npuHagaexuT runep6ose (4).
OTMeTHM, 4TO TOuKa By = (a%/xy; 0) ABiseTcqd TOuKOMW nepecedeHuns
KacaTeqbHOll K 3Jauncy B Touke M, c ocblo x (cM. CHOCKY Ha cTp. 139).
Takum of6paszoM, KaxAOH Touke (x, y) aajunca (2) COOTBETCTBYeET
BNOJNHe ompepesneHHass Touka (X, Y) runepGoan (4) u o6paTHo.
Tenepb, ecan aaaunc (2) 3agaH napameTpudeckd, TO

¥x=acos®, y=>bsin0.

[TosTomy
_a _ a _ag__
= T wspr =y bied
Orciopa, yuuthieas (6), noayuaem
ch u=-co%e-, sh u=tgo.

UMeloT MecTo Takxe ciegyiomue GopMyJs:

tg%= l—c039=l/chu—l=tg%’

1-4cosf chu-1
eB=chy-}tshu= l +tg e____l—l—_smi___,_'

cos 6 cos 0

0 0\? 0 0 '
(cos §+sln -2-) _ cos -2—+sln-§- sin (
R

‘cos? %—sm2 g cds % —sin 7 €0S

T. e
2=Intg (%-1-%)
[Tapa6ona
y=2px (p>0). ®

Orvetum Ha ocH x Touky F ¢ aGemuccolt x = p/2, Hasw-
BaeMylo ¢hokycom napaboast (8), W TPOBEJEM MPSIMYI0 X =
=—p/2, HasbBaeMywo Odupexmpucoti napadoaet (8) (puec. 41).

INapaGosa (8) Moxer GhiTh elle ompeledeHa Kak reome-
TpHueckoe MecTo Touek A=(x, ), pPaBHOYIAJEHHHX OT
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¢oKyca B aupekTpHuceH. B camom pene (cM. puo. 41)
AF?e= (x——) + 42,

\ aB=(x+45),
CJ/Ie0BAaTEJbHO,
(+=4) 4= (x4)
— px+ y*=px,
. €
! y2=2px.

OG6paTHo, u3 3TOr0 ypaBHeHHsl CJ’AYyeT, 4YTO TOYKH, eMy
YIOBJIETBOPSIOIINE, NPUHANMEXKAT K yKa3aHHOMY reoMeTpHye-
CKOMY MeCTy TOYeK.

s ypaBHeHus (8) Buano, uTo napaGosa (&) cHMMeTpHYHa
Y 'OTHOCHTENBHO ocH x. Ee Bepx-
5 ' / HAs MI0JIOBHHA HMeeT yPaBHeHHe

ye=V2px 0 x< ), (9)

|y W3 KOTOPOro BHIHO, YTO KOT-
F Ia x npoberaer MoJyMHTEpBaJ
7 7 z 7 7 |0, co) BO3pacras, opAHHaTa y
-z zZ Bospactaet oT 0 1o oo.
Puc. 41, Ykaxem npoctoit cnocob
MOCTPOEHUs napaéo.nbl 9) ¢ no-
MOILBIO JIMHERKH M MPAMOro yIja WM ¢ NOMOLILIO ILHPKYJs
H JIHHEHKH. HPOBeAeM npsmyo x=—2p (puc. 42). Bozsmem
Ha 5TOH mpAMOH MpOH3BOMbHYIO TOUKY K=(—2p, y), y > 0.
CoefvHUM . 5Ty TOUKY C HayaJioM KOODAMHAT W MpOBeJcM Nps-
Myl0, [POXOASLIYIO Yepes Hayalo KOOPJMHAT, MeprneHuuKy-
aspuylo k npsmoit OK. Jlasee nmpoBoAuM NpsIMYIO Yepe3 TOY-
Ky K napannenbHo ocu x. IlocsepHue f1Be mpsiMble nepece-
raotes B Touke M = (x, y), KoTopas NpHHALJIEKHT napadose
(9), Tak kak OA=y ecTb cpelHee reOMETPHYECKOe uHces 2p
u x (y=)"2px).
Ilapa6ona (8) He mMmeer acumnToT?).
ITapa nepecekamwImUXCA NpPAMBX

a*x?—b¥y = (ax—by) (ax4+by)=0 (0<La, b). (10)

%) Cm. Hamy kHury «Brcmas wmatemartnka. JubdepeHuuanbHoe
U HHTerpasibHoe HcuKciaeHHe», § 4.20.
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Ecmn kakas-m6o Touka (X, y) YAOBJETBOPSET YpaBHEHHIO
(10), To OHa yIOBJIETBOPSIET OJHOMY W3 ypaBHEHHH

ax—by=0, } 100
ax+by=0 (10%
.wm obonM. OGpaTHo, ecanm Touka (X, Y) YIOBJETBOPSET
p .
X 4 M
4
-ZpJ 7 Tz
Puc, 42,

onHoMy 3 ypasHenu#t (10’), TO OHa yJOBJIETBOpSET M ypas-
Henwo (10). B stom cmbicnte rosopsit, uto (10) ecth ypasue-
HHe Napsl IpsAMBIX. '

24.3. Knacendburkauusa KPHUBBIX BTOPOro mno-
pALKa.

Huxe 6ymer noKa3aHO, YTO CyLIECTBYeT NPSIMOYTOJbHas
eHeTeMa KOOpDAMHAT Takas, YTo B Hefi KpuBas (1), ecsau oHa
llie MgI/IMaﬂ, HMeeT OJHO M3 [epednc/IeHHbIX Bhillle ypaBHeHHH

)—8).

Bonee neranwno!

npy AC—B2>0 xpuaa (1) ecTb a/iunc, Touka (cay-
yau 1), 6)) wian MHUMas KpHBas;

npu AC—B*< 0 xkpusas (1) ecrb runepGojia uIM mapa
nepecekaouuxcsa (pasHblXx) npambeiX (caydau 2), 4));

npu AC—B*=0 kpuBas (l) ectb mapaGoJsa, napa napan-
JeJbHBIX WM COBNAJAIHX OpPAMBIX HJIH MHHUMas Kpusas
(cnyuau 3), 5)).

Mbl no3BosisieM cefe TOBOPHTb «KpuBasi» Jaxe W B CJay-
yasix 4), 5), 6), KOrza peub WAeT O mape MPSAMbIX HJIH MHO-
JKECTBe, COCTOSIIEM W3 OLHOH TOUKH.

Hrak, nycTb 3alaHO ypaBHeHHe

Ax?+2Bxy+Cy*+2Dx+42Ey+F =0, (1)

rae Kodhouuuentsl A, B, C OXHOBPEMEHHO HE paBHBI HYJIO.
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He wapywas o6wmmuoctd, moxHO cuurtath, 9to A>0,
AZ=C, B=0. K 9r0#i cutyanuu Bcerna MOXKHO NpHIATH C MO~
MOLIbIO OPTOrOHAJBHLIX NMPeo6pasoBaHHii:

X=nn, } )C=—"§, }
y=E, y=n
U YMHOXEHHS! JIEBOH N npaBo#l uyacteit (1) ma —I1.
Ecm B=0, AZ=C >0, 1o (1) MOoXHO 3amucaTb B BHJIE

Alx+5) +C(y+5) +F=%—F=0 (D
MMapannensueii nepexoc
§=x+%, n=y_+—g—
npeoGpasyet ypasHenne (11) cnenyommum o6pasom:
Agz+cn2=*'—"i—2 +-'f4—2—1~“. (11"

2 2
Ecsm aucno -‘%- +%—F > 0, T0 ypasuenwe (11) npen-
cTaBnsieT co0oil ypaBHeHue 9SJumnca (caydad 1)) ¢ noayocamu
a, b, rne '

wm (G 4G=F)ia v=(E45—r)ic

OtmeTtuMm, uto B jaHHoM cayyae AC—B:= AC > 0.

Ecan xe npasas uacte ypasuenus (11°) paBna mymo, TO
MBI TOJly4aeM TOUKY (cayda# G6)).

[Ipu otpunatensHoil npaBoll wacty ypasHenwe (11°) naer
MHHMYIO KDHBYIO.

Ecau gneao C=0, A>0, 1o (1) MOXHO 3amucaTh B Buje

D \:2 D?
A(x+7) +2Ey 4 F =2 o0, (12)
[Myctb uncno E =40, Toraa mapasnenbHulfi mepeHoo
D F D2
E=r+7, n=vtp—iaE
npeo6pasyer ypaBhenue (12) B ypapHeHHe

AE? 4-2En =0, (129

KOTOpoe (focsie 3ameHbl, €CJM HYXKHO, 1M Ha — 1) HOpeICcTaB-
JsieT co60od ypaBHeHHe napaCosel (ciyuyait 3)).
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Dﬁ
Eciu E=0, To B 8aBUCHMOCTH OT 3HaKa YHCJa "A'—F

Mbl [0JlyY4dM 0apy NapanniesbHblX NPSIMBIX WIH MHUMYIO KpH-
pyio. Otmertum, uto suecb AC—B?=0.

Hanee, ecan wuaucio C<0 A>0, 10 ypaBhenue (l)
MOXKHO 3aliicaTh!

A(x+5) =101 (y— 167 ) +F+gr—F =013

aHa/MM3 KOTOPOro NPOBOIMTCA TaKk Ke, Kak B cJyyae ypas-
nenus (11). Ypasnenue (13) naer rumepGoJiy wiu napy me-
pecekalomuxca nNpambix (caydan 2) u 4)). OT™eTnM, 4TO B AaH-
oM cayuyae AC—B2= AC < 0.

Cayuait A=0, C <0 cBoautcs K ypaBHenuo THna (12).

Hrak, npn B=0 'ypaBHeHue (1) Bcerjia jaeT OAMH U3
4acTHLIX ciyuaeB 1)—6).

[lycte Tenepp B >0, AZ>C. Toraa, Kak Mbl SHaeMm
(cm. § 23), cyuiecTByeT opTOrosanbHoe npeobpasobaHue

x=xE—yMm, \ (14)

y= y1§ + XMy I
rne

'_1/ y e
2 2V%B44A c)e: '’

]/ 27 VW(—A—C—)2 '
KOTOpOE NPHBOJUT KBajJpaTHUHyIO (opmy
Ax?+2Bxy+ Cy?
K KaHOHMYECKOMY BHIY.
ITpeoGpasyeM ypabueHue (1) ¢ nomowsio (14):
9‘1'§2 + ?“2712 + D (xlg"'ym) ‘I"E (ylg -+ xﬂ]) +F = 0’ (1 5)
rjae

% =+ [A+C+VIBF(@A—CF,
A, ——[A+C V4B 4 (A—C)?]
(M > Ay, MM, = AC— B?). Tlepenumem ypasrenue (15) B Buzne

ME 4+ A + (%, D + 4, E) E+ (, E—y,D) N+ F =0. (15)

Ypapuenue (15') sBAseTCA YaCTHBLIM ciydaeM ypabHenus (1)
npu B=0, KOTOpoe MBI yKe HCCIefOBaH.
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Takum o6pasom, MBI MOXKEM CKas3aTh, YTO €CJIH!

1) AC—B?*=»MA, >0, 10 ypaBHenue (1) npexcraBaser
€000l 2JUIMIIC, TOYKY WM MHHUMYIO KpuBYylO. B 3TOM ciyuae
OylaeM roBOpHTb, YTO ypaBHeHHe (1) NpUHALNERUT JAAUNMU-
uecKomy muny;

2) AC—B*=MA, <0, To ypaBHenue (1) mpencrasiaser
cobofi runepGosly WM Mapy nepeceKaroluxcs npsambix. B stom
cayyae OyleM TroBOpHTL, 4YTO YypaBHeHue (1) npuHaLJEXKHT
2unepboAUtecKOMY muny;

3) AC—B*=MA,=0, T0 ypaBHenue (1) uzoOpaxaer na-
pabony, mapy napaJ/je/bHbIX NPSAMBIX WIH MHHUMYIO KpPHBYIO.
B 3toM ciayyae Oyzem roBopHTb, uTO ypaBHeHue (1) npuHAn-
JIEXUT napadoruyeckomy muny.

I[Mpumep 1. BeisAcuuth XapakTep KpuBOH

20 +V 3xy+ 2+ 2x 42V 3y+4F =0,
rie F—npousBosbHOe AeACTBUTEJBHOE YHCJIO.
B nannom ciyuae A=2>C=1, B =‘—/§2 >0, AC—B?=

==%>0, T. €. YypaBHeHHe MPHHALJIEKHUT 3SJIVIHITHYECKOMY
tuny. Jlerko noxcumrath (cM. npumep B § 23), uro
xl»=—V;—3, yl--—'—%, 7»1"“—';’ 7»2=%.
[TosatoMy ¢ noMolbio OPTOrOHANBHOTO NPeoGpPa3OBaHHUs]
x=(/3t—n),
= 5 (E+V30)

Hallle ypaBHEHHe 3alHIIeTCs]
8+ +(VBE—)FVIE+V 30 +F=0
WIH
; 2
S (e+2V3) +5 0+ =F—F.
OcymecTBUM elle NapaiebHbIH NepeHos
U= E +"§' ng

v=n+2,
torga 6yneM uMeThb

Swtpu=2_F (16)



§95. MOBEPXHOCTh BTOPOTO [IOPSJKA 149

Ecan %;?—F >0, To (16) Gyner ypaBHeHHem simnca @ mo-
ayocsMu a, b, rne
a*=2? (16 —5F)/25, b*=2(16—5F)/5.

Ecnn 7—F =0, 10 (16) naer Toury. Ecsn —-—F<O TO
(16) mpexacraBisieT MHHMYIO KPHBYIO.

§ 25. ToBepxHOCTH BTOPOro NOPsAKa
B TpeXMEePHOM MPOCTPAHCTBE

YpaBHeHye
3

3 3
kgl 1§1 Qyy xkxl+21§‘1 Ax,4+B=0, )

rie a,, =a,, A, B—3ajaHHble MOCTOSHHBIE YHC]A, @ X =
= (X;, X, Xg)—TlepeMeHHasl TOUKa B R,, onpeaenser, Boodiue
TOBOpsl, HEKOTOPOEe MHOXECTBO TOUeK B Ry, HasblBacMoe no-
eepxHocmolo emopozo nopadka. Eciu ypasuenue (1) me ymos-
JIeTBOpSIeTCS HY ORHOM AeHACTBHTEBbHOH TOUKOH X = (Xq, X;, X4),
TO TOBOPSAT, YTO OHO ONpenensieT Muumyro nosepxrocme. Hae
STH cayuad He OGYAyT HHTepecoBaTb. B HEKOTOPHIX cCaydasx
ypaBHeHHe (1) MoxkeT onpenensTb mapy pas/JMYHBIX WIH COB-
Najalomux MJIOCKOCTeH WIH OIHY-eIMHCTBEeHHYI0 Touky. Ho u
TaKHe MHOXECTBA Ml Oy/ieM HasblBaTh MOBEPXHOCTSIMH.
ITepeuncnum BaxHefilve yacTHble caydan ypaBHeHua (1)
1) Saruncoud

2 2
%""%2""‘%2':1 (ar.b’ C>O)'
2) Odnonorocmreui eunepboroud
P 22
'F"*"b_g—?':l (a’ b7 C>0).
3) Heynorocmuoui eunepboioud
2_Y_Z_1 (ab c>0).

4) Iaaunmuueckuti napaboaoud

Xy ,
st o7=2  (p,¢>0.
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5 r unep6oxzu-wcnuﬁ napaboaoud

'_p'—"q——2z (P 0>0)-

6) Konyc emopoeo nopsadxa
x2 y‘b 22
'EE""FE'__CE':O (a’ bv C>O)-

7) Touxa
¥ty 422=0
8) Luaundper emopoeo nopsoka:
YUAUHOp sarunmuveckuil

2 2
S+H=1 (g b>0),

yuaunop eunepboauteckuli
x2 2

—L =1 (a,b>0),

@ B
yurundp napaboaudeckuli
y=2px (p>0),
napa Nepecekatouitxcs naockocmell
\ et —byr=0 (a, b >0),
napa napasnesvibix uau coenadarouux naockocmed
$*—a?t=0 (a>0),
22=0,
npamas
Ot y=

Ilpn paccMoTpeHuH YacTHBIX cJaywaeB ypaBuenust (1) mbl
CUHTANH, UTO X=1X;, Y =X, Z=X,.

MoxkHO 10Ka3aThk, YTO AJ1ST KX AOTO YaCTHOTo ypaBHeHus (1),
€CJIM OHO He OmNpejeJsieT MHHMYIO MOBEPXHOCThb, MOXKHO HalTU
NpPSMOYTOJIbHYIO CUCTEMY KOOpAHHAT, B KOTOPOiH 3TO ypaBHe-
HHE MMeeT OJMH M3 MepeuuCJeHHBIX BEIIIE BOCbMH BMIAOB. DTO
crenyer u3 ofbwelt Teopun § 22. Camo mpeo6pasoBaHHe ypas-
Henusi (1) mpousBomurcs Tak xe, Kak B § 24. Haxoxnenue
COOCTBEHHBIX 3HaueHH#i Aq, A,, A; CBONMTCA K pEIIEHHMIO Ky-
6HYEeCKOro ypaBHEHUS.

YKaxeM ee OIMH NMyTb HAXOMJEHHS COOCTBEHHBIX YHCeJ
H COGCTBEHHEIX BEKTODPOB, KOTOPHIH MEI MO CYTH JeJa yke
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pacemotpesn B § 23 B nBymepuom cayuae. CoGCTBEHHBIE 31a-
ueHHs Aj, Ay, Ay CamocomnpsikeHHOro onepatopa A M NpHHAL-
fiexalupe UM HOPMHMpOBaHHBIE BekTOpH X', X7, x? (|x/|=1,
Ax/ =A%/, j=1, 2, 3) MOXHO HaxOANTh CJEAYIIUM OOpa-
30M (0GOCHOBaHHE CM. HHXKe). BBomum onpepemtens (ay; = a;;):

aif =\ iz aia
‘D) =|A—M\E| = Qi Op—h o3 ’
asi ago 033—1

rne F—ennnnunas  maTpuna. Haxouum ropun Aq, A, Ay
ypaBHeHUsI

| A—=LE|=0, 2)
KOTOPO HA3HIBACTCH XAPAKMEPUCUYECKUM YPOBHEHUeH Olle-
patopa A(D (h))=0, /=1, 2, 3). 910 1 ecTb COGCTBEHHHIE
uucna onepatopa A. Onu JneficTBHTE/BHLE, IpHUYEM OHH MO-

ryT ObITb pasHBIMH, HO MOTYT M cOBmajgaTh —ObITb KpaT-
neivu. Taxum o6pasom,

D (M) = (A;—A) (A;—1) (As—A2).

3ateM A KOpHs A; MUEM HETPHUBHANbLHOE  peLIeHHEe
X =(X;, X, X,;) OLHOPONHOR CHUCTEMbI YpaBHEHHMH:
(@a—M) x4+ a;3%, + a;,%, =0,
3%+ (A —hy) X, + a23x3=0’ ®3)
g%, + AgoXy 4 (A3a—Aj) X, =0
M COOTBETCTBYIOWETO YpaBHeHus s oneparopa A—AM E:
(A—=\E) x =9, (3
rie E—epunuynas MaTpuma M BEKTOPH X =(X;, X, X3),
6=(0, 0, 0).

Ecan A, —npocToil KOpeHb (T.e. B J4aHHOM CJaydae A;
STJAMYHO OT A, U OT A4), TO PaHT MaTPHIBLI CHCTeMH! (3) He-
obxomuMo Gyner paBed ABYM (panr (A—AMAE)=2), v Mb Ho-
JIYUUM €JUHCTBEHHbIH, C TOYHOCTBLIO NO 3HAKa, BEKTOp X!'=
= (x{V, x, xiV), yzoBseTBopsuowMil cucteMe (3), T. €.

(A—ME)x'=0
WJIH
Ax'=MA\x'.

Ecmn A;—kopeHbp BTOpO# KpaTHOCTH (li=9»ga"é?»3), TO
cucteMa (3) HeoOXOJAHUMO WMeeT DAaHT, PpaBHHI# efWHULE
(panr (A—MAE)=1), u GyaeT uUMeTb ABa OPTOHOPMHPOBAHHBIX



152 §25. MOBEPXHOCTh BTOPOTO IOP KA

pewennst X'u x? ((¥'|=|x?|=1, (x', x?)=0), KoTOpHI
ABJSIOTCS COOCTBEHHBIMH BEKTOPaMH, [PHHAJIENKALIHMH cob-
CTBECHHOMY SHAYEHHIO Aql

Ax/=Mx!  (j=1, 2, M=)3).

Haxone, ecu A;—Kopenb Tperbeit KpaTHOCTH (A, =M, =),
To cucreMa (3) HeoOXOZMMO WMeeT paHr, paBHEIH HYJIO
(paur (A—ME)=0), u 6yneT uMeTb TPH OPTOHOPMHPOBAHHBIX
peiieHna X', x2, x%

Ax/=Nx! (=1, 2, 3,  My=Mh,=M).

Jlio6ble TpM OpPTOHOPMHUPOBAHHBIX BEKTOpa B R; MOTyT
OHITH B3AITHI B KayeCcTBe COOCTBEHHBIX BEKTOPOB X!, x2, x3,
MPHHAJJIEXKAIINX COGCTBEHHBIM YHCIAM A;=2A,=A,.

OGocHyeM ckasanHoe. Msbl sHaeM, 4TO B R, CyIeCTByeT
CHCTEMa OPTOHOPMHMPOBaHHBIX BEKTOPOB X!, X%, x? u JeicT-
BHTEeJbHBIE uYHCaa Ag, A,, A; Takue, 4TO

Ax!=Mx/  (j=1, 2, 3).

-

[Tpy sTOoM MOXKHO yKasaTb OpPTOTOHANbHYIO MaTpuuy A
TaKylo, 4to (cM. § 22)

AAA‘1= 0 7\@ 0

0 0 Ag

At O 5n.

Orciona nns nepeMEeHHOro YHCJAa A MMEET MECTO TOXKJAECTBO

Ai—A 0 0

A(A—AE)A'!:“ 0 A=A O "

0 Q Ag—A
A(A—AE)A"'=AAA"*—AMEA" ="~

=AAATI—AAAt = AAA*—\E).

*

Onﬁene.nme.nb maTpunbl A—AE Mbl 0003HaUMAH BHIIE Yepes
(A). On, xak 910 BUAHO U3 (4), PpaBeH OnNpeaeIUTEIO
MaTpHUEl, cTofimeH B mpaBo# uactH (4), TaK Kak

Ag—2) (Ag=4) (hy—A) =] A (A—AE) A=1| =
=|A|| A=AE|| A= |=| A—AE|=D ().
Takum o6pasom,
D (A) = (A;—A) (A,=—1) (A, —2).
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Mel nonyuusy, 4TO KOpHUM MHOrouseHa D (A) coBmaparmor ¢ cofi-
CTBEHHBIMH SHAUEHHSMH A;, A,, A, omepatopa A. Ouu, Takum
obpasoM, Oeticmaumenstvt. .

IMycte A,—nmnpocToll KOpeHb H, CJefOBaTenbHO, A;z&R,
u Aj5~Ag. Torma martpuna cnpaBa B (4) npu A=A»A; umeer
paHr, paBHblfi nByM (panr A (A—ME)A™'=2), wo Torza
panr (A—A,E)=2. Benp peureHuss ORHOPOAHON cucTeMbl (3)
M CHCTEMBI

0.2,40.2,4+0.2,=0,)
02,4 (A;—A,) zz+0’zs=0’i (®)
0.2;,40-2,4 (Ay,—A;) 2,=0,

cooTBeTCTBYIONEH Marpuue (4), npeoGpasyioTcs ApYr B Apyra
MpH [OMOLIM OPTOrOHaNbHOH MaTpHuBl (cucTeMbl (3) # (5) K-
BuBa/eHTHE!). CHcreMa ke (D) UMeeT TONLKO OAHO (C TOYHO-
CTBIO IO 3HaKa) HOpMHpOBaHHOe pewenue (= 1, 0, 0). Ho sto
BO3MOXKHO, JIHIUIb ecyi paHr (A—AE)==2,

Moxuo patb u Takoe ofbsicHenue storo (axrta. Ecim
NPeiNoJIOKHTb, YTO BCe ONpelesHTeIH BTOPOro Mopsjxa, no-
poxpeHHble MaTpuueit A—A;E, paBHB HYJIO, TO TOTAa H-BCE
onpefesMTe]H BTOPOrO NOPSAKA, MOPOXKIEHHbIE MaTtpuiei
A (A—MNE)A™%, rtakxe GynyT paBHH HYJTIO, TaK Kak 3STH
ONpejie/IUTeNId SBJSAIOTCA JIMHEHHBIMM KOMOHHALMAMH ompeje-
Jutenedl BToporo mnopsiika us marpunst A—AE. Ho storo ue
MoxeT ObITb, MO0 onpenenuTe]b, NOPOXKASHHBIR MaTpuleh
A(A—ME)A™Y, ‘

M—M 0
0 As— A #0.

Ecmu Tenepp A;=»A,5=1A;, TO, paccyxpaas aHaJOTUYHO,
noayuuM, yto paHr (A—AE)=1, u Torga cymecrsyer B TOU-
HOCTH JiBA OPTOHOPMHPOBAHHBEIX pellleHHs X!, X? cucTeMHl (3),
COOTBETCTBYIOIHUX Ag=A,.

Haxoneu, npu Ay=»A,=A\, 6yner paur (A—ME)=0, T.e.
BCe 9JIeMeHTHl MaTpuusl A—A,E . paBHBl Hymo. B aTom ciyuae
JIO00H BEKTOP X = (X, X,, X;) SABJSAETCSA PELIEHHEM CHCTEMBI (3).
D10 nNpUBOIMT K TOMY, uTO JioOhle TpH BeKTOpa X!, X2, X%,
o6pasyolieé OpPTOHOPMHPOBAHHYIO CHCTeMY, OyayT coOCTBEH-
x-)i:nvxu}» BexngopaMH, NpPHHAJJIeKAIKMMH COOCTBEHHOMY 3HaYeHHIO

=M, =A;.

3ameTnM, 4TO B 3TOfl CHTyalMM KBaJpaTHuHas ¢opMa yxe
npuBefieHa K CyMMe KBaJIpaTOB (@, == Ay = Q3 =0, aj;=20a,, =
= g5 = My). ‘
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Mpumep 1. llpuBecTn K KaHOHWUECKOMY BHAY KBajpa-
TUIHY0 dopmMy
X7 0% 2xix, - 2xix, - 2x,%4.

31eCh Ay =0y, =0y =03 =0, =1, a,,=0. CocTaBum xa-
PAKTEPHCTHYECKOE YpAaBHEHHE:

1—-2 1 1

I 1—=A 1

1 1 —\

=0

WM
—A(1=2)24+2=2(1=A)4+21=0, —A(1—=2N2+31=0.
Jlerko BuneThb, uto A=0 sBIAETCS KOPHEM 3TOT'O YpaBHEHHS.
Hafinem nBa npyrux kopus:
3—(1—=1)2=0, (1—A1)2=3, 1—A==})3, a=1x)3.
Takum obpasom,

M=14V3, A,=0, A=1—}3,
T. €. Mbl NMOJAYYHIH caydails A; > A, > A,

" Haiinem coGcrBennbiii BekTop. &'. Qs sTOro cocraBuM
cacreMmy (3):

'_Vgxl‘]' x-z"" X3=-°0, 1
5=V 3%+ x, =0,
4+ x=—(4+V3)x=0.)

JlioOsle 1Ba ypaBHEHUs] STOH CHCTEMDb JIHHE(NO He3ABUCHMEL.
Pemas cucreMy 43 IByX NepBBIX ypaBHeHuil, rosyuaem

=1+V3x 14-‘;/3)(

xl 9 31 9 3°

Xy =

Takum oGpasom, BEeKTOp

1 3 1 3
y1=< +rV xga +c:/- xs’ xs)

2

SIBNIAETCA PELEHHEM CHCTEMBI H, HODPMHPYS €ro, MNONy4YdM
COGCTBEHHBIA BEKTOD

2 =( 14V 73 1+ V3 I )
W \eVa1 Vs’ 2V 3k V3 VatvVs

Xt=
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Haiinem x? (A,=0)

X%+ %=0,
X, +x,4+ x,=0,
% +x,4+0-x,=0.

Pemas cuctemy M3 ABYX MOC/MEXHHX YpaBHEHHil (TaK Kak oOl-
penennTesp 3 KO3GMHIMEHTOB NMpPH Xy H X3 HE PaBEH HYJIO),
NONY4HM X, = —X;, X3=0.

Bextop y?=(x;, —x;, 0) sABAseTCA pelIEHHEM CHCTEMHI,

a BEKTOp
x=-2 S ! 0
[v2( ye' Vo'
— cOGCTBEHHBI eJVHHYHEIT BEKTOp. JIerKo BHAETH, YTO OH
OpTOroHaNeH X' (CKaJsipHOE MpPOM3BeNeHHe STHX BEKTOPOB

paBHo Hymo). Hakonen, npu A;= 1—V/3 uaxomum, uto

, 1 1 1+V3 )
X' = = = - —————
Verevs Vetevs  Vereys
— TpeTuit cOGCTBEHHBIA BEKTOD.
OproronanbHas MaTpuma nepexojia OT KOOPAMHAT BEKTOPa
X =(%;, X, Xg) B cucteme (I, f, k) K KoopaMHaTaM BeKTOpa
x=(§;, &, &) B cucreme (x?, X2, x°) umeer Bup (cM. § 17,
15

x{l) x(21) x%l)
A=jx® xP x|
(3 (3 (3
X Xy X3

% =XV, + 4F, + xPE,,
X, = x(z"§1 + x(zngg + Xf”ﬁa, (6)
%=XV + xP8, + 5.
JlanHoe npeoGpasoBaHHe COXpaHsleT OpHEHTauMio (TaK Kak
|A]|=1>0), T.e cucrema (x*, X2, X°) OpHEHTHPOBaHa TaK
e, KaK ucxofHas cucrema (I, f, k).

[ToxcraBasiss B Hamy KBajgpaTWyHylo GOPMY BMECTO X, HX
3HaueHuss Mo ¢Qopmynam (6), nolyunM ee KaHOHHMYECKHH BHJ

(14+V3)E+(1—-V73)&.

OcraHoBumcs Teneps Jmub Ha Gosiee MOAPOOHOM M3yUeHHH
ypaBHEHHH U ONHCHIBAeMBIX HMH MOBepXHOCTeH, YKasaHHbBIX
Bhillle BOCBMH THIIOB.
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dnauncoun
\
a2+ +6‘2_] (a’ br C>O)' (7)

IMpn a=0b=c snmncoun (7) obpamaerca B chepy paau-
yca a ¢ LUEHTPOM B Hayajle KOOPAMHAT, T. €. I'eOMETPHYECKOe
MecTO TOUYeK, OTCTOSIMX OT Hayala Ha PacCTOSIHUH a.

Bemuuunbl a, b, ¢ Ha3HBAOTCS NOAYOCAMU 9AAUNCOUOA.

Ecim B ypaBHeHnn (7) 3amMeHMTb (ORHOBPEMEHHO HJH NO-
po3Hb) ¥ HA —X, Yy HA —Y, 2 HA —Z, TO OHO He Hu3Me-
HUTCSl,— STO MOKasbIBaeT, 4To sasuncoun (7) ecTb nosepx-
HOCTb, CHMMETPUYHAsl OTHOCHTENbHO KOOPAMHATHBIX IJIOCKO-
creft x=0, y=0, z=0 n Hayana koopaunar. [TosToMy nocra-
TOYHO USYYHTb ypaBHeHHe 3Juncoufa (7) B NepBOM OKTaHTE
(cucreMel KoopauHar), T.e. aaa x>0, y>=0, z>0. Yacts
S/UIIICOH/A, HAXOAAIASICH B NMEPBOM OKTaHTe, ONpeNesercs
fIBHBIM yPaBHEHHEM, Hanpmwep

Z““‘Cl/l‘—xg bz’ 0 y ’ 2+b3

Hna onpenenenHoctu GyneM cuutath, 4To az=bZ=>c. damn-
COHJ €CTh OrpaHuueHHasi MoBepXHOCTb. OH HaXOJWTCA BHYTPH
1mapa pajMyca a € IeHTPOM B Hayajie KOOpJAWHAT! AJS KOOp-
IMHAT JmoGOH TOYKH SJIMICOMia (X, Y, 2) UMeeT MeCTO Hepa-
BEHCTBO
Pl RN LR a’( = + b,-l— )—-a“-l =q?,
1)

Urobn cocTaBuTh OoNee TOYHOE MPeACTaB/eHHe 06 SJIIHM-
couje, NpousBelleM CeYEeHHS NJIOCKOCTSAMH, NapaielbHbIMH
KOOPAMHATHBIM TMJIOCKOCTSM. Hanpnmep, nepecekas 3JJIMICOHT,
IJIOCKOCTSAMU 2=Hh (-c <h< c), NOJIyYUM B CEYEHHH SJIJIHIICHI

Vh2
a” + b2 =l—z

/15, o)/ 1-E

Orciona BuAHO, 9TO caMblii GOMBILON 3/JIMIC MOJYYaeTcs B Ce-
YeHHH 9JUIMICOMAA NJocKocThlo z=0. AHa/jormuHas KapTHHa
6y,n,eT npn CEYEHUH MJIOCKOGTAMH Xx=h (—a<<h<Ca), y=h
(—b<<h <)), ,

Sn.nnncom (7) umeer BuA, H306paxeHHBI Ha pue. 43.

C MOJIyOoeaAMH
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Touku (=+a, 0, 0), (0, b, 0), (0, 0, +c¢) sexkar Ha s/mn-
conie (7) U HasLIBAIOTCS €0 BEPULUHAMU.

Ecnn kakue-nu60 [Be MOJNYQCH paBHBI MexJy co0oi, TO
aaauncou] (7) 6ynet aasuncoudom epaujerus, T.e. Moaydyaercs
OT BpAIUEHHS 3JIJIUNCA OTHOCHTENbHO COOTBETCTBYIOLICH OCH
KOOpPHHAT.

OnsHononocTHHH runepGoNoOUR

tx2 2 22

H—Z=1 (a b c>0). ©)

[To Buny ypaBHeHus (8) 3akJ/ioyaeM, 4TO OJHONOJIOCTHBIA
THIEPOOJIONA SIBJSETCS [OBEPXHOCTBIO, CHMMETPHYHOH OTHOCH-
TeJIbHO KOOPAMHATHBIX MVIOCKOCTel M Hayasna KoopanHat. Uucia
a, b, ¢ HasLIBAOTCS noayocamu 00HONOAOCMHO20 2unepboaouda.
Touxu (%a, 0,0), (0, £b, 0), re- z
XKamue Ha nosepxHocTH (8), Hasbl-
BAIOTCS BepUIUHAMU o;mono.nocmoro
runep6oJIoHa.

Puc. 43.

IMepeceuem nosepxHOCTH (8) MJIOGKOCTBIO 2 =H, TOTAA B Ce-
UeHHH MOJIYYHUM 3JUIHIC

xR 15
Fte=I+7

o) 1+5, Y 145,

[Tpu u3MeHeHHH A OT —oo 1O --0o 3TOT BAJHNG OIHMCHIBAET
nosepxHocthb (8).

Ecimu Temepb nepeceyb NOBepXHOCTH (8) MJIOCKOCTBIO X =Hh
(wm y=A~h), TO NOJAYYHM B CEUEHWH runepooJsy

y2 22 h? ( xZ 22 h2 )

C MOJIyoCsIMH

T AT T @ @A T®E
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Ilpn h=+-a nepsas runepGosa pacnajaercss Ha jABe MpsiMble
y= iT 2.

Ecnn |h|<<a, T0 peficTBHTENBHOH OCBIO CHMMETPHH COOT-
BeTCTBYIoLIel runep6osbl ABAAETCA NpsiMas, napaJsJesbHas ocH
Oy, a npu |h|> a—npamas, napajenbHas ocu Oz.

Heiicmeumensroil oceto cummempuy THIEPOOJBl Mbl Hasbl-
BaeM Ty H3 OCeH CHMMETpPHH, KOTOPYIO runeposia nepecekaer.

Econ a=>5, T0o noBepxHocTh (8) B CeUeHHM MJIOCKOCTAMHU
==h GyJleT uMeTh OKPYXKHOCTH pamiyca a )/ 1+ (h%/c?). [Tosepx-

HOCTb (8) B 3TOM C/lyuae oGpasyercsi OT BpalleHHsi runepGoJIbl
x2 22 .
'Ef_'c"?=] okosi0 ocl Oz. O6WHMA BHA OAHOIMOJOCTHOTO TH-
nep6ononfa usobpaked Ha puc. 44.

JdBynoaocTHHY runep6ogoun
x2 2 22
S—%—==1 (abc>0). ©)

Tar kak ypaBHeHue (9) CONEPXKHT TOJbKO KBaipaThl Me:
PEMEHHBIX, TO JaHHas MOBEPXHOCTb CHMMETPHYHA OTHOCHTEJBbHO
nJjockocted x=0, y=0, z=0 1 Hayana KOOpJIHMHAT.

YpaBhenue (9) sanumeM ele B BUIE

2 2 2
FtE=—1+5. 9

Orciona sicHo, YTO, mepecekas NoBepxXHOCTb (9') MAOCKOCTLIO
x=h (Jh|>=a), nonyyum B CEYeHHH 3JIHIC

2 2 h2
fri=—it
€ 1noJ1IyocsaMHu
bV R¥ad)—1, cV (h¥aj—1.

Npu |h]|<a uucno ‘(h¥/a?)—1< 0, 1 MOSTOMY HET TOUEK
nepeceuenusi nosepxHocTd (9') M nJOCKOCcTH X =Hh.

ITpu ceuenun mosepxuoct (9) mJockocTsamu z2=h (y=~h)
noJiyyuM runep6oJisl
x% y‘l h2 x2 22 h?
F—p=l+e (F—F=1+%)
Touxn (=a, 0, 0) nexxkar Ha nmoBepxHocTH (9) M HasbiBa-

10TCA GepuiuHamy 08ynoarocmiozo eunepboaouda. IloBepXHOCTD
(9) usobpaxkeHa Ha puc. 45.



§25. TIOBEPXHOCTb BTOPOrO TMOPAAKA 159

dQanuntHueckuit mapabosoun
2 2
Z+L=2 (p,¢>0. (10)

Tak xax B (10) npuCYTCTBYIOT KBajpaTil NEPCMENHBIX ¥
M Y, TO JaHHas MOBEPXHOCTH CHMMETPHUYHA OTHOCHTEMBHO K-
OpAMHATHBIX nJocKocTedl x==0, y=0. [laree, Tax rag mu
cuuraeMm p, ¢ >0, to mosepxHocTb (10)
pacrmoJsioxkeHa B noaynpocrpaHctee 2 2= 0,

[Tepecekas moeepxHocts (10) niockoc-
™aMu 2=h (h==0), 8 ceuenun Oyaem no-
JIy4aTh 3JJIUICHI

x2 yﬁ_
p+a-

C NOJyOCAMH
Vaph, Vg

[Tpy wu3meHeHuu h OT HyJs 4O oo JIaH-
Hble 3JUIMIICHI ONWCHIBAIOT Hallly NOBepX-
Hocth (10). ‘

[lepecekas nosepxHocth (10) mnoc.
KOCTAMH x=~h (W y=h), MBI NMOJYUHM
B ceyeHuu napabosbl

y“—?q(z—%’.) (X”—2p(z—;—;)) Puc, 45,

o " 52 2
CO CMEIIEHHOW BEPHIMHOH B TOYKE 2Z2= 2ip- (2 = T,;‘T ) .

IIpn p=g¢q noaepxnocn, (10) Gyzmer OBEPXHOCTLIO Bpa-
LIeHHs, NONyYaroweicss OT BpaleHnst napadosl x2 = 2pz OKOJIO
ocd Oz. B stom cnyuyae nosepxHocts (10) HasmBawoT napa-
6os0u00M BpALEHUA.

Touka (0, 0, 0) nexxur Ha mosepxHoctH (10).n HasbiBaeTcs
8epuLuHoll saaunmuueckoeo napaborouda. NIMOTHUECKHA napa-
GoJsionn, u3obpakeH Ha pHe. 46.

Fnnep6onuueckuit mapaGosoupg .

Z—L-2 (pg>0, (11

ITo Bupy ypaeuenus (11) sak/ouaem, 4To JaHHAsA MOBEpX-
HOCTb CHMMETPHYHA OTHOCHTEJIbHO mJjockocteit x=0, y=0.
Ilepecekass moeepxHocTh (11) muockoctsiMu z=Hh, Mel GyneMm
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noJIiy4atb B €€4€HHH runepﬁo.nbr

2 2
p q

npuuem npu h > 0 neficTBHTe IbHAS OCh CHMMETPHH TUnepGosbl
Gyzer napaaseapHod ocu Ox, a npu h < 0—ocu Oy. Ilpu
h==0 B ceuennn GyNyT NBe NepeceKalol[Hecs MpsMHE.

[Tpyu eewennmn nosepxuoetu (11) nnockoersmu x=h wm
y==h, nomyuuM napaGoJiLl, HanpaBJeHHbIE BETBAMH BHHS HJIH
BBEpX!

L B g,
ql=_z p, p—-22+qa

Mosepxnoats (11) usoGpaxkena na pue. 47,
Konye BTOporo nmopsanka

BB =0 (a b c>0) (12)

$leHo, 9TO JlaHHasl TOBEPXHOCTh CHMMETPHUHA OTHOGCHTEJLHO
nnockoerelt x=0, y=0, z=0 u Hayana KOOpAWHAT.

Z

i
|
|
/

/

/

v ¥

Zz
Puec. 46, Puc, 47,

Ilpu ceuenun mosepxHoeTH (12) moekoeTsmu z==h Gyrem
NoJIyuaTh SJIJIHICH
xﬂ lyﬁ hﬁ
ETRETSE

¢ moayocsamu ahlic n b|hjje.
Ecsm e mepecekaTbh MOBEPXHOGTH (12) mioGKOGTAMH X ==F
WM y=Hh, TO B CEYEHHH MOJYYHM FHnepGoJILl
!2 y‘} h3 ( 22 x2 h? )..

TR @\ a5
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Fcin Ttenepp nepecekats (12) niockoersmu y=hx, TO
B CEUEHMH MOJYUMM Mapy MNepeceKalomHXcs MPAMbIX

2= = cxV/ (1/a®) + (W[ DP).

Bun konyca usobpaikeH Ha pue. 48.
Touka

KByt 2=0, (13)

¥Ypaeuenno (13) yzoBseTBOpSieT TOMBKO ONHA TOUKA X = y==
=2=0U.
IlunvuHApH BTOPOTrO NOPSANK a. .
a) daaAuUNTHYECKHH DUJTUHAP

T+8=1 @b>0. (14)

VYpasuenve (14) ne conepxkut nepemeHHo# z. Ha niockocru
x0y ypaBHeue (14) onmpepensier snjune o noyocsiMi a u b.
z Ecnu TOoYKa (X, y) JMeXUT Ha STOM 5J-
Jmnce, TO npH JoGoM z Touka (X, Yy, 2)
nexxur Ha nosepxHoctd (14). CoBokyn-

z

Puc. 48, Puc, 49.

HOCTb TaKMX TOYEK eCTb IIOBEPXHOCTb, ONHCAHHAs MNpSIMOH,
napamiesbHol ocu Oz u nepecekaromeﬁ 9JLIIHIIC

N

B IJockoctH x0Oy.

Oamnc (14) HasbBAOT Hanpasisroweld aunueld JAHHOM
NIOBEPXHOCTH, @ BCe BO3MOXKHBIE NOJIOXKEHHSI YKA3aHHOH IBH-
Kywedca npamoi —obpasyouumnu.

Boofuie nosepxHOCTb, omuchiBaeMas NMpAMOH, ocTaioiieics
napajjeJbHOH HEKOTOPOMY 3aJlaHHOMY HampaBJIeHHIO H Iepe-
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cekaouled JAaHHYIO JHHMIO L, HaswiBaeTcs YuaunHOpuueckod.
[ToBepxHocTb (14) usobpaxkena Ha puc. 49.
6) Tunep6oauueckuit u mapaGoauYeCcKU# uH-
JHUHADH
xz
o

—L=1 (@ b>0), (15)

y*=2px (p>0). (16)

B nanHOM cnyyae HanmpaB/SIOLHMH JMHHAMH MOBepXHOCTEH
sBAAoTCs runepbosia u nmapabosa, a 06pa3ylOUUMH — NPAMbIE,
napainenbibie ocd Oz H Mpoxoasuiye uyepe3 runeptonay Wi

N

Puc. 50. Puc. 51,

napa6oay B maockoctd xOy. IloBepxnoctu (15) u (16) uso-
Gpakenbl Ha puc. 50 u 5l1.

B) [TapaannenbHble W NmepeceKalomuecs mnJao-
ckocTHu. [lpamas.

axr—b*y2r=0 (a, b>0), 17
#—a?=0 (a>0), (18)
22=0, (19)

x4 y2=0. (20)

Jana nosepxnoctd (17) HanpaBaAOWMMH  SIBJASIOTCA Mps-
MbI€ JIHHHH

Y=+ %

[Tosromy noBepxHocTe (17) ecTh mapa mnepecekarouxcs Mjo-
cxocrefl. B ypasuenun nosepxuocrteit (18) u (19) otcyrcTByior
no nBe KcopuuHatel. YpapHenue (18) B mnockoctn xOy ecThb
napa npsaMbx x= -4 a.

Ecmn mui 6ynem 6path x=--a u Jwobble ¥y H 2z, TO TOUKH
(%a, y, z) 6ynyr ynosaerBopsth ypaBHenwo (18), mostomy
nosepxHocTh (18) ecTh mapa napaienbHbIX MJIOCKOCTEH,
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Ypasuenne (19) onuchiBaer nmiockocTs X0y, Tak Kak 3TOMY
YPaBHEHMIO YJOBJETBOPSIOT JOOble TOYKH BuAa (X, y, 0), Bece
MHOKECTBO KOTOPLIX H COCTaBJsieT MJIOCKOCTb xOy.

MoxHO Takxe paccmatpuBaTh 2=0 KaK HampaBJsoLLYIO
B Kako#-mbo u3 miockocteit xOz uwmi yOz, a o6pasyomumu
ABJIAIOTCA NpAMbie, Napajenbuble ocd Oy wmm oct Ox W npo-
xoasunue gepes npsmyro z2=0.

YpaBreHuto (20) ynoierBopsieT Jobas Touka ¢ x =y =0
W mobem z. Tlostomy (20) msoOpaxaeT npsMyio, a HMEHHO,
ocb Oz.

JluHefiuaThe MOBEPXHOCTH.

HekoToprle noBepxHOCTH BTOPOro mnopsiaka 0Gpa30BaHbI
nBixkeHHeM npavMod. Takumu ABJAAIOTCA BCe LIUWJIMHIPHYECKHE
NOBEPXHOCTH M KOHYC BTOporo mnopsaka. OmHako umeioTcs
U Jpyrue MOBEPXHOCTH, KOTOPhIe TaKxkKe oOpasyloTcs IBHIKe-
HHeM NpsMOH.

[ToBepxHocTb, 0Opa3oBaHHAs [BIDKEHHEM IIPSIMOfi, Ha3bl-
BaeTCA AuHeiuamoll, a LENHKOM Jexallye Ha Hell npsiMble —
npsAMONUHELHbLMU 00paSYIOUUMY.

K JiMHefiyaTblM TOBEPXHOCTAM OTHOCSTCA OJHOIOJOCTHBLIT
runepGosions u runepboJiueckuit nmapabosoun,.

YpaBHenue oxHonosiocTHoro runep6osonaa (8) MOKHO 3a-
nucath B BHUJE

x2 22 1 Y

a2 b

HWJIH, pasJjaras JieByl0 H IpaByl0 4YaCcTH Ha MHOXKHTEJH, IIo-

B L O [

CocraBuM CHCTEMY YypaBHEeHHH NepBOH CTeNeHH:
@2

rie k—TpOU3BOJIbHEIH Iapamerp..

[Tpn onpeneneHHOM SHAaYeHHMH 3TOrO napameTpa k Mbl mmo-
JyunM TPSIMYIO JIMHHIO, @ TPH H3MeHEeHUH k—cemelicneo nps-
moix. Ecniu MBI TepeMHOXKHM ypaBHeHuA (22) mouJieHHO, TO
noayuyuM ypasHenue (21) Hamwe#t noBepxHoctH. ITosTomy JoGas
TOuKa (X, Y, 2), YIOBJIETBOPsiomas cucTeMe (22), HAXOAUTCA Ha
noBepxHoctH (21). CrnefoBarenbHO, KaxAas M3 NpPSMbIX ceMeH-
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cTBa (22) meNMKOM JIEXXHT Ha IOBEPXHOCTH OJHOIOJOCTHOIO
runepGoJIouza.
CoBepILeHHO aHAJOrHYHO CHCTEMa

sre=i(i=). )
s-i-4(1+4). ) ‘23’

rae l—mnapameTp, TaKkxe oOnNpeje/seT CeMeHCTBO NpPSMBIX,
OTJHYHOE OT ceMeficTBa (22), npHHa/Iexaliee noBepxHocTH (21).

Uepes KaxAyilo TOUKY rumepGosonsa (21) mpoxoaur mno

OJLHOH NpsIMOH KaXKJoro cemeficTBa, BOOOIIE INPH Pa3MHYHBIX

. 3HaueHHsiX mapamerpoB k u [ (puc. 52).
Hanpumep, uwepes Touky ( ]/%a,
—l—/2—2—b, c) noeepxHoctd (21) ‘npoxoaur
npamas (22) npu k=2 +V6)/(2 +
+V 2) u npamaa (23) npu I =(2 +
+V6)[(2—V"2).

OrMeTHM, YTO OJHONOJIOCTHBIE TH-
nepGoJ/IOHAB! HAULIM NPUMEHEHHE B NPaK-
THKe cTpouTe/bcTBa. CoopyKeHue pas-
JIHYHBIX BBICOTHBIX GallieH C HCI0/1b30Ba-
HHeM NPSMOJIMHeHHEIX 06pasylolyx ofi-
HOIOJIOCTHOTO THNepGO/IONAa COYETaeT
B cefe NPOYHOCTb KOHCTPYKIHH C pOcC-
, TOTOH ee wucnosiHeHusi. HMies wucnosb-
30BaHHsl OJHOINOJOCTHOrO runep6osionia B CTPOHTE/IbCTBE
[pUHAJJIEIKUT HalleMy COOTedeCTBeHHHMKY MHxKeHepy B. I'. Ily-
xoBy (1853—1939). ITo mpoekty IlllyxoBa nocrpoeHa TesieBH-
sioHHas OawHsi Ha UlaGonoBke B r. MockBe, OHa COCTOHT U3
CEKIMH ORHOMOJIOCTHBIX TUnepGOJIOHIOB BpAIlEHHS.

Jlerko yGezutbcs, uTO IBa ceMeHCTBa MpSIMBIX

v ] 24
V?—VE__?’
x— +"—y_—-=_»
V;‘p qu J (25

=2z -
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00pasyloT MOBepPXHOCTb  rumepGo/uyeckoro  mapaGosouna
1. ‘ :

[Tpsambie, cootBeTcTBYIOMmMME ceMeficTBaM (24) u (25), Jexar
Ha 9TOM MOBEPXHOCTH H, 0OpaTHO, Jiobas TOYkKa ITOH MOBepX-
HOCTH €CTb TIepeceyeHHe HEKOTOPOH npsaAMoH cemefictBa (24)
¢ HeKoTOpo# mpsiMoll cemelicTBa (25).

§ 26. O6was Teopus: MOBEPXHOCTH BTOPOTO MOPALKA
B . TPEXMEPHOM NPOCTPAHCTBE

n}’CTb 3ajJaHa l'IOBerHOCTb BTOpOI‘O nopam&a
3 3 3
kzl ,_21 QXX+ 2 g}l Ax,+B=0, )

rle a,,=a,,A;, B—nocrosHHble YHCJIa— KOIDPUUHUEHTH
ypaBHeH#us.

B § 25 6bw10 nepeunc/eHo BoceMb BHAOB 1) — 8) (uacTHBIX
cnyuaeB) ypaBHeHus (1) u Gbl1a OTMeueHa BO3MOXKHOCTh JIOKa-
3aTeJbCTBAa TOrO, YTO JUlId KaXJAO0ro JaHHOro ypasHeHus (1),
€CJIH OHO He ONpejesisieT MHUMYIO NOBEPXHOCTb, MOXKHO HalTH
NPSMOYTOJIbHYIO CHCTEMY KOODAHMHAT, B KOTOPOH 3TO ypaBHe-
HHe MMeeT ONMH M3 YKa3aHHRIX BHIOB.

Hike naetcsi okasaTesbCTBO 3TOrO YTBEPMKAEHHUS.

Mbl HauuHaeM € TOro, YTO PpaccMaTpHBaeM KBaJpaTHYHYIO
¢dopMy, ¢urypupyomyo B JeBoH yactd ypasHenus (1).

Ha ocnoBanuu TeopeMmel 2 § 22 31y ¢opMy MOKHO NpH-
BeCTH NPH NOMOINH COOTBETCTBYIOIIETO OPTOrOHAJIbLHOIO IIpe-
00pa3oBaHus

3
Xp= sgl Bisxe (i=1,2,3) @
K C/efyloueMy BHIY:
3 3
1231 IZ‘] QXX = M2 4 A2 4 Ay 32,

rae A, A,, A;—onpenejeHHsle NeACTBATE/NbHBIE YHC/IA.

[NoauepxkHeM, YTO paBeHCTBAa (2) onpeje/soT npeobpaso-
BaHHe HCXOJHOM MPSMOYTOJIbHOH CHUCTeMbl KOOPAMHAT Xy, X5, X4
K HEeKOTOpOH Jpyrofi NpPSAMOYTOJbHOH CHCTEME Xp, X, X;.
Touka, uUMerolasi KOOPAHHATH (X, X,, X) B HCXOJHOH cHCTEMe,
B HOBOH CHCTEME HMEeT KOOPIMHATH (X7, X, X3), [OJydaeMble
NOCPEACTBOM OGpalIeHHs onepauud (2).
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B HOBOH npsMOYroJbHOH CHCTEME Hallla MOBEPXHOCTb HMEET,
OUEBHJIHO, ypaBHEHHe

3
Ayx}? e Ay - Ay xi? 4+ 2 ’g}l Aixi 4 B=0, )

rae A,—HeKOTOphble MOCTOSIHHbIE YHCJa.

PaccmoTpuM cHadasa cayua#, KOrja Bce TPH YHC/A Ay, Ay, Ay
oT/M4Hbl oT Hyas (A; =0, i=1, 2, 3).

B sTOM enyuae mepeHeceM CHUCTEMY KOOPAMHAT Xj, X, X3
TaK, 4To0bl ee HayalbHas TOUKa Mepella B TOUKY (a;, Q,, Q);
TOrZA@ MOJYYHM BTOPYIO NPAMOYTOJbHYIO CHCTEMY KOODAMHAT
gi: Ez’ Eai rae

Ki=a,48 (=1, 2, 3).

B Hell ypaBHeHue Haulell NMOBEPXHOCTH HMeeT BUJ
9"1‘ (al "I’ §1)2 + }Vz (az + gz)2 + }"s (as + §3)2 +
3
+ 2 kgl Ak (@y+E)+B=0
HJH

3
MET A MBS AE -2 g‘ (a4 A)E + B, =0,

rae B;—mnekoTopas KoHcTauta. Ecau nonoxurts
AI

a,=—ri (=1, 2, 3),
TO 3TO SzpaBHerme yIPOCTUTCS:
AE +AE+AE =—B;. 4)

ITpeanonoxuM, uro uyucna Aj, A,, A, OXMHAKOBOTO 3HakKa.
Ecmu npu atom B; =0, 10 ypaBHeHnuio (4) yaos/eTBOpseT
ealégcmeeuﬂaﬂ mouka, uMeHHO HyJeBasi Touka (0, 0, 0) (cm. 7)
).
] Ecmu B;==0 u uMeer 3HaK 4uces Mg, A,, Ay, TO, OUEBHEHO,
HET TOYEK C AeHCTBHTEJbHBIMH KOODIHHATaMH, YIOBJIETBOPSIiO-
wux ypaBHeHuo (4). B atoM cayuae nogepxrocme (1) muumast.
Ecnu xe B;==0 u nMeer 3HaK, IPOTHBOMOJIOKHBII 3HAKY
umees A, A, Ay, TO ypaBHeHHe (4) MOXKHO 3amicaTb B BHje
& £ £
A A Ts

L
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ny, rnoJiaras

Bg B, Bg
t= 2L pp_DBs e Ds
a e b P c 7’

B BUIE
+ + —-l (a, b, ¢>0).

2TaKuM o6pa30M, nosepxHocTb (1) ectb saauncoud (cm. 1)
§ 25).

Ilycts Tenepp nBa u3 uucen Ay, A,, A; MMEIOT OIMH 3HaK,
a TpeTbe — NPOTHBOMOJIOXKHbEIA UM SHaK.

Ecmn npu stom B; =0, To MOXHO cunTath B ypaBHeHHH (4),
yto A; >0, A, >0, ?» <0 yMHOXasn (4), ecJM 3TO HYXKHO,
Ha —1 7 nepeCTaBJmn, eclu 3T0 HyxkHO, MecTamu §,. Toraa,
N0JIOKHB

1 1 1
}\r«l'=_-' 9\«5’——:-”—2, Ka-——-'-—-.— (a, b, 0>0),

72 2
NOJIyYHM ypaBHeHHE rco;-tyca (CM 6) § 25)
53

Ipu B;=~0 Bocnosnb3yemcs cHoBa ¢topmysoii (5). Buizenum
IBa CYyLlECTBEHHO pa3JIMYHBIX CJy4as:

————-@——1 (oBHononroemuoii eunepbosoud 2) § 25),
4 3 2
%—%—T}-—I (Gsynosocmneul eunep6osoud 3) § 25).

K sruM aBy™M caydasM CBOAATCA M OCTalbHEE CJydyau
nyTeM COOTBETCTBYIOLIEHA 3aMeHbl KOOPAMHAT §;.

Iyctp Temepp A=AjAsh;=0. Toraa no kpaiineit Mepe
OIHO W3 yucesa A, 7»3, A, paBHO Hymo. Byaem cuutatb, uto
A, =0, MOMEHsB, €C/IH HYXHO, MecTamH §,.

l/ITaK, nyctb Ay =0. Brgemum chavana ciaydadl, Korga
A;=0. Torma ypaBuenue (3) uMeeT BHI

Axy” A Agxy +2 (Ajx; 4 Ax)) + B=0,

rie yuena Ag, A, A;, A;, B Moryt ObTb MOOBIMH.

B mnockoct (x], x;) 3TO ecTh ofllee ypaBHeHHe KPHUBOA
BTOPOro nopsiika. B mpocTpaHCTBe (X, Xz, X3) €My COOTBET-
CTBYET ypasrerue yurundpuyeckoi nosepxrocmu (cM. 8) § 25),
NPOXOAALIEH Yepe3 naocKyio Kpusyro. 6mopoeo nopadka ¢ obpa-
syiollel, napamieipHol ocd X5 (cM. 8) § 25).
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Janee Mbl 6j/z1eM Bcerga cuurath, yto A;#%=0 u A3 =0,
H TOrja ypaBHeHHe (3) HMeeT BHJ

Mx? - 245%0) + (Mo, + 24,x;) +2 A6+ B=0. (3')

CylecTBeHHO pPas/MYHBIMA CJY4asMH SBJISIOTCA CJeAylo-
mue: a) A, A, >0; 6) A; >0, A3<0; B) A;>0;5 A,=0.
Jpyrue ciyyau cBOASATCS K HUM 3aMEHOM KOODJVMHAT HJIM YMHO-
keHueM Ha —I1.

PaccmatpuBaem cayualt a) A, Az > 0. BeiHecem 3a ckoOku
MHOXHTENH A; U A, U HONOJIHMM BBIPa)keHHs] B 3THX CKOOKax
JO TOJIHBIX KBanpa'ros Torpa nomyuum, yuuTeIBasi, 4TO Ay,
A,, A, OTIMUHBI OT HyJSf,

A (%7 )+ Ag (x4 B)* + 245 (x5 + ) =
rie @, B, y—cooTBeTCTBylomMe uucia. Ilonaras

E=x4+2, n=x4+pB l=x+7

noJTy4uM
ME A= —2A5]
WIH
2
A — + =2 6)
3
N "Tz

Ec.r;u —-ZA;> 0, To ypaBHenue (6) umeer BHI
%+%=2; (9aaunmuveckuti napaboaoud 4) § 25) (7)
(p, > 0).

Ecmu ke — A; < 0, To 3aMeHssa { Ha — &, MBI CHOBa mO-
Jyuum ypasteHue Bua (7), T. e. saraunmuveckud napa6onoud.

PaccmotpuM Tenepb cayuyait 6) A; >0, A; <0 (A4;%0).
Bocnonb3ayemcsi ypaBHenuem (6). Ecm A; < 0 TO 3TO ypaB-
HEHHe 3anKChIBAaeTCs B BHIE

-51—-"——2{, (eunepboauveckuti napaboaoud cm. 5) § 25) (8)

(p, 4> 0).

Ecin xe A; >0, To mocie 3aMeHBl MecTaMH § W 1) CHOBa
noJyuuM ypasHeHve Buaa (8), T. e. eunepboauueckuli napa-
6040ud.

[Tepexoaum Tenepb K caysao B) A; >0, A;=0 (4;70).
Torna ypaBrenue (3') cBomuTcs K c.ne):lylom,emy

(Ax® + 241x7) 42 (Ax; + Agxs) + B=0.
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BriHocs 3a nepBble CKOOKH Aq, IOTOMHSAS BHIPAXKEHHE B STHX
cKoOKax 10 MOJHOrO KBajpara (Y4uThIBaf, 4to A;, A;=40),

[OJTyYHM
M (6] @) 4 245, + 245 (%, +B) =0,
rae o, B—Hekotopble yucia. Ilocae 3amennl
E=x+a, Tl'—'-”xé, §=x-;+ﬁ»

3TO ypaBHEHHE NPEBPATHTCA B CJeAyloulee:

ME 42 (A + AL) =0. ©®

Paccmotpum B miockoctH (M, {) BekTop o= (43, Aj).

3anuiueM ero B Buie

(4;, A)=p (cosa, sina),
rae p >0—nmHa @, a (cosa, sino)-—eIMHHYHEIH BeKTOp,
HanpasJIeHHbIH B cTOpPoHYy ®. JIpyro#t BekTop (sina, — cosa)

TOXKEe eIMHHUHBIA H NepneHIUKYJAspeH K NepBOMY.
Beenem B myiockocTH (1, {) OpTOroHa/ibHOEe npeoGpasoBaHue

u=mncosa-+t+{sina, v=mnsina—cosa.
DTHM npAMOYyrosbHas CHCTEMa KOOPAWHAT 1), { 3aMmeHsercs
Ha NPAMOYTOJILHYIO CHCTeMY KOOpDJIMHAT «, U, a NPSIMOYTOJlb-
Has cucTeMa KoopauHar &, 1, { 3aMeHsieTcsl Ha NPSIMOYIO/ib-

HYIO cucTeMy koopauHar §, u, v. B pesysbrare ypasuenue (9),
KOTOPOE MOXKeT OBITh 3aNHCaHO TaK:

AE2+2p mcosa+Esina)=0,
OpUHUMAEeT CJIeAYIOWMH BHII
AE2420u=0,
WM MEHAS U Ha — u,
E=2pu (p=p/A;>0),
WM HAaKOHell, MeHss MecTam & M u,
w=2p% (p>0),

T. €. Mbl MHONYUWIH YpasHenue napaboiuteckozo yusunopa
(8 mpsMOyrosbHbIX KoopauHatax (§, u, v)).

Mbl paccMoTpesu Bce caydad, MOTYIME HMETb MECTO AJisl
ypaBHeHus (1), ¥ B KaXJIOM M3 HUX HAUUIM MPSIMOYTOJBHYIO
CHCTEMY KOODJHMHAT, B KOTOpOH ypaBueHne (1) umeeT ojauH u3
BHIOB 1) —8) § 25. YTBepxieHHe KOKasaHO.
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§ 27. NMaockocts B R,

27.1. O6mue paccmoTpenns. B § 6 mMu ycmonuanch
Ha3bIBaTb TOYKOH WJH BEKTOPOM A-MEPHOro MPOCTPaHCTBa R,
cHcTeMy uyucea (Xy, ..., X,) W 0003HauaTh GyKBOH X:

x=(xf, oo vy xn).

Uncna X, HasbiBAJHCh KOOPAMHATAMH TOUKH (BEKTOpa) WM
KOMNOHEHTaMH BEKTOpa X.

B § 7 mb onpenennan oTpesok [x°, ¥°], coeauHsiomui
104KH

X=X veey 83), ¥ =(4 «evy Yo

KaK MHOMECTBO TOYeK X € R,, KOTOpbHle MOXHO NpelCTaBHTDb
C NOMOILLBIO PaBEHCTBA

x=ix"py" (=0, p=0, A4p=1).

Toukn X', ¥ Ha3pIBAlOTCH KOHLAMM OTpe3ka [x°, ¥"]. Bynem
HasbIBaTh X' HauaabHol moukoldl ompeska [x° y°], a y"—ero
Koneuroti mouxol. Toraa MoXHO cuntath, 4to [X°, ¥'] ecTb
KanpaBJieHHbHI OTPe30K ¢ HauafAbHOH TOYKOR X" ¥ KOHeyHOH
TOuKOH Y°.

Kak B ciiyyae TpexMepHOTO MPOCTPAHCTBA, HANPABAEHHbILL-
ompesox [x°, ¥°] 6ydem cuumame pasHoim eexmopy

Y'—=& =l—%, ooy Yo—x)
Ecmu K BekTopam X", ¥" npnb6aBuTh NPOH3BOJbHLIA BEKTOP
a=(al‘, ey a,,),
TO MOJYYHM BEKTOPHI
x¥'=x'ta, y'=y'+a,
A1 KOTOPHIX, OUYEBH]HO,
y'._xi =yn_x“.

D10 nNOKasbBaeT, 4TO TOUKH X' =x"+4a, ¥y =y'+4qa,
KakoB Obl HH Obl]l BEKTOD @, ONPENeJsiOT ONMH U TOT Xe
BEKTOp, paBHbIH §°'—x".

Hanpasnesubi# orpesok [0, x], Hauano KOTOpOro ecthb
HyneBas Touka 0, a KOHeL—TOYKAa X, HAsBIBAIOT paduyc-
6EKMOPOM MOUKU X.

Hrak, ‘

x=(x,-, oy x,,)
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eCTb TOuYKa R,, X TaKXKe ecTb PajHyc-BEKTOD TOUKH X, T. e.
Harnpas/eHHbI 0Tpesok [0, X] W, HakoHel X MOXeT 0GO3Ha-
yaTh BEKTOp, onpeleJ/iseMbld JOObIM OTpe3koM [X°, ¥°], ans
KoToporo y'—x’=wx. .
[Ipumep 1. Hanpasnennwie orpesku [£*, y'], [x% ¥%],
rae
x'=(0,0, ...,0), yr=(,1, ..., 1),
x2=(3a 3a '-°13); )’2=(4, 4r‘ oy 4)

paBHEl ofnoMy M ToMy XKe Bektopy a=(1, 1, ..., D).

27.2. TlnoekocThb B R,. 3aganuM n AefiCTBUTENbHBIX
uncen Ay, ..., A,, ONHOBDEMEHNO He paBHBIX HYJ/O, T. €.
TaKHX, YTO BBINOJHAETCS HEPABEHCTBO

g{ Ar>0.

3anaguM Takxke eHCTBHTeJbHOE YHesao B.
[To onpenefeHHio reoMeTpHUECKOE MECTO TOYEK X =
= (X{, +++» X,), YAOBJETBOPSIOWHX YPABHEHHUIO

,§_A,x,+8=0, (M

HasblBaeTca naocKocmeto, a ypasHenue (1) HasmBaetcs ypas-
Hexuem 3TON nAoCKoCmU.

Bynmem ewe roBoputh! mnockocts (1) BMECTO TOro, 4TOGH
FOBOPUTh: IJIOCKOCTh, ompejensieMas ypasHeHueM (1).

Ilpu n=3 naockoctb (1) ecTb peanbHas MJIOCKOCTB..

Ecau ymHOXuTb ypaBHenue (1) Ha mpoM3BOJIBHOE UHC/IO
M =0, To nosyuuM ypasHeHHe

21 Ax,+B'=0 (A/=MA4, (j=1, ..., n), B'=MB),
1=
1)

sKBUBaNeHTHOe ypasHemio (1).
Takum obpasom, ypasuenus (1) u (1') ompenensiotr onHo
¥ TO K€ PEeOMETPHYECKOE MeCTO TOUeK. YuTeM elle, YTO

n n
2 (A =M 3 A7 >0.
i= =

Ho torpa ypasuenuss (1) u (1') cyTb ypaBHeHHA OJHOH
U TOA e MJOCKOCTH.



172 §27. TUIOCKOCTb B Ry
Cucremy uucen A;, ..., A, yI0O6HO MBICIUTb KaK BEKTOD
A=(4,, ..., 4).

Sror BEKTOp 3aB€IOMO HeHleeBOﬁ, OTOMY 4TO €ro AIJiMHa

NOJIOXKHUTEJIbHA.
n
|A| =]/ 3 43> 0.
i=1

Kak wmbl oTMeuany Beiue, OYKBBI X = (Xj, ..., X,) 00o-
3HAQUalOT He TOJbKO TOYKH MPOCTpPaHCTBa R,, HO W pajauyc-
BeKTOpel Touek X. Ho Torma mneBylo uwacth ypaBuenus (1)
MOXKHO 8anucaTb KaK CKaJsapHOe INpou3BeJleHHe BeKTOpoB A
X

n .
Alxl"' Y +A"an 2 A]X/=(A, x),

i=1

a camo ypasHenue (1) samucaTth B BHze

(A4, x)+B=0. - )
SKBHBaJlgﬂTHoe ke eMy ypaBHenue (1’) sammimercs B BUAe
(A", %)+ B'=0, 2"

rae A'=MA, M0, B'=MB.

Takum o6pasoM, A’ ecTb BEKTOp, KOJJIMHEApHHI BeK-
Topy A, T. e. A’ nonyuaercs u3 BeKTOpa A YMHOXEHHEM €ro
Ha uucio M 5£0. Uucno B' Toxe noayuaercss u3 uucaa B
YMHOKEHUEM MOCJeJHero Ha 3TO XKe uucjao M.

27.3. YpaBHeHHEe NJOCKOCTH B HOPMAlNbHOM
Bune. Cpexn BekTOopoB A’ ocobbifi uHTEpeC mnpejcTaBiser
eJMHHYHBIH BEKTOp, T. €. BEKTOp, MMEoWHi AjuHy 1.

Yro6b nOJIyYHTh €ro, MHOXHTeb M Hamo mopobpath Tak,

n
yTo6bl OKa3atoch, uto | A'|=1 (]A’- [2= M3 ZA,*).
=1
Orciopa sicHO, 4TO
M =:|_-1/]/ S 4,
=1

Bynem uncio M Bcera BHIGHPATh Tak, YToGhI npu B=s£0
uuceJo p=— MB Obuio mosioxuresibHeiM. Ecoim B=0, To 3a
uncno M MoxkHO 6paTh M060€ M3 JABYX BO3SMOXHBIX €ro 3Ha-
YeHHuH. ’
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IMpu Takom BeiGope umena M BekTop A'==MA Gyner enu-
HUYHBIM, ¥ MBI €r0 0GO3HauMM uepe3 V== (Vy, ..., V,), T. €.

n n
v,=M4, (j=1, ..., n), i§[v§=Mzi§rA,?=l.

B cuny BBeieHHBIX 0603HaueHHH ypaBHeHHe (2°) sanuiercs:

n
PR ®

rje
n

vi=1l, p=0. 4)

Ypabuenue (3), rae uucia v, H p YAOBJETBOPSIOT YCJo-
BHAM (4), HasblBaeTCs YypasHenuem naockocmu 8 R, @ Hop-
ManrbHOM eude.

Ypasuenue (1), rze 4y, ..., 4,, B—1pou3BOJIbHEE YHCIIA,
HO uHcna A;, ..., A, OIHOBpEMEHHO He paBHBHI HYJIO, Ha-
3RIBAETCA YpasHEHUeMm naockocmu 6 R, @ obujem eude.

Mbl gokasam, uto Jio6oe ypaBHEHHE HJIOCKOCTH B OOLieM
BHJE MOXeT ObIThb NMpPHBEJEHO K HOPMAJ/bHOMY BHAY YMHOXe-
HHEM Ha onpejeseHHoe Bbie uucao M. Uncino M HasbiBaercs
HOPMUDYIOWUM MHONCUMENEM.

OueBunHO H o6paTHOE, €CM YMHOXHTb ypaBHEHHe IIOCKO-
.cTH (3) B HOpPMaJbHOM BHJE HAa INpPOH3BOJbHOE HE paBHOE
HYJIIO YHCJIO, TO MOJIYYMM €My SKBHBA/JEHTHOE ypaBHEHHe BHIa
(1), rae uncna A, onHOBpEMEHHO He PaBHbl HYJIO.

27.4. YpaBHeHHE NJOCKOCTH B BEKTOPHON
dopwme.

YpaepHeHue (3) MOXKHO elle 3anucaTh, OYEBHUJHO, B BHJE

(v, ¥)=p. 3"
Beenem B paccMOTpeHHe BEKTOp
a=pv=(pvy ..., pv,)=pMA.
Ipu p >0 OH HampaB/eH B CTOPOHY €IMHHYHOTO BEKTOpa
v U uMeeT JJMHY, PaBHYIO p: |@|=|pv|=p|v]=p.
Ecmn p=0, T0 a=0.
[Tomuoxum paBeHcTBo (3‘) Ha p >0 u yureM, uTO
pi=(pv, pv)i
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TOrja IOJIyuuM

(pv, %)= (pv, pv),
781148
(@, x)=(a, a).

YuuThiBasi CBOACTBA CKaJISIPHOTO NPOM3BEJEHHUS, NOC/e/Hee
PaBEeHCTBO MOXKHO 3amucatb B BHJE

(@, x—a)=0. ®)

OGpaTHbIMU pacCyXJeHHsAMH H3 (D) MOXHO CHOBa moJy-
anth (3’). DTO NOKasbiBaeT, YTO PaBEHCTBO (D) SKBHBAJEHTHO
ypaBHenuio myockoctd (1), T. e. ypaBHeHue (5) MOXHO CuH-
TaTb YpaBHEHHeM paccMaTpuBaeMoll Hamu nJockoctd (1). I'oso-
paT ewe, uto ypaBHeHue (D) ecTb ypasuenue naockocmu (1)

. 8 eexmoproll opme npu B0 (1. e. p>0).

Takum o6pasoM, mJIockKocTb (1) —3To reomeTpHueckoe MecTo
TOYEK X, KOTOphle YIOBJETBOPSIOT ypaBHeHHIO (5).

Ilycts Tenepr p=0 uau, uto BCe paBHO, B=0.

Torpa ypaBnenue (3') uMeer BHA

(v, x)=0. (5")

VpasHenne (5') u ectb ypaBHeHue mnsockocTH (1) B BekTOp-
Hoit ¢opme npu B=0. OHO BbIpaXkaeT, YTO MHOXECTBO BCEX
Touek miockocTd (1) coctour u3 Bcex Touek X € R,,, yAOBJeT-

n
opsiomux (5'), rae v=MA (M = il/l/z A?)—mo6oﬁ
i=1
U3 JBYX BO3MOXHBIX €IMHHYHEIX BEKTOPOB.
27.5. TeoMeTpuuecKkas MHTepHpeTauus ypas-
HeHHH. YCIOBHMCH TOBOPHUTB, YTO BEKTOP € OPTOTOHANEH

K oTpes3Ky [x°, ¥°], eci OH OpTOrOHa/leH K BEKTOpY y°—x°,
T. €. ecsH

(¢, y'—x)=0.

Bynem TakXke TOBOPHTb, YTO BEKTOP € OpPTOTOHAJEH
K TMJIOCKOCTH L, ec/iu OH OpTOroHaneH K JioGOMY OTpPesKy,
npuHajexauieMy L.

ITokaxeM, 4TO €C/M TOUKM X' M X? INpUHAJ/IEKAT MJIO-
ckoctH (5), To M OTpe3oK [, x?] mpuHajpexur 51Ol mJo-
CKoCTH. B camoM pese, mo yc/oBHio

(@, x*—a)=0, (a, x*—a)=0.
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Hanee, npousBosbHas TouKa X OTpesKa [x*, x*] Moxer GITh
samucaHa B BHJe

x=Ax'4+px? (A=0, p=0, A+p=1),
03TOMY

(@, x—a)=(a, A"+ px?—a) =
=(a, Ax*+px?*— A+ p)a)=
=(a, M(x*—a)+p(x*—a))=
=(a, M(x*—a))+ (@, p(x*—a))=
=A(@, ¥*—a)+p(@, x*—a)=»2-04-p-0=0.

Takum o6pasom, ¥ NpHHAIJMEXRHT mjaockocTH (5), a cle-
IOBaTeNIbHO, M Becb OTPe3oK [x!, x?] npuHamiexur stoft
MJIOCKOCTH. :

W3 ypaBuenus (5) BHAHO, YTO TOYKA @ NPHHAMJIEKHT
K 5TOH mJjocKoctH: (@, a—a)=(a, 0)=0.

B cuay BBIlIeCKa3aHHOrO MJI0CKOCTD (1) MOXKHO OnpenesuTh
KaK FeOMEeTPHUYECKOe MECTO TOYeK X € R, TakuX, 4TO pasHOCTh
X—a, TI¢ X—paJuyc-BeKTOP TOYKH X, OPTOrOHAJIbHA K
BEKTODY 4.

ITokazkeM ere, 4TO BEKTOP

A=(A1', ceey An)

OPTOTOHAJIEH K MJIOCKOCTH (5). ‘

B camom jpene, B cuay paBeHcTBa @ =pMA (p > 0) Bek-
TOp A KO/NHHeapeH BeKTOpPY @ M, CJeoBaTeJbHO, OH Op-
TOrOHaJIeH K JIIOGOMYy BEKTOPY X —@, IpHHaJJexalieMy
miaockoctd (5), T. e. OpTOroHaJieH K IJIOCKOCTH (5) MJH, 4TO
BCe paBHO, K mjockoctH (I).

Hrak, uncna A;, ..., A, B ypaBHenud mjockoctu (1)
HMEIOT reoMeTpHuecKuil cMmbici—BekTop A= (44 ..., 4,),
COCTaBJIEHHBIH U3 KO3(DOHIMEHTOB NPH X; ITOrO ypaBHEHHS,
optoroHaseH K mjockoctd (1).

Ecnmu p=0 wnmu, uro Bce paBHO, B =0, TOo paccMaTpH-
Baem ypasHeHne (5'), skBHBaseHTHoe ypaBHenuio (1). Ypas-
Henue (5’) BbIpaKaeT, UTO MHOXKECTBO BCEX TOYEK X MJIOCKOCTH
(1) cocToHT H3 TOYEK X, PafuyC-BEKTOpPHI KOTOPBIX OPTOro-
HaJIbHBL K BeKTOpy v=MA.

B stoM cayyae Bektop A= (4y, ..., A,), KONIHHEeaPHBIH
BEKTOPY Vv, CHOBa OpTOrOHaJeH K mnjockoctu (1).



176 § 27. TIJIOCKOCTb B R”

27.6. YpaBHeHHEe NJOCKOCTH, Nnpoxojsueif
yepes n TOYEK.
Teopewma, Ilycms 3adano n mouex

X1= (K veey Xn),
"= XLy e ey X))
onpederstouwyux mampuyy
=Xl Xe—X5 esr Xn—xp ,
Q—c-no»ouoﬁoooo.. (6)

x"--xl x"-axg ) xn'—xn

Toeda ecau pane Q pasen n—1 (panr Q=n-—1), mo
4epes YKA3AHHOIE N MOYEK MOJCHO NPOBECU NAOCKOCMb U
npumom eOUHCMBEHHYIO,

Ecau oce pane mampuyo Q menowe wem n—1 (paur:
Q < n—1), mo uepes ykasauHsie n mMo4ex MONHO NPOBECTU
GecKoreuroe MHOMCECMB0 NAOCKOCTel . _

HdorkasareanctBo. Ilycth panr Q=n—1.

YpaBHeHHEe HCKOMOH IJIOCKOCTH 3alHLIeM B BHJE

2A,x,+B =0, ()

j=1

Takr Kak 3Ta MJIOCKOCTb JIOJKHA NIPOXOAUTDL Yepe3 TOUKY xt,
TO JOJ/UKHO YJOBJIETBOPDATBHCA PaBE€HCTBO

l=21 Aix}+B=0, " (8)

Brruuran paBeHctBo (8) u3 paBeHcTsa (7), mOJy4yuM ypaB-
HeHHe

n
24 5—x)=0, ©)
crpaBeyiiBoe AJis1 BCEX TOYEK X HCKOMOH IIJIOCKOCTH.
Tak Kak TOYKH xz, weey X" NO/KHBI TNPpUHAAJEkKATD HCKO-

MOH TNJIOCKOCTH, TO HX KOOpAHHATHl NOJIKHBI YIOBJIETBOPSITh
ypaBHeHui0 (9), T. €, JOMKHBI BBIIONHATHCA PaBeHCTBa

24— =0,
(10)
24— =0
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Hrak uncma A, AOMmKHB OBITh PeLIEHUSMH OXHOPOJHOM
cucTeMbl, coctosiielt u3 pasenctBa (9) M pasencts (10), rae
X =(X;, +.., X,)—TPOHU3BOJIbHAS TOYKA HCKOMOH MJIOCKOCTH.
Ho uncma A, po/kHE! GBITH OJHOBPEMEHHO HE DaBHH HY.JIO.
[Tostomy onpepesnuTe]b OJHOPOJAHOH  CHCTEMBI JOJIKEH pap-
HATBCA HYJIIO:

1 1 1

X{— X1 . Xg=—X2 e0s Xp—Xn

2 1 2 1 2 1
X1 — X1 X2—xg ess Xn—2Xn =O (11)
LN D I I I I I N I

n 1 n ) n 1
X1=— X1 Xo—Xa sy Xn—2Xp

AN BCeX TOUEK X = (Xj, +.., X,) HCKOMOH IJIOCKOCTH,

YpaBhenue (11) B ecTb ypaBHEHHe HCKOMOH MJIOCKOCTH.
Ecnu onpeneiurens JeBoH 4acTH 9TOrO YPaBHEHHs! PasNOKHThb
N0 3JeMeHTaM NepBOH CTPOKH, TO MOJYYHM ypaBHeHHe Buza (9)
¢ Kodpduuuentamu A;, paBHbIMH onpenemutensM (n— 1)-ro
nopsaika, MNOPOXKJAaeMbIM Marpuuedi @ ¢ COOTBETCTBYIOMHM
aHakoM. [lo yc/oBHO cpenu 3THX ompejenauTesiell eCTb X0TH Gul
OJiUH, He DPAaBHBIH .HYJIO.

[TepBoe yTBEpKIEHHE TEOPEMBbl JOKa3aHO.

[yctb Tenepbr panr maTpuubl Q Menbime n—1 (panr Q <
< n—1). Toraa, paccyaas, KaK npexe, Mbl IPHAEM K TOMY,
uTo Jo0as TOYKa X MNJOCKOCTH, NMPOXOAdlleH uepe3 sajaHHbIe
n TOYEK, AOJIKHA YAOBJETBOPATh CHCTEME, COCTOsILIEH U3 ypaB-
Heuuss (9) u ypaBHennii (10) npH HEKOTOPHIX MOCTOSHHBIX

(9 ¢ o0y ne

! Tak kak panrQ<C{n—2, 10 cucrema (10) umeer Gecko-
HeyHoe yHucso pewenudi A;, ..., A,. Ilpn stoM mo kpakineit
mepe 1Ba u3 uucea A, nyctb A; u Az, MOryT GHITb JIOGHIMH
HE3aBHCHMBIMH JPYT OT APYra YHCJIaMH—HM MOXKHO NPHIaBaTh
Jrobble YUCJIOBLHIE 3HAYEHHS.

Ecan nmoacraButh HaijaeHHble umcaa A;, ..., A, Bypas-
Hente (9), TO pas/MYHBIM He NPOMOPIHOHANBHBIM MEXKAY COOOH
napam A;, A; GyAyT COOTBETCTBOBATb 3aBELOMO PAa3HhLIE MJIO-
CKOCTH, NMPOXOJslIYe uepe3 SaflaHHbIE N TOYEK.

BTopoe yTBepxkJeHHe TeopeMbl JNOKasaHO.

YpasHeHue (11) mMoxHO samHcaTb B opme

XP X3 evs X5 1

1° 1 1
X1 X2 ess X 1 =0
P T SRR R

n n n
X1 X2 ees ¥ 1
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27.7. YcnoBHA OpPTOrOHaNbHOCTH H mMapan-
JeNbHOCTH OJOCKOCTEH. ¥Yroa Mexiy ABYMS MJOCKO-
cTaMH B R,

n
‘ “ A;x;+B=0, (12)
]=
2 Aix; 4 B'=0 (13)

..
[}

onpenesseTcsl MO aHANOTMH C TPeXMEPHBIM clyuyaeM. A MMeHHO,
yerom mexucdy naockeemamu (12), (13) uaseiBaetca yroa @
Mexay Bektopamu A=(A4y ..., A,) u A'=(4;, ..., 4p),
KOTOpBle, KaK Mbl BBISICHWIN, NEPNeHAHKYJISPHBI K MJIOCKOCTSM
(12) u*(13) cooTBeTCTBEHHO. ' ’
Ha ocnoBanuu ¢opmyJer (8) § 6 umeem
n
A 2
AN .;%'1 4
cos Q= = .

AT o
2.! Aj 2 A;
i=1 =1

[Mnockoern (12) n (13) nepnenduxyrsprer TOrAAa U TOJBKO
ToI'ja, Korja cosg=~0, T. e.

2 A A =0, (14)
i=t

e nnockoctd (12), (13) napansessHer Torna U TOJABKO
TOrja, KOrja MeprneHauKyJspHBl> K HUM BeKTopel A u A’
KoJiHeapHbl (A=2MLA"), T. e. gorja -

A _ A e (15)
A A n

27.8. YpaBHeHHe MOJOCKOCTH, NpoxoXsmei
yepe3d TOouky. Ecau Ttouka (3, ..., #3)=Q° JeXHT Ha
IJIOCKOCTH

n
> A,x,4B=0, (16)
j=1
TO €e KOOpI[I/IHaTbI YAOBJIETBOPAIIOT YPaBHEHHIO 3TOI MJOCKOCTH

s A/ 4 B=0. (7)

i=l
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Boiyuras (17) us (16), nomyyaem

]2:; A, (x;—x)=0. (18)

Ypasuenue (18) HaswBaercs ypaswenuem niaockocmu, npo-
xo0suyeti wepes mouxky Q°=(x3, ..., xp).
B BekTOpHOH (popMe ypaBHEHHe MOXKHO 3allHCaTb TaKi

A(p—p")=0, (18')
rae
A‘:(Al', “oey An), p=(x1-, coey x”),
Pt =(x, ..., x0).

3ech, KaK Mbl 3HaeM, BeKTOp A nepneHJuKyJspeH IJo-
ckoctu (16), p—panuyc-pexTop Tekyuiel ee TOukH, P°—pa-
JMyC-BEKTOpP 3aJlaHHOH TOYKH Q°.

27.9. Ilpsimas B npocTpaHcTBe R, YpaBHeHHsA
npsIMOH B TNpPOCTPaHCTBE R, MOXHO BBHIBECTH IO aHAJIOTHH
C TpPeXMepHBIM NpOCTPaHCTBOM R, (cM. § 10).

Ilpsnoi L 6 R,, npoxodaweii uepes mouky Q°=(xi, ...

.y X)) U HanpasieHHoU 6 CMOPOHY eKmopa @ =(a,, ..., a,)
(la@]>0), HasbiBaeTcsi reoMeTPHYECKOE MECTO TOuUeK Q =
= (X1, +s+y X,) €ER,, YIOBIETBOPSIOLMX YPaABHEHHSIM

x—x) =ta,,

. L] . . . . (19)
X, —xp=ta,,

rie {—leficTBUTENbHAS NepeMeHHasi, npoberaioas HHTEPBaJ
(—o0, 00). YN06HO CUHTaTh, YTO BEKTOP @ NPHJIOXKEH K
touke Q°. ;

YpaBrenus (19) HaspBalOTCS napamempudecKumu YypasHe-
Husmu npamoi L.

Ecnn BBeCTH B pPacCMOTpEHHE PajHyC-BEKTOPH ToYeK Q
1 Q° npsawmoi Li

p'=(xi’ veey Xp) P0=(x1) ++o,y x?,),
to ypaBHeHus (19) sanumyrcs

p—o'=ta, (19
T. €, BEKTOp P—p° KOJI/IMHEapeH BEKTOPY- &.
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Ecan pefictBuTenbHass rnepeMeHHas (cKanap) ¢ mpoGeraer
HHTEpBaJl (— oo, 00), TO KOHeI paiuyc-BeKTOpa

o=p"+ta
npoGeraer BClo npsamyio L. v

VYpasuenue - (19') nHasbiBaetcss ypasHernuem npamoii 6 eex-
mopHoll ghopme.

HUcxonss u3 (19'), MBI BHAHM, 4TO BEKTOP @ JIEXKHT Ha
npsiMoit L, moToMy 4TO €ro Hauano Q° uMeer palauyc-BeK-
Top ° a KoHell— p°-a@. O6a 3TH BEKTOpa YIOBJIETBOP SIOT
ypaBHenu1o (19’) coorsercTenHo npH {=0 u £=1 (cm. § 7).

Ecsu wuckiounTh napaMerp ! u3 ypasHenu#t (19), 1o Mbl
noJyydM CHCTeMy H3 (n—1) ypaBHeHui:

0 0 0
xi_x1=x2'—x2_ __Xn—2Xn (19//)

N _— 0 s .
aq as : an

YpaBrenus (19”) HaswiBatotesl ypasweruamu npamoii L 6
KQHOHUMECKOU hopMe UL KAHOHUHECKOM 8ude.
[yctb 3afaHBl mpsiMble

0
et JUE ok ST 00
= = D
0 (0
-l — Xn—"Yn (L)
bl‘ LI AR bn 2 .

Yenom mewdy npamomu L; u L, HasmBaetrcs yroa ¢
MEXJY BEKTOpaMH

a=(ai, soey an), b=(bi, covy bll)’

KOTOpHle, KaK Mbl [0KasajH, JexaT Ha COOTBETCTBYIOUIMX
npaMbiX L; 1 L,. OHM NpHJIOXKEHB! COOTBETCTBEHHO K TOYKaM
(s o os Xn)y (s -+ o0 o).

[Mpumep 1. Hanucarb ypasHeHne mJOCKOCTH, NPOXois-
med yepea TOUKy Q°=(x3, ..., X;) H NEPNEHNHKYISIPHO Nps-
Moi1, ompeje/sieMOll ypaBHEeHHAMH

xi_yg — xz—-!/g — — xn_yfol (20)
b]_ bﬂ LY —b" .

Pemenne YpaBHEHHE IJOCKOCTH, NPOXOJAlleil uyepes

Touky .Q°, umeer BuA (cM. (18))

2 A y—x)=o. @
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HckoMasi MJIOCKOCTh JOJKHA OBITH OPTOrOHANBHOH mps-
moit (20), T. e. opToroHaJbHOH BeKTOopy b= (by, ..., b,).

C zpyro#i cropoun, Bektop A=(4;, ..., A,) opTOroHa-
aed nyqckoctu (21). Iostomy BeKTOpE A M b KOJ/IHHEapHbBL
A=M\b. CnenoBare/ibHo, ypaBHEHHE HCKOMOH IJIOCKOCTH 3a-
nAueTcs:

n
ig b;(x,—xP)=0.

27.10. Pacnonoxenune (n—1) nnockoctei. I[Iycrs
3allaHel ypaBHeHust (n—1) njockocrefi

PO R A}zxn + B =0, (221)

At b AR, B0, (22,)

Ecnn  ko>pduuneHTH nepBoro ypaBHEHHS IPOMOPIIHO-
HaibHbl KO3pduuuentam Broporo (Al: Al ...: AL=A2:
tA%: ... 1 A%), TO NJIOCKOCTH mapasyenbHel (cM. 27.7).

Ecny ykasaHHasi NpONOPLHOHAJIBHOCTD HMEET MECTO H s
K03bGhHLMEHTOB APYIMX YPaBHEHHH, TO BCE€ IIJIOCKOCTH OyIoyT
napannenbHsl Mex1y coGofi. B stoM cayuae Bce onpezesu-
Tenu (n— 1)-ro nopska, nopoxaennsie Matpuued | A%| kosgp-
¢uuuentos A% ypasnenud (22,)—(22,_,), paBHbl HyJIO.

Ecan xors 6bl onuH u3 onpenenuteneii (n—1)-ro nopsiaka
Matpuusl | A%| He paBen HyJio, To maockoctn (22,)—(22,_,)
nepecekainTcss no npsaMoi. B camoM nene, nycth Aas onpe-
JeJIEHHOCTH '

1 1 1
Al A2 e An—l
2 2 2
Al A2 XX) A/I—l

. . L[] . . . L] . . -

n-1 n-1 n-1
AI A2 voe Afl—l

|0. (23)

Torna ypasuenns (22,)—(22,_,) MOXKHO pEIUHTb OTHOCH-
TENbHO Xj, v+, X,_; H Mbl NOJyYaeM

Xy = 0y X, + Py
e e e 4 e e e s s (24)
xlz-i:an—ixn"*'p*n-i’J

TA€ Oy «vvy Oy gy My ooy Hy_y—HEKOTOPEIE YHCJIA,
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Ypapuenus (24) sKBHBAJEHTHH CJEAYIOWMUM YDaBHEHUSM:

— Xn-i—Wn-i _ %n (25)

2 S o N *n

oy Upmy

Mgl BHAMM, 4TO npH ycaoBuH (23) ypaBHeHus (n— 1) nJo-
cKocreit (22;)—(22,_;) onpenensiior npsamyo (25). Ona npo-
XOLUT uepe3 TOUKY (Wi, «++y Wp—i, 0) H HMeET HampasJ/ieHHe
BEKTOPA (%gy «o vy Oy gy

[Tpumep 2. Hailtu yron Mexay npsiMbIMu

¥i—1 _ x—2  x3—3  x—4
1T 2 3 T T4
fxi—4 _ xo—3 _ x3—2 xy—1
4 3 2 1

Pemenue. Bektopn a=(l, 2, 3,4), b6=(4,3,2, 1)
JIeXarT Ha HallMX NpPsMBIX, PACIOJIOXKEHHHIX B YETHIpEXMEp-
HOM mpoctpaHctBe R,. [TosToMy yronm ¢ Mexay STHMH Bek-
TOpaMH H OYAeT YIJIOM MEXAY Mp sIMbIMU}

1.44-2.343.244-1
Va3t &y 8132+ 12

2
@=arccos 3.

cos =

2
=€’

27.11, PaccTosiHHE OT TOYKH JAO MJOCKOCTH.
[Tyctb 3aaaHa nyockocth 11, onpegensieMas oGUUM ypaBHEeHHEM

i?;l Aix,4+B=0 <|Aln=}§r A> O), (26)

HJIH BE€KTOPHLIM ypaBHEHHEM

(4, o)+ B=0, (27)
HJIH XKC HOp MaJbHbLIM yp ABHEHHEM
(e, VIi=p (p=0), (28)

e A=(4, ..., 4,), p—-paﬂuyc-aemop TeKymeHd TOUKH
— B
Q= (xy -+, x,) maockoctu II, V=T 177 p=i—,|—Al-.
3ananuM  HekoTopylo TOUKy Q°=(x{, ..., x3). Pamuyc-
BEKTOP TOUKH Q° oGo3HauuM uepe3 %
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Paccmosnuem om mouku Q° 0o naockocmu I1 nasbiBaercs
HEOTPHIIATENIbHOE HHCJIO

d=min| QQ°|
Qell
Tokaxem, uto )
d=|(p—0° V)|, (29)

T. €. paccTtosinie d paBHO abCOJIIOTHOM BeNHYMHE INPOEKIHH
BeKTOpPa p— 0° Ha HanpaBJ/IeHHC BekTOpa V= F |‘:I (opTo-

roHasnbsoro maockoctu II).

Tposenem npsMyio, NPOXOASLLYIo Yepes TOUKY Q° n mep-
NeHAUKYJSIpHYI0 MjockocT 11 ,
(em. 27.9, npumep 1): q

(] 0
X{— X . . Xp—X,
Il Pl

HaiizeM Touky nepeceyeHns / Pp°
Q*=(x}, ..., x1) npsimoii (30) ¢ w4 /
HJIOCKOLTblO 11 (cm. puc. 53). Ly

M3 (30) nmeem /

x‘i=x"+A/t (i=1, ..., n). !

INoncraBasisa 3TH 3HaueHUs B z Vi
ypaBHenue (26), Haxomum, uro & v

l=— |A] B [(4, 0%+ B]- Puc. 53,

Takum o6pasoM,

Q= (xi—17p (4, )+ Bl ..., % — (A, 0)+5]).
$lcno, uro

P—p' | =157 |A| I(A, 0%+ B|=

==ml(p°, FvlA) £plall=
=|(0% V)—p|=|(0—p° V)|
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Orciona

[or*—p°l=|(p—p° V)I<|p—p’], Yo, (0, A)+B=0. (31)

3nak pasenctsa B (31) pocruraercs npu o =p?!, caeno-
BaTeJbHO,

d=|p'—p°’|=[(0—0% )|=](p") vV)—p|.

Takum o6pasoM, LI TOrO YTOOBI BEIYHCJIUTH paccTosiHue d
or Touku Q° no miockoctd II, Hajmo 3anmucate ypaBHeHHE
miockoctd [1 B HopMaabHOM Buze (28), NIEPEHECTH p B JIEBYIO
yacTb U TOICTaBUTb B IOCJAERHIOW (X!, ..., X;) BMeCTO
(*i, ++., X,). AGCOMOTHAS BEJIHYHHA MOJYYEHHOTO BHIpaXKe-
HHSl H ecThb HUCKOMOe 4YHCJIO d.

Ha si3blke mapameTpoB IJIOCKOCTH, OYEBHIHO,

l &n

[Tpumep 3. Haittu paccrosinue d or TOYKH

=1

1 1 1
0 = e — I —
Q < 1’ V’—2 ? V‘ 3 b ? V‘ n )
npocTpaHcTBa R, O MJIOCKOCTH

i+ V244V 3%+ ... +Vnx,+ 1=0.

Pemenne. CoracHO CKa3aHHOMY Bhillle
n 1 n
d= -—'__' \1 ‘/ ‘_.l=
Svige |y B0
: YA n(nFi) T(nf1)
=I.n+ll/]/i2=311=(n+l)/ )/ 1eED  y/2EED,

27.12. Pasauyunie 3amaun.
[TpuBecTH K HOpPMaJIbHOMY BHMAY YDaBHEHHS CJAYIOUWHX
nyockocte#t (1 —3):

1. 1+ 2%+ ... +nx,=—1.
ZJVﬁx, .
Omaem. T BT =V e
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2. x+y+2+1t=0.
n
Xy
3. __'='.=1
2 Vi(i-l—l)
n+l — n+41
Omeem: 2 1/n] GTn ~ 1/7' .

4, Hafitn yroa ¢ Mexnay NJIOCKOCTAMH B R

(8 V'59) x;+ 2%, + 3%, + 4x,=0,
4%, + 3%y + 2%, + (8 + V'59) x,=1.
Omeem: ¢ = % .
5. Haiitn yron ¢ Mexnay mJOCKOCTAMH B R,,i
on 2n
S (=1 jx=0, X, ~x=1.
=1 =11
Omsgem: @ = % (MJIOCKOCTH OpPTOI'OHAJILHEI).
6. Hanucate ypaBHeHHe MJIOCKOCTH, Npoxoisinefi uepes
TOYKH NpOCTpaHcTBa R,!

Qi=(1,0,...,0),
Q,=@0, 1,0,...,0),

Q,=(, ..., 0, ).
Omeem: x;-+ X3+ ...+ x,=1.

7. Hanucats ypaBHeHMe npaAMOH, nNpoxojsiled yepes
Touky (1, 2, ..., n) NepneHAMKYJSAPHO IJIOCKOCTH:

na+m—0Dx+ .00+ 2x,_;+x,=4.
x—1  x—2 _ Xp—n
S |

Omeem:

8. Hamucath ypaBHeHHe nJIOCKOCTH B R,, mnpoxopsieii
yepe3 TOYKH

Q1=(1) 0: 0’ O)» Q2=(l’ 17 0: O))
Q,=(1,1,1,0), Q=(,1,1,1),
Omgem: x;=1(1-x;4+0-%4+0-x3+0-x,=1).
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§ 28. JluneiiHce mnporpaMMupoBaHHe

28.1. BBeneHnue. JluneliHoe npozpammuposarue —sto
pasfesl MareMaTHKH, H3ydaloUufl MEeTOMbl HaXOXIEHHS MaKCH-
MaJIbHbIX HMJIM MHHMMAJIbHBIX 3HAYeHH#l JIHHEHHO! OfHOPOA-
Ho#t hopMbl — JIHHEHHOA (YHKIMH

f(xi’ veey xu) =k§ CrXp (1)

B HekoTopoil obsmactu G n-MepHOro mnpocTpaHcTBa R, =
={—oo<x;<oo,i=1, ..., n}, rae c,—nocrosiHHblE YHC-
Jia, He BCe paBHEIE HYJIO. »

SlcHo, uto ecniu G=R,, To JuHeliHas Gynkuus (1) mHe
nMeeT HauOoJbUWIero W HauMeHbLIero 3HayeHU#: sup f= - oo,
inf f = — oo.

Onnako ecau Mol OyneM paccMaTpuUBAaTh OrPaHHUYEHHYIO
3aMKHYTYI0 o6actb G, To JiMHeHHas QyHKUMA [ (HenpepuiBHas
Ha R,, a cnenoBatenbHO, W Ha () JOCTHraeT CBOMX MaKcH-
MaJIbHBIX I MHHHMaJbHbIX 3HaueHHH Ha G. Tak kak

of

7 =S (i=1,..., n=1, n)

11 ¢; ONHOBPEMEHHO He DaBHBl HYJIO, TO JIHHeHHas QyHKuus f
H& HMeeT CTalLHOHapHBIX TodyeK. IlosToMy HauGosbluee u
HauMeHblllee 3HAYeHHA 5Ta (PYHKUHSA JOCTHraeT TOJLKO Ha
rpanuie 0G.

Tak kak max f=— min(—f), To B naybHeiileM Mbl GyneM
FOBOPUTH TOJbKO O MHHMMYyMe JinHe#iHOH (ynkuuu f Ha G.

28.2. TpaucnoprHaa 3anayva. XapakTepHOH 3aja-
uel, npuBoAAMEeA K yKasaHHOH Bblilie Nnpobieme (HaXOXKICHHUS
MHHHMYMa HJIH MaKCHMyMa JHHeAHOH (QyHKHUH), ABJIAETCS
TpaHCHNOpPTHAasA 3ajgauva. Tpebyerca HauGonee SKOHOMHO,
B CMBICJIe TPAHCNOPTHBIX 3aTpaT, N>PEBE3TH MOTPEOUTENAM
3aKa3aHHY0 HUMH Ha JAHHBIX NPEINPHATHAX MPOAYKIHIO.
XapakTep NPOAYKUHH B JAHHOM Cllydae He HMeeT 3HaueHUs.
BaxHo, 4TO peyb HAET 00 OAHOTHIHOH NPOAYKLHH.

Urak, nycrte HMeoTCA NpPeANpHATHS (MPOH3BOAUTEIH)
B;, ..., B;, BbiIycTHBUIHE MNPOAYKLHIO B KOJHYeCTBE COOT-
BEeTCTBEHHO by, ..., b, TOHH. DTy NPOAYKIUMIO HaJO AOCTaBUTDb
norpeGureasm Ay, ..., A; B KoquyecTBax 4@, ..., @; TOHH
COOTBETCTBEHHO, T. €. @p-—KOJHYECTBO NPOAYKIHH, 3aKasaH-
Hoe norpebutesieM A,.
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Takum obpa3oM, Hajo CUHTATh, YTO
s t
2 bq= Z Aps
=1 p=1

T. €. BC TNpOU3BeJleHHAss NPOAYKLHS paclpejiesieHa MeXIY
npeanpusitTusaMid. CTOUMOCTb NMepeBO3KU TOHHBI NPOAYKLHH OT
B, x A, o6o3HauuM yepes c,,. [IycTs KOIMUECTBO NPORYKLKH,
noctapienHolt us B, B A,, 6yzer x,,. Toraa croumocts me-
PEBO3KHM MpOAYKUHUU OyIeT

s ¢t
S=2 2 Cap¥ap:
g=1p=1

Tpebyerc Tak COCTaBUTh IJIaH NEPEBO30K, UTOGH CyMMma
TPAHCHIOPTHBIX PacxXofoB S 6bl1a MUHUMAALHOL.

Takum 06pa3oM, MbL OPUIVIK K CJAeAYIOLIe MaTeMaTHUeCKOH
3ajaue.

Jana nuueliHaag QyHKUHUs

s t
S=> 2 CopXypr 2)

g=1p=1

TpefyeTcsi HaliTH ee MHHUMYM NIPU OTPAHHYEHHSX
=1
s ©)

T. €. CyMMa NPOJYKIMUH, OJIy4eHHOH norpeburenamu Ay, ..., 4,
oT npoussogutens B, paBHa npopykuuu b,, BeIpaGoTaHHOH
5THM TNpPeANpPUATHEM, a CyMMa IPORYKILHH, MOJYYeHHOH MOTpe-
Gutenem A, or Bcex npoussomuteseii By, ..., B, paBHa
noTpeGHOCTH @, 3TOTO NOTpeCHTes.

~ Ilo xapakTepy 3ajaud Takxe sCHO, 4TO X,,>>0.

Takum 00pasom, cpeu HeOMPUUAMEALHBIX peuleriLs {x,0}
cucmemst (3) Heobxodumo ewbpame maxoe, npu Komopom S
docrmueaem HOUMEHbIUE20 SHAYCHUR (MUHUMUSUPYeMCS).

28.3. O6masn 3ajfaya JUHEHHOTrO NPOrpaMMu-
poBauusd. B obuem cayyae sanauy JawuHeiiHOro mporpam-
MHPOBaHHUSI MOXHO uccpopmynupoaarb CJeAyIomHUM 06pa3oM:
JIaHBl CHCTEMAa JIHHEHHBIX YpaBHEHHMi

DGt l=0 (i=1,...,m=Tm @
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(rme MoXHO cuuTaTh, 4TO b; >0, H3MeHsAf, €CJH HYXKHO,
3HaK B COOTBETCTBYIOWEM ypaBHeHHUH (4)) U JuHelHast YHKUHSA

n
f= 2 CrXe: 8

k=1
Tpebyercs cpean HeoTPHUATEJbHBIX PeLICHH#A cHCTeMBI (4)
X=(%, ..., X,), X, =0, HaliTH TaKoe pelleHue, M KOTO-

poro JaMHeliHas (GYHKIUHS [ NpHHUMaeT HauMeHblee 3HAUEHHUE,
YpaBHeHHS! (4) OOBIYHO HA3BIBAIOT 02PAHUUEHUAMU TAHHOH

sajaun. KoneuHo, TpeGoBanue, uTOGHI x;=0 (j=1, n), Toxe
ABJIeTCSl OrPAaHHYEHHEM, HO OHO IIPHCYTCTBYeT BO BCeX 3a-
Jlayax MOJOGHOro THNA M ero He NPUHATO HA3LIBATh OrPaHH-
uenyeM. Jlo6oe HeoTpHuaTesNbHOE peilleHHE cCUCTeMBI (4) GyreM
HasblBaTb Jonycmumosim, a pelieHue, peasusyoliee MHHUIMYM, —
ORMUMANLHOIM.

OrMmeTHM, 4TO ypaBHEHHS CHCTEMHI (4) ¢ reoMeTpUyecKoi
TOYKH 3PEHHsl NpPEICTABJSIOT IJIOCKOCTH B R,. UToOH 3anaua
0 'MUHMMyMe [ Obla copepikaTesNbHOH, HEOOXOAHMO, YTOGHI
YHCJIO /m OTPaHUYEHHH TUNA PaBEeHCTB GBHLIO MEHbLIE A.

Hanpumep, npu n=2 najauune ABYX OrpaHHyeHHi O3Ha-
YaeT, YTO HEOTPHILATEJNbHOE pelleHHe CHCTEMBl JOJUKHO OBITh
TOYKOH (X,, Y,) mNepeceueHUs] IPAMBIX, MNPeCTaBJIAOMUX
ypaBHeHHs CHCTeMEBl. Torja sajaya o HaXOxJeHHH minf cBo-
JMTCA K BbluHcJeHHIO [ B 310l Touxke. Ecsn mpsiMple napas-
JIeNIbHbI, TO 3ajiaya TepsieT cMeica. Ecau Qrpannuenui Gonbiue
JIBYX, TO CHCTEMa HWJHd HECOBMECTHa, WJIH 2Ke Bce MpSMbIe
NpHHAJJIeXAT OJHOMY NYUYKY:

A (x—x0) + B (y—y,) =0.
B atoM cayuae mMuHHMYM [ Takike paBeH [ (Xq, Yo)-

B psne mpaktaueckux sanau (Hanpumep, B 3ajaye O IH-
€T€) OrpaHHYeHHs] HOCAT BUJ HEPaBEHCTB

n
b,.+k§]l =0 (j=T1, m, x,>0, k=T, 1n). (5

OnHaKO OT OJHOrO THNA OTPaHHYEHMH JIETKO TepeHTH K
Apyromy. B camoM Jene, ecau orpaHHYEHHsI HOCAT XapaKTep
HepaBeHCTB (5), TO BBOJAUM HOBBHIE JOGABOYHbIE HEH3BECTHHIE
Xpt+1s e+ Xpi, C TOMOILIBIO YpaBHEHHH

n D e—
x,,+j=b/—|—k§lajkxk (j=l, m).

Torza wHepasencTBa (5) pPaBHOCHJBHBL YCIOBHIO X4, =0
(j=1, m), x,=20 (k=1, n), ¥ MBl IPHLLIH K OrpaHuye-
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HHSIM THNA PaBeHCTB (4), XOTA M ¢ GOJBIIMM YHCJIOM Iiepe-
MEHHBIX.

O6patHO, NycThb HMEIOT MeCTO OrpaHMYeHHs THIA pa-
BeHcTB (4). Torma, pemwas 3Ty cucreMy (HanmpuMmep, MeTOLOM
HCKJIIOUEHHs] HEeH3BECTHBIX), Mbl IIOCJ€ HEKOTOPOro yucja
[IaroB WJIH yGeIuMcsi, YTO CHCTeMa HECOBMECTHA, WJIH e
paspeiium cHcTeMy (4) OTHOCHT@NIBHO HEKOTODHIX HEH3BeCT-
HBIX:

Xy =04 pprXprit oo+ 04 1%+ By

e e e e e e e e e e e e (6)
Xp =0 priXpsit oo 0 X, + B
3nech r—paHr Marpuubl Ko3bHIHEHTOB cHcTeMbl (4).
[MoxcraBasis 3TH BEIpaXKeHHs Xj, ..., X, B GyHKOUO f,

noJsiyyaem
f=co+crosXerit ... +cpx,.

[Tocnie aToro ucxonHas 3ajaua MoxeT GHITb cOPMYJIH-
poBaHa cuepyloomum o6pasom. JlaHel crucrema

i, perXpsit oo 0y %, + B0,
@
&, r+1xr+i+ e +a'r. nxn+[3r >O

r JNUHEHHBIX HEPABEHCTB C A—7 HEU3BECTHBIMH X,y 7, ...
..., X, W JuHeliHasl QyHKU}A .

f=co+CrisXpsit ... +cCpx,. 8)

Tpebyercs cpegu BceX HEOTPHLATENbHBIX pELIEHHH CH-
creMbl (7) HaHTH TaKoe, KOTOpOe MHHHMH3HDYeT f.
Jra 3ajaua 3KBUBAJIEHTHA chozmoﬁ. B caMOM zeJie, ecau

MBI Hawwid pewenue sagauu (7),(8) x9,,, ..., X%, TO, Haxo-
zm no q)opmynaM (6) HeoTpHuIaTeNbHHE 3HAYEHHS
X%, ..., X, MBI TIONIyYUM CHCTEMY YHCEJ

xly L ] xn xr+1t ey xnt

KOTopasi CJyXHUT peiuenneMm sagauu (1), (4).

Takum ob6pasom, 3agayy JIMHEHHOrO NPOrPaMMHPOBAHHS
MOXKHO CTaBHTb C OrpaHHYEHHSIMH THIA HepaBeHCTB. M3 Ta-
KOH NOCTaHOBKH BHJIHO, 4TO 06iacTb G, B KOTOPOH MbI HIIEM
MHHHMYM f, NpeicTaB/sieT COGOH «MHOrOTPaHHHK» B HEOTpH-
HaTeJpHOM yrae R, (T. e. Koria x,,}O k=T, n n), a ee
rpanuna 0G cOCTOMT U3 «IIJIOCKHX rpanei», HaXOAﬂlllHXCH B
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NJIOCKOCTAX INPOCTPaHCTBA RnI'
n
kz] ajkx,,-l- bj=0. (9)

MuoxectBo G R, HasbiBaeTcsl suinykavim, ecnun Vx,y € G
ax+py€aG, at+p=1, a, f=0.

U3 cucrembl HepaBeHCTB (7) fICHO, YTO «MHOIOrpaHBHK»
G BeinykJbIH H G HaXOAHTC 1O OAHY CTOPOHY OT JOGOH
M3 CBOHX rpaHei.

C/loBO «MHOrOTpPaHHHK» Mbl NMHLIEM B KaBHIYKaX, Tak Kak
MOTryT GbITh CJydaH, KOrAa STOT (MHOTOTDAHHHK» GOyJleT He-
OrpaHHYEHHOH YacTbIO HEOTPH-
naTteJbHOro yriaa R,. .

Hanpumep, mnpu n=2 u
MpH TpeX OrpaHvueHUsX THUNA
HEpAaBEHCTB «MHOI'OYTOJIbHHK»
G moxer ObITb HeOrpaHHYeH-
HEIM B NepBOi# ueTBepTH R,.
Ha puc. 54 G—3awrpruxoBau-
Hasl 4acTb.

B nanbHefimieM KaBBIYKH Y
CJIOBA «MHOTOIPaHHHK» MK 6y-
JleM ONyCKaTh.

Puc. 54 IIpn HaxoXIeHHH MHHHMY-

Ma JuHeiHON QYHKUMM [ Ha

3aMKkHyTOH o6nacti G =G, Mhl

nocyenoBatesbHO OyleM NepexoAuTb Ha mJjockue rpanu G,
MeHbIle# pasmepHocTH. OTMeTHM, uTO rpanuua 0G, n-MepHOro
MHOI'Or'paHHHKA COCTOHT U3 HECKONBKHX (12— 1)-MepHBIX MHOTro-
rpaHHuKOB. Ecan G, — orpanuyeHHbli 3aMKHYTHIl MHOTOT'paH-
HHK, TO JUHeHHas (QYHKUHS [ JOCTHraer MHHHMyMa B HEKO-
Topoil Touke rpaHuubl 0G,. Ilpu paccmoTpeHHM JHHEHHON
¢byHKUMH [ Ha 5TOM HOBOM MHOrOrpaHHHKE MEHBINEro Yucia
u3MepeHUH OHa cHoBa OyJeT JuHefiHOH OGyHKLMeH, HO OT
MEHBILIEero YHCJIa INepeMeHHBIX M, CJeloBaTeJbHO, Gyler Ao-
cTHraTh MHHHMYMa Ha rpanune 0G,_;, KOTOpas COCTOHT H3
(n—2)-MepHBIX MHOrorpaHHukoB. IIpojosmkas sTOT mpolecc,
Mbl NIpUAEM K CJyyarmo, KOria JuHeHHas (yHKLUs paccMma-
TpUBaeTcs Ha ojHOMepHOH rpanu (pe6pe G,), rpanuuei
KOTOpOH fABJAIOTCSE TOYKH (BepiuHHBI MHororpaHiHuka G,).

Takum o6pasoM ficHO, uto ecau G,— oepanuderHbiti 3aMK-
HYmolll MHO202PAHHUK, MmO JAuxelHas ynkyus Jocmueaem
Munumyma 8 Hexomopoii eepuiure G,.

Tz




§ 28. IMHENHOE NMPOTPAMMHPOBAHHE 191

. Ecnu MuHuMasbHOe 3HaueHHe JOCTHraeTcsi B JABYX Bep-
IIMHAX, TO 3TO 3HAueHHe JOCTHraeTcsi H B JIOGOH TOuKe
pespa, COENMHSIONEro STH TOYKH, T. €. B 3TOH CHTyalHH
CylIeCTBYeT GeCKOHEUHOe MHOXKECTBO TOUeK, B KOTODBIX JH-
HeiHas (YHKUUS NOCTHraeT MHHHMYyMa.

n
3ameuanne 1. Ecan odynkuus f=20kxk+B, rue

B — NOCTOSTHHOE 4YHCJIO, TO MBI HCCJIeAyeM caauana JIHHEHHYIO
dopmy @ =f—B, u ecau min ¢ =¢, TO minf=¢,-+ B.
Hs NPHBEACHHBIX coo6paXKeHUN BLITEKAeT CJedyouui
eeomempuveckuii memod peIIeHHs NOCTaBICHHOH 3ajauu o
MHHUMYMe JIHHEHHOH (opMel [.
PaccmorpuM nniockocTd ypOBHS (YHKUMH fi

C=k§1 ¥y (—o0 < C < oo). (10)

Ypasnenue (10) npu pasnnunbix C B mpocTpaHcTBe R,
u306paxaer ceMefCTBO NapaJjuie]bHBIX NIocKocTelt (cM. § 27).
ByneM HenpeprIBHO H MOHOTOHHO H3MeHSTb C OT —o0 J0 4 co.
Torza mmockocts (10) 6yzer mepeaBuratecsi B R, B Hampas-
JIeHUH Bekrtopa (¢i, ..., C,), KOTOPBIH, KaK MBI 3HaeM, Iep-
neaukyaspen naockoctd (10). OueBupno, uro ecau ¢, > 0,
To maockocTb (10) mopHuMaeTcs BBepX OTHOCHTENBHO OCH X,
npu usMeHeHuH C oT —oo J0 —oo0; ecan xke ¢, <0, TO
nnockocTh (10) omyckaetrcsi BHH3 OTHOCHTEJIBHO OCH X,. [lpu
¢, =0 naockocts (10) aBuKeTcss BOPaBO HJIH BJEBO OTHOCH-
TEJILHO OCH X,_; B 3aBHCHMOCTH OT 3HaKa YHCJIA C,_j
(¢,—15=0). Ecim ¢, > 0u npu Bcex C < C*, rae C*—Heko-
TOpOoe JeACTBHTeJbHOe 4Yucao, miuockoctb (10)  nmepecekaer
o6aacte G, 1o inff = —oo.

Ecau xe storo Her, To npu Hekotopom C = C, NJI0CKOCTbH
(10), mBurascb B HampaBJieHMH Bektopa (¢4, ..., C,), BIED-
Bbie BCTPETHT 3aMKHYTyI0 06nacTb G B HEKOTOPOH TOuKe
(«% ..., x%). Torna B 3TO#l TOUKE BCTpPeUd OGYHKUHUS [ H
JOCTHTaeT MHHHMYyMa.

Ha puc. 54 npu n=2 npsMas ypoBHs npH BO3pacTaHiH
C noguumaercss u npu C=0C, BEpBHIE BCTPEUAET 3aMKHY-
Toll MHOTOYTO/IbHHK G B TOuKe (X7, x3). 3Hauur, minf =
=f (xlv )

Ecau rpanp MHororpanHuka G, npoxonsimiasi 4epe3 TOUKY
repBofi BcTpeun G ¢ MJIOCKOCTBIO YPOBHSI, MapaJsiiesbHa mJio-
ckoctd (10), 1o sumefinan GyHKUMA [ JOCTHraeT MHHHMYMa
B JI06OI TOYKe 3TOH rpaHH.
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OTOT reoMeTpPHYeCKHH METOJ pelleHHs IOCTaBJEHHOH 3a-
naun 3(ppeKTHBEH JHUIbL NMPU n=2, T. €, KOIjJa INIOCKOCTH
(10)—npsiMmbie u G—MHOTOYrOJIbLHHK, OrPaHHYEHHBIA HJIH
Hetr. [Ipy n =23 B3auMHOe pacnosoxKeHHe MIOCKOCTEl H MHO-
royrofibHHKa G TPYIHOYJOBHMO, a NpU n=4 Mbl IPOCTO
He MOXKeM NPHOErHYTb K HarJsifHbIM TrpapuyecKHM H306pa-
JKEHHAM.

4\ -
(¢, |
2
/ 0
7
(c’,cz) . /'23_

Puc. 55. Puc. 56.

[Mpumep 1. Hafitu wmunumym ¢yskunM f(x, y) =
=3—x—y (x>0, y>=0) npu orpanuueHusx (puc. 55)

x—y+l>0’
G=' 2!/+x—2>0. .
4—y—2x=0

SlcHo, uto o6nacts G ecTb TPEYrOJbHUK C BEPUIMHAMH B
toykax M =(2, 0), N=(1, 2), P=(0, 1). Ilpssmasa ypoBHs
¢bysKIUN f:

3—x—y=C,

npu Bo3pacraHud C OT —oo J0 00 ONyCKaeTcsl OTHOCH-
TeJIbHO OocH Yy (KO2(phHUUHEHT HpH y OTpHIlATeNeH); ee mep-
Basg Touka BCTpeud ¢ G ectp BepminHa N. 3HaueHHe QYHK-
uuu [ B atoli Touke paBHO HyJIO (C = C,=0). Urak, peiuenne
3ajaud ectb x=1, y=2, f=0,

B nmasHOM ciyyae MOXHO ObUIO ObI NPOCTO BBIYUCIAHTD
sHayenue f B Toukax M, N, P u B3aTb HauMmeHbluee: f (M) =
=72 0)=1, f(N)—f(l 9)=0, [(P)=f(0, 1)=2,
min f =f (N) =

Ilpumep 2 Haiéitn MuauMyM oyHknun f=3—x- 2y
NpH TeX e OrpaHHYeHHsX, YTO H B npumepe 1.
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B zaHHOM ciayyae mpsMmasi ypoBHsS (DYHKLUH
3—x+2y=C

npu BospactaHud C OT —oo 10 - oo mopHumaercs (puc. 56)
BBepPX OTHOCHTENbHO ocH Yy (c,=2 > 0) u ee mepsas TOYKa
BCTpeun ¢ 06JaacThid G ecth BepmmHa M = (2, 0). 3nauenne
dyukuuu f B s10it TOuke paHo 1 (C=C,=1). 3nech Toxe
HpOIIE BCEro Bsmb HauMeHbllee cpeiu umcen f(M)=1,

[(N)=6, [(P)=
Ilpumep 3. Haﬂm MHHUMYM OYHKOHH [=—x npH
OrpaHHYeHHsIX
( x+y—3=0,)
—y+1=0, l
—x—l— y+1= 0

\ 2x+y>0)

$lcHO, uTO mocJenHee orpaHUYEeHHE HECYLIECTBEHHO, OHO Ile-
pekpniBaercs ycaosueM x>0, y=0.

(1; 2) 0

Puc. 57. Puc. 58.

O6nactb G HeorpaHHYeHa M NpeACTaBJIAET cOGOH mosocy
(puc. 57) mexpy npameMH x—y—+ 1=0, —x+y+1=0 #u
npasee npamoil x4 y—3 =0, KoTopas nepecekaer STH mps-
Mbie B Toykax N=(1, 2), M=(2, I).

[pu x — + oo pynkuus f(x, y) =—x — —oo, (1, y) €G.
Tlostomy nuneifiHas ¢yHKUHSA [ He HMeeT HaHMeHBLIETO 3Ha-

yenus (inf f =-—o0).
B nanHoM npumepe mnpsimas ypoBHA —x=C 1npu Bo3-
pactanun C oTr —oo J0 -}-oo aBuKeTcs BJeBO (¢;=—1 < 0)

H npu Besakom C < —1 nepecekaer G, sHauur, inff=—oo.
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[Tpumep 4. Haiitn Munumym ¢pyBrunu f =4 —x -+ y—22
(iPH OrpaHHYEHHSX
- X Y 2
o-{i<g+t+h <2

TIe Qj, d, Q;— MOJOXWTEJNbHBIE YHCJIA.
$lcno, uto obmacte G (puc. 58) ecTh yacTh HMPOCTPAHCTBA
R,, Haxopamasica B nepBoM oktaHTe (x>0, y=>=0, z2>=0)
MEXAY NJIOCKOCTSIMU
d Y 2 _ L T A
a; l—az }_as—l’ 2a1+2a2 I_203—1‘

B nauHoM cayyae mMHororpaHuuk G HMeeT LIECTb H3BECT-
HBIX BEpLIMH

(@, 0, 0), (2a4, O, 0), (O, @, 0), (O, 2a,, 0),
0, 0, a5), (0, 0, 2a,).

TTostomy, BbIUHCHAASA (QYHKLMIO [ B 3THX TOYKaX, JErKo Ha-
XOIUM €€ MWHMMYM M MaKCHUMYM:
min f = min {4 —a,, 4—2ay, 4 + a5, 4 -+ 20a,, 4—2a,, 4 —da,}=
G
4—2a;, a; > 2a,
= min {4—2a;, 4—4a,} = '
4—4a,, a; < 2a;
max [ =4 - 2a,.
G

28.4. Bextopuno-matpuunasa Gpopma 3agauu Jau-
HeHHOro nporpaMMuHpoBaHHUA. 3ajayy JHHEHIOro
IIPOTPAMMHPOBAHHA MOXHO C(OPMYJIHPOBATL TaKXkKe B BeK-

TopHO-MaTpuuHoii ¢opme. Ilyers ¢=(¢y, ..., ¢.), X=
= (X, ..., X%,), 0=(0, ..., 0)—BexTOpHI NpOCTpaHCTEa R, ;
b=(,, ..., b,)—BekTOp U3 mpocTpaHcTBa R,;
\alf aia ias Qip
A= | F2t T2z w.s Qon
.l Ami Qma ++5 Qpn

— MaTtpHlla pasMmepa nXml, COCTaBJeHHAs H3 KO3(p(HIHeH-
TOB CHCTeMbl orpauuyeHuit (4). Jluueinas ¢yHkuus f(x)=

n
= 2 CpXp = CX €CTb CKaJsIPHOE NMPOH3BELCHHNE BEKTOPOB C U X,
k=1

[Tostomy ofmyio 3agauy JHMHEHHOTO NpPOrpaMMHPOBaHUS
MOXKHO 3anHcaTb B CJefyiolleM BuAe: TpeCyeTcsd MHHHMH3H-
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poBaTh CKaJiipHOE MpPOH3BeleHHe CX NpH ychaoBuH X =0 u
Ax+8b=0.
[TpumeM cron6uer Matpuubl A 3a BeKTOpH H3 R,

Pi=(a11'v Aoty v v aml)r IO} Pn=(a1m Qapy oo ey a,,m)-
TOI‘Ila JIETKO MoJiyuyaeM, 4YTO
Ax: (allxl 4 —I AiyXpy v vy amlxl+ e —‘— alnﬂxn) =
= (A Xy, AuXyy oovy QX))+ oo F(QrXa ooy QpuX,) =

=Puxi+ P, + ...+ P,x,.
ITosToMy cHcTeMy OrpaHHYeHHil MOXHO 3amHcaTbh B BHJE

ZPx——

j=1

Ecan paur A =m, 10 cpepu BekTOpoB Py, ..., P, uMe-
eTcst m JIMHeHHO He3aBHCHUMBIX, KOTOpble MOXKHO IPHHSITH 3a
fasuc B npocrpaHctBe R, (cM. § 16). Cnenosatenbho, Jio-
6oit BekTOp (—b) € R,, MOXeT ObITb pPasjiokKeH IO dJeMeHTaM
storo Gasuca. Ham HeoO6xoaumo BHIGpaTh TaKoil Gasuc, YTOOLI
pekTop (—b&) pasnaranacs no BekTopaM 3TOro 6asuca c He-

OTPHULIATEJBHLIMH KO(MDHULHEHTAMH X5, X5, ..., X,.
PasznuuHbix m-MepHBIX 06asHcoOB (m < 7n) H3 BEKTOPOB
P, ..., P, woHeunoe yucio. Cpeau HHUX MOTYT ObIThb Gasu-

Chl, MO 3JEeMeHTaM KOTOpHIX BekTop (—b) pasnaraercsl c He-
oTpHUATebHBIMH KodpduureHnTamu. Toraa MHHHMYM cKaJsp-
HOrO MpPOU3BeJeHHsA (/NHHEeHHOH (PYHKUWHU) IOCTHraercss Ha
KOHEUHOM MHOXECTBE TOYeK X = (X;, ..., X,)ER,, T1e X; —
Ko3(ppHIHEHTH pasJoxeHus BekTopa (—b) no SJIeMeHTaM
HEKOTOPbIX 0a3HCOB.

Ecnu 6a3ucoB ykasaHHoro Ttuna Her (Bektop (—b) He
pasjaraercss MO 3JeMeHTaM 0asHCOB C HeOTPULATebHBIMH
Ko3(phHLHeHTaMH), TO 3ajlaya JIHHEHHOTO NPOrpaMMHPOBAHHA
He HMMeeT pelleHHs (Hepaspelinma).

Taxum o6pa3oM, 3ajaya COCTOMT B TOM, KaK HafiTH 6Gasuc

(Pkn o vy Pkm)
TaK, 4TOOBI

—b= Zxk Pk" Xg >0,
=1 J 7

H

min f =min cx = chx,,.
xj>0 i=1 7%
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28.5. Cumnnexkc-MmeTon. PeannHule 3a7auy JHHEHHOTO
NporpaMMHpPOBaHHS COIEpPIKAaT, KaK NMPaBHJIO, .GONBIIOE YHCJIO
OrpaHHYeHHH U HeH3BecTHBIX. [103TOMy ecTecTBEHHO, YTO pe-
MeHHe TaKUX 3aJay CBA3aHO ¢ GOJBIIMM OGHEMOM BBIUHCIIE-
Hu#. DTO 3aTpyIHeHHe MPeojoseBaeTCsi C NOMOUIBIO GHICTpPO-
JeACTBYIOIUX 3/1eKTPOHHO-BHIYHCIUTENbHEIX MalinH (2BM).
Hna Kaxkpo#t samaun paspaGaThiBalOTCA aJrOPUTM M MPO-
rpamma, ¥ 3ateM OBM B KOpPOTKHHA CpPOK Jaer pelueHuHe
NOCTaBJIEHHON  3aJauH.

CymecTByloT ¥ Jpyrie o6umpe MeTOIBl, MO3BOJSIOLIHE
HaHTH pelueHue J060H 3aJauy JHHEHAHOrO NPOrpaMMHPOBAHHS
B 0603pHMOe YHCJIO IIAroB.

Takum saBasiercss cumnaexc-memod. OnuiueM HAEIO 3TOTO
MeToja.

[lycte Hano HalTM MHUHHMYM JHHEHHOH (QYHKUHH

n

flo)=ci+ 2 oy (11
cpemu sHavenuit x;=>0 (j=1, ..., n), ynosrerBopsomux
paBeHCTBaM

n
Za;l.x,+b,;=0 (=1, ..., m; m<n). 4)

i=1

_Heorpuuatennusie pewennst cucremsl (4) x,=0 (j=
=1, n) MBI ycJOBUMCSI Ha3biBaThb OOnycmumbimu, & TOUKY
X= (X1, ..., X,)—O0onycmumoii mouxol. IlokaxeM Kak 3Ty
3aJlayy MOXKHO pelIHTb, NPHMEHss] CHMIIJIEKC-METO],.

[Tycrs panr matpuust A’ =(a;;) paBen r < m (r-panr A’).
Bynem cuntats, uto cHcrema (4) paspeliiMa OTHOCHTEJBHO
Xiy voey Xpi

xk=bk—‘_2 aij/ (k= l,_r), (12)

U unucna b, Heorpuuarennhw (b, =0, k=1, r).

B 3TOM cjyyae roBOPSAT, YTO NEPEMEHHBIE Xi; «.., X,
obpasyior 6asuc—o6asuc B ={x;, ..., x,}. OcrajbHbie nepe-
MEHHbIE HasBIBAlOTCA ¢80600HbIMU UM HebasucHoimu. Crenyern
o6paTHTb BHHMaHHe, UTO 3/leCh IOHATHE 6a3Hca He COBHajaen
¢ nodsitieM Gasuca u3-§ 16.

Bonpoc 0 BO3MOXKHOCTH Mepexofia OT CHCTeMH (4) K cH-
creMe (12) Gynser paccmorpeH Hmxe B m. 28.8.



§ 28. JIMHEMHOE MPOrPAMMHPOBAHUE 197

Cucremsr (4) u (12) paBHOCHJIBHBEI, NOITOMY JONYCTHMAst
TOYKa X cucreMb! (4) ecTb jonycruMmasi Touka cucreMmsl (12),
U obpaTHo.

OueBnano, Touka b=(by, ..., b,, 0, ..., 0) momycru-
Masl, ee Ha3BIBAIOT OQJUCHbLIM peuleHuem, OTBevaromwuMm Oa-
sucy B. Bymem mnucate f(b)=fz B cuny pasencrs (12)
GbyHKUHIO f MOXHO 3anmucaTh B BHJE JIMHEHHOH (YHKUHH OT
nepemMeHHelX Xx;(j=r-+1, ..., n):

n

f(x)=c, —1=§1 cjx; (13)

,
OueBHAHO, UTO fp=Cy=c)+ 2 C}b;.
j=1

[MepBriil .oTan cHMIVIEKC-METOJA CBsI3aH C PAaCCMOTPEHHEM
dyukuun f, onpenensemolt paBeHctBoM (13), u cHcTeMsl orpa-
HUueHH#i B BHIe paBeHCTB (12).

Paccmorpum yetwipe BoamoxHbIX cayyas 1, II, III,, III,.

Cnyuau I. Ilyers ¢, <<O A1 BCeX j=r+1, ..., n
Torna munumym f, onpenensiemoii paBeHctBoM (13), oTHOCH-
TesbHO BCeXx x;, =0, j=1, ..., n, Oyaer paBeH C;:

min  f(x)=c,.
x/>0.
ij=1,...,n
DTOT MHHHUMYM OCTaeTCs TeM XKe IJIS1 JONYCTHMBIX X, « .., X0
OTuM 3ajaua Ha MHHHUMYM pelleHa.

Cnyyaii II. Ilycte ana Hekoroporo j, ¢, >0 u Bce
KO3DDHUUHEHTH @y, MaTPHLLl A = (a,;) HemoNOXKHTE/bHBI:

4y, <0 (k=1, ..., 7).
Torma npu mobom x; =0 (r 4 1< j, <n) Touka
=%y 00y %, 0, ..., 0, %,0, ...,0), (14)
roe x, (kR=1, ..., r) Belydcastorcs 1o ¢opmyaam (12),

6yzer IONYyCTHMOH, H €CJH ee MOACTaBHTh B f, TO MOJIYYHM
f=¢—¢;x;,——o0 npu x;, — -+ oo. Ilosromy

inf f(x)=— oo,

Xy >0
W Hally 3afayy O MUHHMYMe MOXHO CUHTATb PELICHHOH.

Cayuai III. Ilycth A HEKOTOPOTO j, KOSPDHIHEHT ¢y,

¢yukuuu f nonoxutenbHeift (¢, > 0) M HMEIOTCH NOJIOXKH-
TenbHbIE KOSPOUUHEHTH! @y, B jo-M CTONIOUE MATPUUEl A:

akjo>0 (kée)» (15)
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FAE €—MHOXECTBO MHAEKCOB k, AAS KOTOPHIX BBIROJAHAETCS
wepaBencTBo (15).
Ilycts

b
min k=% _§>0 (1<k<r, ki€e). (16)

OAEeMEHT a, ; Ha3bLIBAIOT PASPELLAIOUUM INCMEHTTIOM.
Paccmotpum otmensio cayyan 0 >0 u 86=0, RoTOpBIC
6ynem oBosnauath uepe3 II1, u IIl, coorBercTBEeHHO.
Cayuan IIl,. Tourka (14) ana sHaveuuit x;, yAoBje-
TBopsomuX HepaseHcTBam 0<Cx; << 8 (8 > 0), monycrumas.
B camom pene, B cuay (12) npu k€e HemocpeaCTBEHHO
BHJHO, YTO

Xp=by—ay%;, =20 (a4, <0),
a npu k€e B cuny cootHolneuuit (15), (16) mmeem

. by
xk = bk—akjoxj‘o > bk’_'akj06 == bk-—ak,-o min —— >
kee “Rjo
br
>bk—ak/’° akju - bk_bk - 0.
Ecmu x; nenpepeiBHO Bospactaer ot 0 no 8, TO Bee X, =
>0 (k=1, ..., 1), a x,,o=l)k“—a,eojoxz0 K TOMY e Hempe-
priBHO yObIBaeT OT b, 10 0. Ilpu nasbHeiieM BO3pACTaHUA X;,
nepeMeHHas X, CTaHOBHTCs OTPH.aTesIbHOH M Touka (14) mepe-
cTaeT ObITh JONYCTHMOH.
Dyukius
[ (%) =c—c;,
npu Bospacrauuum x; or O npo & yGmBaer or f(b)=c, 1o
f (") =co—c; 6, rme

b =(by—ay®, ..., b,—a,;8,0,...,0,80,...,0) (I7)

1 8 crout Ha j,-M MecTe.
Takiim obpasoM,

co=[(b) > [(b") =Co"0/06-

TMETHM, 4TO KOOpAMHATta X, (ky €e€) B (17) paBHa HyJuo!

bt
xko = bko_akof06 = b’?o—a’?ofn Qpofo =
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Tak Kak a;, > 0, 10 ky-e ypaBuenue cucremsl (12) MoxHO
pelluTh OTHOCHTENLHO X!

_ 0 Xro Arof
Ahofo

X (18)
j=r+1,
i#io
Mei - Bbpasmin  x;, 4epes X, H OCTAaJbHBIE MepEMEeHHbIe
X (jFjo j=r+ l) MoxKHO BBIPa3HTH Yepe3 3TH nepemeH-
Hble TakKe JIOOYIo MepeMeHHYIO X, (k=& ky, 1 < k<), ecn
noacTaBuTh Bhipaxkenue (18) Bmecto x; B paBeHctBa (12),
COOTBETCTBYIOLIHE JIIOOBIM & 7= k.

Hrak, B cayuae III, ymaercsi pemuts cucremy (12) oTHO-
CHTE/IbHO TNepeMeHHbIX

Xiy vovy Xpoois Xjg Xpgrts ooeg Xpo (19)

YC/IOBHO samuiieM COOTBETCTBYIOILYIO CHCTEMY pPAaBEHCTB
TaK}
n

xk=b}e—- 2 allz]'x/ (k=1, ey f), (20)

j=r+1

XOTsI Ha CaMOM Jejle B 3THX PaBEeHCTBaX TOJBKO NepeMeH-
Hble X; ({ 5% kg, j;) OCTaJHCh MPEXHHMH, a OCTaJibHbE MNepe-
MeHHble Xp, M X;, TIOMEHSJIACb MeCTaMH.

TloKkaKeM, YTO CBOGOAHBIE UJICHbI

=0 (=1, ..., ). 2n
B camom jzene, eciu k€e, 10 (a,;, > 0)

b b b
b= by— k/o bko . (__k___ fo >=ak/0<__"__5>>0,

Ak jo Qoo Ak jo

Ecou ke kee (ar, <0), 10

b= bt b b, 4 lik}ol by, = b+ | @, |8 =0
0/6

Qkofo
U HepaBeHCTBa (21) nokasaHbl.
Wrak, nepeMeHHele Xy, ..., x, B cucreme (20) oGpasyior
6asnc—06asuc B, (cMm. takxke (19)).
Hns 6asucHoro pewenus b'=(b}, ..., b}, 0, ..., 0)

fo,=f(B)=co— 8 <c=[b)=f (c,>0).

Basuc B; oTsmyeH or Gasuca B, ¥ AJs1 HEr0 MOMKHO Ha-
yaTh BTOpOiHl 3Tanm paccyxneduit (cayua# I, II, III).
Takum o6pasom, cnayuaii III, paccmotpeH.
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Cnyuai IIl,. Iyers ¢;, >0, ayy;, >0 naa k€e, §=0.
B stom caydae b, =0 (cm. (16)) ¥ paBeHCTBO ¢ HOMEPOM k,
B (12) umeer BUL

Kpy=— > g, ;X (22)
j=r+1

Ecnu B paBenctse (22) Bce KOSDOHUMEHTBI @y, ,4iy -+
..+, Qg , TIONIOXKHTENIbHBIE, TO cHucTeMa (12) uMeer elHHCTBEH-
Hoe pjomycTumoe pewenHe x;=0, j=r+41, ..., n; x,=
=b,>0 (k=1, ..., r). 3naueHne ¢yHruuH [ HA 3TOM
6asucHOM pemienuH Oyper: f=c,. 3azaua Ha MHHUMYM (YyHK-
nun f B 3TOM CJyyae pelleHa.

Honyctum, uyTto B (22) uMe0TCs KOpdHUHEHTH a; ; <0
IJIs1 HeKoToporo sHauenuss j (j==j,). Torma, Kak u B cay-
yae III,, nepexonum kK HoBOMYy 6asucy B; (BBomuM B 6asuc
NepeMeHHYI0 X; W BbIBOLMM M3 HErO X, ., Q ; — paspeluaro-
mui snement). OTMETHM, YTO B 3TOM CJydyae 3HauyeHue fp =
= fg, (by,=0).

Wrak, paccmarpuBasi 6asuc B, mMbl Ju60 peluMm Hamy
3ajayy Ha MHHUMyM, Ju60 NpHAeM K HoOBoMy Oasucy B;
(B, B). K o6asucy B, cHOBa NpHMEHsileM Hall MeTOH —
3T0 NMpHBEIET K PpelleHHI0 3alnayu JH60 K HOBOMY Gasucy
B, (B, 5= B,). Tlporomxkas 3TOT nporecc, NMOJYYHM IENOYKY
6a3ucoB

B,, B, By... (By=B). (23)

Ecnn pas HekoTOoporo § OyZeT HMeTb MecTo cayvai k
wiu II, To menouka Ha 3TOM S O6OpBETCSl W 3amaya OyaeT
pewena. Huaue ot Gasuca B, mepexoaum K Gasucy Bg,;.

Onnako MoxkeT cayuutbesi yuxs. OH 3ak/IoyaeTcss B TOM,
9TO XOTS Ka)Jbld Mocjefyrouui 6asuc HenoyYKH U OTJHYaeTCs
OT MpelblIylIero, HO A HeKOTopeix s u [ (I > 1) Gyner
NPOHCXOJUTHL COBNajeHue GasucoB: B,=B,,.

Pas6Gepemcsi, yto 3necy nmpoucxomur. Has Gasuca By, 3
npousowen caywsair Ill;, T. e. okasanoch, uto cyiectByet
o (r + 1< jo<n) u Taoe ky(1<ky<r), 410

¢, >0, a,;, >0, b,=0 (8=0), (24)

u 3T0 mpuBeno K Gasucy B,(B,,,=B,).

Ho napa uucen (k,, j,), BooOlle roBopsi, HeeJHHCTBEHHA,
H Kakag-to apyras napa (kg, jo), AJI1 KOTOPOK BBHIMOMHSIOTCA
¢BoiicTBa (24), MoxkeT mnpHBecTH K 6as3ucy, OTJIMYHOMY OT
'6asuca B,. 210 Ha caMoM JeJie M MMeeT MecTo, Kak yuH?
Teopusa (cM. HHXe TeopeMy | m 3ameuanus K Hed).
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Takum o6pasom, eciaM IJs HEKOTOPHIX § H [ ciayuurcs
IIMKJI, TO €ro MOXXHO YCTPaHHTb. B sToM ciyyae nis 6asuca
B, i Hajo mnepe6GpaTb BCeBO3MOXKHBIE NMAapHl (ky, j,), 0Osa-
Jatomye cpoiictRamu (24). Kaxpas Takas mapa NpHBOIHT
K HekoTopoMmy 6asucy. Cpenu HHUX €CTb OTJIHYHBIA OT GasH-
coB By, By, ..., Byyoi.

28.6. Ycrpanenue nukJaa. Ha npaktuke UHKJIB
ObIBalOT OYeHb penko. Bce e OGBACHMM, KaK HX MOXKHO
«pa3opBaTky (YCTPAHUTB).

OtMeTHM TeopeMy, IOKa3aTeJbCTBO KOTOPOH GyIeT Hame-
yeHo B m. 28.7.

Teopema 1. Om mobozo basuca B cywecmsyem nyme,
6eO0ywul K pewieHuro 300a4u HA MUHUMYM, M. e. cyujecmsyem
yenouxa 6asuco8, NOAYHACMbIX CUMNACKC-MeMOOOM, NPUBODS-
was K munumymy (uad K — oo).

Urak, nycTb uMeeM LHKJ

Bs» Bs+i» ey Bs+l (Bs+l=Bs)'
Torga, oueBuznHO,
st=st+i= e =f33+l’

[TycTe s,—HaHMeHbllee HEOTPHIATENLHOE IEJOE UYHCJIO,
IJ1S1 KOTOpOTO

f8,0=f830+-1~'= s —fBSO_” (st.,-i >f3 o SIS, By, —B,o+,)
OueBnpHo, njsi GasHcoB
Bso' Bso+I’ ey Bso+l (25)

nMeer Mmecto caywail I1I,. Ilepexom or moGoro u3 stux 6a-
sucoB B, (s, <<s<{s,+!) K mnocaenymiomeMy coBepiuaercs
nocpe)lcmom paspeliaiomero anementa a, ;. Ho 6asucy B,
MOXET COOTBETCTBOBATb M APYrOH paspeluaromiui snemem,
RoTophii mepeBoguT B, B 6asuc B,;, OTIHYHBLIA oOT
By 1(Bsyr 7= Bsia)-

Moxer cayuuTbes, YTO A JIOGOTO S(S=Sy, ..., Sy+1{)
6asuc B;,, comepxurca B uemouxke (25). Torma Bee 6a-
buchl (25) pewaroT 3a1auy Ha MHHHMYM, T. €. st =fpg,, =
st ., =minf. Bemp mo Teopeme 1 cyuwectsyer nyrs,
Benymuit or B; Kk wmuuMymy. Ho B nanHOM ciyuae Bee
tiytTu or B Be,I[yT K 0asncaMm uenouku (25).

O;maxo 'MOMET CIYYHTHCS, YTO AJIs HEKOTOPOTo S paspe-
wamomui asnemeHtT 6asuca B; nepesoaur B B Gazuc Bq,,,
fie BXOAAMMNHA B LENOYKY (25). Torma wmul nonytmm HOBYIO
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LHEeNoYky . -

Bso’ Bso-i-Iy vy Bsy B;+l (26)

C HOBRIM IOCJTEAHHM 6asvcoM B;,;, KOTOpHIH MONJEKHT HC-
CJIeIOBAHUIO CUMILIEKC-METOLOM.

Ho yxasaHHBIX 3HAYeHWH S MOXKET OKa3aTbCsl M MHOTIO.
Opna W3 1enoyeK MOMKeT H He INPUBECTH K HYXKHOMY pesyJib-
taty. Heo6xoxumo npoussectu nepe6Gop Bcex uemouek. Ortme-
THM, YTO caM Iepe6Op IIE€NOYeK CTAHOBHTCH TPOMO3IKHM.

Ecnu mpousolnes IHKJ, TO MOXKHO IIOPEKOMEHIOBAThH Clie-
NHaJbHLI MeTOJ BbIfOpa pa3pelaolero sJjeMeHTa. ITOT
MEeTOJ CBSI3aH C JONOJHHTEJbHBIMH BBIUHCJIEHHSIMH, HO 3aTO
MoCJIEOBATe/IbHOE €ro TNpUMEHEeHHe HeOGXOIUMO TPHBOLHUT
K pelleHHI0 3ajauu G6e3 3alUKJIMBaHHA (6e3 o6pa3oBaHHs
IHKJIOB). '

28.7. Bri6op paspewmatouero sjnemMmenrta. Cumn-
JeKc-Tabaulbl. YcaoBUMcs BeKTOP Q=(qo, 1, -+ qn)
Ha3LIBATb MOJIOKHUTEIbHEIM (OTPHLATENBHBIM) M NHcCaTh Q >
>0=(0, ..., 0) (@<0), ecin ero nepsasi He paBHas
HYJII0 KOMIIOHEHTa IIOJIOKHUTENbHAST (OTpHUATENbHAS).

byzem rosoputh, uto BekTOp Q MeHblle BekTOpa D =
=(dy, dy, ..., d,) uan Bektop D Gonbiue BekTOpa @,
u nucate Q <D nwmn D> Q, eciu D—Q = (dy—¢q,, 5.
oo, d,—q,) > 0.

3ameuyanue 2. llenecoo6pa3HocTb NPHBELEHHEIX OINpe-
peseHuil >, < JJs BEKTOPOB @ MOXKHO MOATBEPAHTH CJle-
JYIOUUMH COOBpaKEHHSIMH.

Kaxxnomy BekTopy Q=(g4, ..., §,) NOCTABUM B COOT-
BCTCTBUE MHOrOYJeH OT nepeMeHHOR ¢ Buga Q(f)==gq,+
4+ g+ ...+ q,t", KOTOpHIH sBJAETCS HENpepLIBHOA (yHK-
wied U1 Q(0)=gq,. Ecim ¢, >0, T0 HalifeTcd OKpecTHOCTH
HyJIf Takasl, 4TO JJisa BceX ¢ M3 3TOH okpectHOCTH Q (f) > 0.
Ecnu xe go=...=¢,=0 ¥ ¢4,: >0, 10

Q) =1tF"[gpr1+ Gasl + . .. + g " 5]

Mrorounen B KBaJpaTHBIX CKOOKaXx Gosiblie HYJs (G,.i > 0)
B ileKOTOPOH OKpecTHOCTH Hyas. [anee ¢+ >0 ans £ > 0.
3uauur, Q(f) >0 mna Bcex 0< ¢t <O, rae 8—mnexoropoe
N1D702KHTENBHOE YHCJIO.
Takum o6pasom, eciu BekTop Q >0, TO COOTBETCTBY-
lé;t.',f,l{(l;‘.[ mMHorouseH Q({) >0 maa 0<?¢ <0 mpu Hekoropom
> U,
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Bepuemcs Temeps K cucteme orpanuuenuii (12), Koropyie
MBI 3anuiieM B ¢opMe

b 2 ayy=by  (5=0, k=1, .., 1), (12)

ji=r+

a JuHeiinyio ¢ynkuuio (13) sanumem B BHAE

f+j=;+] ¢x; = Gy (13)

3peck Gasuc B={xj, ..., %,}.
Ocopmum cucreMy paBeHctB (12) u (13) B BHpe Tal~
Junel 1 (MaTpHLl).

Ta6auna 1

A CpoGoanble| [ ONOMHHUTEIL -

Basuc | X[ «oo Xpgeeo Xp Xpgpi oo Xjy o Xp 4leHBl | Has MaTpuua
X1 { .. 0 ..0 A, r4ieee Qjg oo Qup bl du‘ e dlr
PR O O NN T
Xk, 0..1..0 Qo r+1 o |Bpgjof +or Agon bko dkof o dkol'
e ee see see see e tee sen ree e ven e XX CRNY
Xy 0 .. 0 oo L ar ppiee. Qrpy oo Qpy b, drt e dp,
popya f| O .o 0 oo 0 cryg e iy e G N dy ... d,

Tabn. 1 naswiBaercs cumnaexc-madauyed. B ta6n. 1 mbl npu-
nucaiy HeKOTOpylo A06aBOuHyto matpuuy [d,, | pasmepa rxr
U 106aBOYHYIO CTPOKY (dy, ..., d,). BBenem B paccmorpenme
BEKTOPEI

D=, dy, -, d,), Dy=p dyi, -, dy,), k=1,2, ..., r.

Basuc B naswiBaercsi NOA0HUMENbHOIM, €CJIH BCE€ BEKTOPLI

D, (k=1, ..., r) nojsoxureasnsie (D, > 0). Hanpumep, ecau
l’ i=j1 .
0. izjf) T Gasuc B

[IOJIOKUTENBHBIH, NOTOMY YTO Aas Jmoboro k=1, ..., r au6o

Matpuua |d; | enuunuHas <d,.j=
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b, > 0, nu60 nepreii OTIHYHLIA OT HYJIS SJEMEHT k-H CTPOKH
matpuus! |d;;| pasen 1> 0.

Bynem cunrats, yTo uncaa d;; nogobpaHsl TaK, yro 6asuc B
NONOXKUTEJLHEIH W MaTpHua | d;;| HeBbIpOXKIeHHast (T. €. onpe-
JleJuTeNb, NOPOXACHHLI MaTpuLel, OoTiiHueH OoT HyJs). Bek-
Top D BhIGHpaeM nOpPOM3BOJBbHO. MoxHO cuuTaTh, uTOo D =
=(cy, 0, ..., O).

B nanbmefilneM npu nepexojze ot 0asuca B K jppyromy
Gasucy B’ sanucd cuctem orpanuueruil (12) u JuHefiHo#
¢yuknun (13) 6yLyT H3MEHSITbCS, STOMY COOTBETCTBYET H3Me-
HeHue Tadsd. 1 ¢ nOMOoINpbI0 HEKOTOPHIX 3/1eMEeHTapHBIX Npeol-
pasoBaruil (cM. § 4.7), KOoTOpHle MEI pachHpecTpaHsieM W Ha
JoBaBounyIo MaTpuLy [d,; | u 106aBoURyI0 CTPOKY (dy, - .., d,).
B pesyabrate Bexropnl D, u D GyAyT COOTBETCTBEHHO H3Me-
HATBCA.

HanomunuM, uto B cayyae 111, cymecryer j, (r + 1 < j,<n)
Takce, uto ¢; >0 u a,;, >0, k€e, rae e—muenycroe MHO-
ECTEC M, KpoMe 10ro, b,=0 xora 6ul s ofHOrO Kk Ee.

Wupexcos j,, a7as kotopsix umeer Mecro 111, moxer ObiTh
HeCKOabKO. [le HMesT 3HAueHUsl, KAKOH M3 HHX HalO B3STb.
Ho, ecai Mbl OCT2HOBHJIUCL HA HEKOTOPOM j,, TO HHIEKC kK,
npexnaracTcsl BuIOpaTh CJASAYIOWIHM 00pa30M:

D, = min— D,. (26)

S0 kee “kjo

OneMeHT @, ; paspeivawoiidi. B tadi. 1 Mbl ero nomectunu
B paMKy.

MuuumMyM B (26) socturaercst i GAHOIO iZy, LLOTOMY 4TO
ecsiy Okt HalLIOCh ky €e, AJA KOTOPOTrO

1 1
— D, =—-D
o F1 Ry 1O
10 B MaTpHIe ||d;;| 6bliu 6Bl ABE NPONOPUHOHANbHbIE CTPOKH
¥ OHa Oblia Obl BHIPOXKAEHHOH.
3ameuanue. 3. Tak Kak Mbl paccmaTpuBaem cayyai 111,
TO CpPeAH k € e MMEOTCSl Takue, s KOTOpHX b, =0, nostomy
.1 . 1
min — D, =min — D,,
kee %k/o kee hjo
bk=
T. €. MHIZEKC R, HaXOAMTCS CPeiu TaKHX k €e, A KOTOPBIX
b,=0
k .
B n. 28.5 M Gpanu B KkayecTBe k, OAHO M3 3HAUCHHH
ke, nasa koropeix b,=0. Ho Takux 3sHaueHu#l MOXKeT OBbITb
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HecKkoabKo. B jaHHOM cnocofe cpeid HUX BBIGHPAETCS OAHO
TaKOe ONpelefleHHOe 3HayeHHe, ofpallaiumee B MHHUMYM
T

Mubl yKe 3HaeMm, YyTO B JaHHOM cayyae [II, 6asuc B =
= {X;, ..., X,} MOXHO 3aMeHHTb Ha Apyroit 6asuc B’ = {x,, .,,
vevy Xpoois X7y Xporis ++-» Xp}, KOTOPOMY COQTBETCTBYIOT
cHCTeMa OTpaHUYeHMI, SKBHBaJieHTHasi cucreme (12):

X3+ QY pyrXprit oo H 0 Xy m1 O X, T

+a, [T/ S R o X, =by,

Xjot a;ot rerXprit oot a;m/o—ix/o—1+ a]"o' ke T
+a}o- /o+ix/o+i+ coet a;onxn=b}a’
T T
Xt @, priXpprt oo Qr 1% 1 O, g KR, T
\ + a;. j°+ixj°+i + .. + a;nxn =b;v
bllz>0 (k:l, LA | ko_la ]0’ k0+l’ LS ] r),

(27)

U JuHeHHas GyHKUMA
[+0rXppgt oo ey i%/-1 + CegXn, T
+ €t iXjgait oo Flnx,=0C.  (28)

%MCT&MG paBeHcTB (27)—(28) coorBercTByeT Tabmuna 2.
a6n. 4 nonyyaercss u3 Tabua. 1 caexyromum obpasom. e-

JIUM ky-10 ¢TPOKY Tali1. 1 Ha paspemaomuil SJeMeHT a, ;, (5= 0).

Tabaunma 2

[
£
= | JHononuu-
g Xi see Xpy a1s Xp Xp4i s xjo iaa Xp Oé TeJIbHas
2 23 Mar,
“ g9 puia
7] O =

~

S
oy

” ’ ’ T ’
X1 e Qi eos 0 Q1,141 ves 0 ... Qy; n dug ... dir

1 B qltﬁ [N} (AR IEY ¥ isa CAU b VEE s
, p

1

] 4 ’ : -a,- 'u c'-...l.
xjo 0 e a]oko e alo, r+lvas 1 ... Ajoyn blp djoi s dl'of‘
e

‘!‘. ) XN ) 4 0 [R] [N} a3 LR} e DY e avs e
y / .
Xy O v Qr o pg s i Qr, r+1 113 0 .., Ar, n b, dr,i...df‘,'

P ’ ‘
bopma f| 0 44, CI:, o 0 6';+1 e 04 Cr'; o di i 4,
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O1uM ky-e ypaBHeHHe cucTeMbl (12) ocraercsi paBHOCHJIBLHBIM
npexuemy. [lo6uBaemcsi Tenepb, YTOGH B j,-M CTOJIOLE Ha
oCTaJbHLIX MecTax (k5% k,) Obiiu Hymau. Hasi storo us k-it
CTPOKH BBIYHUTAEM H3MEHEHHYIO k,-I0 CTPOKY, YMHOXKEHHYIO Ha
YHCNIO Q. (STy NpOLeaypy Mbl PACIPOCTPAHsAEM M HA CTPOKH
,ao6aBqu0H MaTpHIEl, B pesyJbTaTe 4HCJa d; NEPexomsT
B uucna dg;.)

DTOT NpHeM COOTBETCTBYET 3aMeHe k-0 ypaBHEHHsl pas-
HOCTBIO MEXIY HHM H BHIOH3MEHEHHBIM k,-M YypaBHEHHEM,
YMHOXEHHBIM Ha YHCJO @y, YTO NPHUBOAUT K cucTeMe (27),
PaBHOCHJILHOH CHCTEME (12)

ITocMorpuM, Kak BuuaousMmeHsioTcsi BekTopbl D,. Tak kak
6asuc B mosoxuTesbHBIH U paccmaTtpuBaercs caydvait 111,
T0 b,=0 1

Dk0= (0’ dkoi» cey dkor) >0,

NO3TOMY
Di=lp, (o, 28, .., ),
ko akaj'oDk0 0, ako/o, e Qofo > 0’
st k=£ky, k€e (azs, > 0)
agj, 1
D= D,—-~ — Di= /<¢T,-‘,Dk—mp )>0

B CHJly IIpaBHJia BEIGOpPA k, € e U ero eJUHCTBEHHOCTH (CM. (26));
At k=ky, k€e (ap;,<0), oueBHAHO,

Dj=D,— Dy, > 0.

Yr1o6B MONYYHTb MNOC/AEIHIO CTPOKY Taba. 2, HAjAO0 H3
noc/jeHed CTPokH Tab/a1. 1 BbIYECTb BHIOH3MEHEHHYIO R,-I0

CTPOKY, YMHOXEHHYI0 Ha ¢;. Bekrop D=(c, dy, ..., d,)
fIEPEXOJHT B BEKTOP
/o
D'=D——
Qkofo ko

Taxk xak ¢, >0, ap; >0, 10

7. ¢e. D'<D.



§ 28. THHERMHOE NPOrPAMMHPOBAHHNE 207

HoBnie Ko3dduuueHTH JAHHEHHON (QYHKRUH f HMEIOT BHR

Ch = ¢, € =c——2
ko oo To? 7 7 Qoo To

G=r+1, oery o=, fo+ 1, oney ).

Taxkum 06pasoM, Mbl IPHIHJIH K OJIOXKUTENBHOMY Gasucy B'.

Uto6ul Tabsm. 2 Obl1a NOJHOCTBIO aHaJOTHYHOH Ta6a., 1,
pekoMeHayeM B Tabs. 2 mepecTaBHTb MeCTaMU CTOJIOLbI, OTBe-
Yalolue NepeMeHHbIM X, H X . _

Ecau nns Gasuca B’ cHoBa Gyzet umetb Mecto cayuait 111,
TO K HEMY MOXHO OHSTh PUMEHUTH ONUCAHHEIH ITPHEM, KOTO-
pbli MPHBOAMT K HOBOMY 6asucy B”, oTiiHYHOMY He TOJbKe®
or B’, Ho u or B, notomy uTO

D" < D' < D.

3ameuanue 4. Ecin B mpouecce npHMEHEHHS CHMII-
JIEKC-METOAa Mbl NMPULLIH K LHKJAY (cM. (25)), TO MOXKHO B35iTh
onMH M3 0a3sucoB UHKaa, Hanpumep B =B, ,,, u noc.enosa-
TeJbHO NPHMEHATb K HEMY OIMCAHHBIA BHIE CIOCOG OAHO-
SHAYHOrO NOJIYYeHHs HOBOro GasHca Ha OCHOBAHMH NpaBHJa
(26) BHIGOpa paspemIaloLIEro dJ€MeHTa. JTHM rapaHTHPYeTCs
noJyueHve Kaxiplii pas Ga3nca, OTJIHYHOrO OT BCEX INpef-
mwecTByloHX. Tak Kak KOJHYECTBO BO3MOXHEIX (asHCcoB
KOHEYHO, TO MBI AJs HEKOToporo 6GasHca HenH 00653aTe/bHO
npugeM K caydasm I, II wmm III,.. B nocnexsem cayuae
BO3HHKaeT Gasuc B’, pas Koroporo fg > fz.. DBasuch, Bos-
HHKIIKEe mocae B, orTimvatorcsas ot Gasuca B M Bcex eMmy
npeamecTByoMX 6a3ucoB. OHH MOTYT CO31aBaTh LHKJEBL, HO
cocTofillie H3 HOBBIX 0a3HCOB, OTJIHYHBIX OT B u emy npex-
ILECTBYIOILHX.

Hrak, BHIUHC/IEHHA 1O CHMIJIEKC-METOLY IPOH3BOAATCS
‘CJIeAYIOMHM 06pa3oM:

uccnenyorca ypapHenus (12) ¢ Gasucom B u ¢pyHKuus f;

ecan GynyT uMetb mecro cayuad [ wam 1, To 3azaua Ha
MHHHMYM [ peiueHa;

ecan Oyner cayua# IlI,, To mepexoaum K HOBOMY Gasucy
Ha ocHoBaHuH (16), cocraBnss TaGauupl | U 2 Ge3 no6aBoy-
HOH Matpuusl |d;;

ecny xe 6yxer cayva#i 111, To MOXHO npojo/mkaTe Haul
npouecc B HajeXxie, UTO He CJAYYUTCS UMKaa, [IpakTHka noka-
3bIBAET, YTO LUKJBI GHIBAIOT OUEHb PEIKO;

BCE XK€, €CJH CJAYUHTCS LHKJ, TO NPHAETCs, OTNPaB/sAsACh,
KaK npaBuJo, OT Gasuca B, ABHraTbcsl Aafiblie, NPHMEHHB
ZoGaBounyio marpuny |d;|; paccyxaenns cranyT Gosiee CJIOX-
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HBEIMH, HO OHH -MMEIOT TO NPEHMYINECTBO, YTO Ha KaXIOM HX
srane s GyAyT MOJy4yaTbCs BCE HOBBIE W HOBbIe GAa3HCHI, OT-
JIMYHBIE OT BCEX NpPeNBIAYIIHX Ga3HCOB;

ans Gasuca B, bl BuiGupaem martpuny |d;| u BekTOp
D= (c, d,, ..., d,) npou3BoJbHO, KaK GbLIO YKA3aHO BHIILE;

JanbHeHiye Gasuchl, CJefyst MeTOAY, MOJY4YaloTcs OIlpe-
IeJIEHHBIM 00pa3oM, a BMeCTe C HUMHU OIpefiesIeHHBIM 06pa3oM
npeoGpasylorcst MatTpuilbl | d;;|| u BekTop D;

yepe3 KOHEYHOE YHCJIO LIAroB Mbl BHICHHM, uTO inff=
= —o00, WIH K€ HalleM KOHEYHBIA MHHHMYM f.

[IpocnenuM cHMMJIEKC-METOL Ha KOHKPETHOM IpHMepe.

[Mpumep 5. HallTh mMuHuUMYM JuHeAHOH (QyHKLHH

»f-.—_-O—(%xl— 150x, + %xa—ﬁn)

IpY OrpaHHYeHHsAX
X5 = 0-—(
X = 0——(

N X = 1 —X3.

1 1
x1—90x2——5—0x3+ 3x4),

o=

1
x1—60x2~2—5 X+ 9x4> R

Pemenwue. 3aech 6asuc B= {x;, X,, ¥,}, 1 OrpaHHUEHHS,
u ¢yHkuus f 3anucans B popme (12) —(13). B nannom cayuae

3
¢i=~>0 u B nepaoM cTosble MaTpHUIBl OTpaHHUEHHH HMe-

1
I0TCS TIOJIOKHUTEJIbHBIC SJEMEHTHl Qgi =5, gy =
uus by/ag; =0, bg/ag, =0. ITosTomy

minb,/a,, =6=0
kee

d 3TOT MUHHMYM JOCTHraeTcsi Ha JHBYX 3JeMeHTax k=35,
k=6.

Taxum o6pasom, Mbl umeeM cayvait 111, (j,=1). o6
u36ekaTh 06pasOBaHHsA LHKJA, HCIOJAb3YeM ONHCAHHBIA BbILIE
cnoco6 OXHO3HAYHOIO BhIGOpa paspellalollero sjeMeHTa (CM.
(26)). Ouas sroit mesmu coctaBuM Tabauny 1%*.

3necs D;=(0, 1, 0, 0), D,=(0, 0, 1, 0) u 2D; > 4D,.

TMosToMy paspemialomiuM 3JIEMEHTOM GYZET @gj == , CTOSIIMMH

Ha TepeceyeHHH CTPOKH JUISL X, M CTONGLA AJIs X;. DTy CTPOKY
M CTOJGEI Mbl BHIAE/SiEM CTPEJIKAMH, a pa3pellatomiuil 3IEMEHT
o6Boaum paMmKoit, [IpeoOpasyem ary Tabauuny B Tabaumy 2.
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Ta6auma 1*

Cpojon-

- JoGapouHna s
Basuc | X Xg X7 X1 Xa X3 X q};‘:ﬁu Ma'rpom.}::
1 oo L+ —e—Lsl o1 o o

*s 2 T 50

1 1
—| X 01 0 T —60 — 5 4 0 0 1 0
X7 0 0 1 0 0 1 0 1 0 O 1
flo 0 O —3- 150 i —6 0 0O 0 O

| dopma 4 50

1
Pasnemnum cTpoKy AJIsl Xy HA Qgp =, T. €. YMHOXHM CTPOKY

s X, Ha 4 M nepeHeceM ee B Tabu. 2%,
3ateM YMHOMXHMM BTOPYIO CTPOKY (BHIOM3MEHEHHYIO) Ha

1 : ..
a5i=§' M BLIYTEM H3 IIEPBOU CTDPOKH. ,U.aJIee YMHOXHM BTO-

3 o
PYIO CTPOKY Ha C; = 7 ¥ BBIYTeM U3 Moc/efiHeil cTPOKH. CTPOKY

IJs X, nepeHocuM B Tabm. 2* 6e3 usMeneHuit (a,;=0).
Kpome TOro, Mbl NepecTaBUM MeCTaMH CTOJIOLBL IS X,
H x;, Toria tabm. 2* GyjaeT MMeTb BHJ:

Ta6auma 2*

CaoGoausbie| [loGaBourasn

Basuc |Xs Xi Xy Xg Xg X3 X YJIEHb] MaTpHua
3
— x5 1 0 0 —2 @ 5 —15 0 1 —2 0
xi 0 1 0 4 —240 —%- 36 0 0 4 0
Xz 0 01 0 O 1 0 1 0 0 1

vtj)opmaf 0.0 0 -3 39 56——33 0 0 -3 0
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Takum obpasom, 6asuc B, ={x;, ¥y, x,}. B Taba. 2* koap-
¢uuuent ¢,=30 > 0 (wrpux Mel Onyckaem) W B CTOJIOLE AJs
X; HMeeTCsl OIMH 3JeMeHT a,,= 30> 0, xotopuii H Gyzer
paspeuiaomum 3sieMeHToM (B Tabia. 2% MBI NOMECTHJH €ro
B pamky). IlpoBons npeo6pasoBanne Tabu. 2%, kak W Bblle,
MH nepeiaeM K 6asucy B,={x,, x;, x,}, T. e. u3 6asuca B;
Mbl BHIBOAHM [€peMEHHYI0 X; H BBOJHM IEPEMEHHYIO X,.

Tabauna 3* Gyner uMerh cJjeAyloWMi BUJ (mocje mnepe-
CTaHOBKH CTOJIOLOB ML X, H X;):

Ta6aunuwa 3*

Cgo-

Basue | X3 X1 X% X X5 X3~ X4 |Gopube 'u;%%ouq:aa”
YJI€Hbl
11 I 1 11
A —Ir an TAAal ™= —_— — —
= = |00 -5 5 igm—7| O |
8
# |0 1 0 —I2 8 o —84 0 |8 —120

x» |0 01 O 0 1 of 1 0 0 1

dopMa f 1O 0 O —1 —I —18] 0 |—1 —1 0

B nocJjenHeil cTpoke Ta6a. 3* HMeeTcs TOJNBKO OAHH MO-
JIOXKMTEJbHBIH KO3(P(hHLHEHT ,cs=525-> 0. B croabue gas xg
BCE 3JIEMEHTHI TaKXKe NOJIOXKUTeJbHb. B naHHOH Tabiuue D, =
= (0, 516’ —%, O), D,=(0, 8 —12,0), D;=(1,0,0, 1).

25
CpaBHHBasi BEKTODHI 50001, = D,, D;, HaxoauM, 4TO MHHU-
MaJbHbBIM OyZeT BEKTOp 500D1- H, cJeJloBaTe/bHO, paspella-

IOWUM 3/IEMEHTOM OYAET Gy =gq5 > 0. Munnmym (16) pasen

HyJIO, T. €. Mbl onatb HMeeM cayuyail ]II,. IlpeoGpasys
Ta6a. 3*, monyuum tabauny 4%,

5
3mecb Gasuc Bg={xs, ¥;, %}, ¢q= T > 0 u B crosbue
mm x(, HMeeTcs TOJNBLKO OIMH HOJIO}KPITeJIbeIH 3JIEMEHT ., =

= —3—> 0, KoTOpHIfi ¥ GyZeT paspelualoluM 3jeMeHTOM. Mu-
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Ta6auma 4*

k-
%
o
Basuc | X3 X1 X; X X5 X X gg I“:&i‘;&“,{';"
83
100 50 50 100
4 8 8 4
X1 010 —,_37 3 —160 —4 0 T —F 0
jioo] 50 50 100
S % o oo 'TI —2 s0 20| 1 |3 B0
5 7 7 5
Ta6muma 5%
)
g
Basuc Xy Xi X¢ X X5 X3 X4 g?} n:g:gg:gaﬁ
Xg 00 1 0 0 1 0 0 1
‘. 01 1 2 180 6 1 4
i %5 = %5 3
3 1 15 3 1 3
% |00 @ —3 B 5 im |7 ! W
1 3 21 1 3 1
¢dopma f |0 O O -5 T 7 —15 -5 |~ 5 —55

HuMyM (16) paBen %>0, T. € Mbl HMeeM cnyqaf»:l III+./
IlpeoGpasys Tabm. 4*, mosyunM rabaumy 5*.
B nocnexnedi ctpoke Tabs. 5* Bce KO3pUUHEHTH ¢; (j =
=7, 5, 2, 4) oTpHuaTe/bHble, CJEJOBaTeJbHO, Minf=— é%
(cnyqa#t ).
Basuc B,={x;, x;, x,}. VI3 Taba. 5* Buaxo, uro Gasuc-
1 3
HOE pelleHHe HMEET BUA X=1, Xy =5z, Xy=1g5+ Xs=X; =
= Xy =Xy = 0,
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3ameuvanune 5 Ecau 66l MBI He CJefoBasM MpaBuUJy
OJ{HO3HAYHOI'0 BHIGOPA Pa3pellalolIero 3JeMeHTa, TO MOIJIH Gbl
NOJYYHTb IMKJ, BbIOHpas Gasuchl B cjefpyloulel nocJejoBa-
TEJIBHOCTH i

B={xy, % %} _’-§1={x1" Xgy X} —
e —B-z= {%1, %35 %,} — B,= {xs5 %o, %7} — B,= {%5, X %} —
e §;= {%55 X4y X} — B,= {%s %5 X;}=B.
3ameuanue 6. OTMETHM, UTO Ha KaxJIOM 3Tame, HauM-

Hasi C IepBOro, MOXKHO ObLIO Obl M3MEHATh HYMepauHio Iepe-
MEHHLIX, MPHBOJA CHCTeMYy orpaHHYeHHH U GYHKUHUIO [ K BHAY
(12), (13).

28.8. YcanoBus cymectBoBaHus 6asuca. [lo-
SICHUM, KaK MOXHO IIPHBECTH CHCTeMYy OrpaHu4eHuit (4)

n
jglaijj=b,, k=1, ..., m) (4)

K cucteme Buza (12)

n

f=P— 2B oy B0, k=101, (12)

T. €. BHIICHUM, KOTJa NepeMeHHbIe Xy, ..., X, 06pasylor Gasue,
Kak Ham uszBectHO, cucteMa (4) paspemnma (COBMeCTHa)
TOrJa H TOJbKO TOTJAA, KOTAA PaHT MaTPHIULI

Qi oo Qg
A={. ... ..
Api 00 Q

mn

paBeH DaHTy pacIIHPeHHOH MaTpHIbI

Ai1 oo Ay bi
B=( . ... ...)
Qi oo Qg b

m

[Mycts r=panr A =paur B. Torza MOXHO yKasaTb r
TaKHX YpaBHEHUH cucTeMbl (4), 4TO BCAKOE PeLICHHE CHCTEMBI,
cocTosileil M3 3THX r ypaBHEHMH, eCTb pelleHHe CHCTEMHI (4).
Bygnem cuutaTh, 4TO LA JAHHOH CHCTEMHI (4) r ==m 1, KpoMe
TOro, m < n, NOTOMY YTO NPH mM=n CYUECTBYeT TOJBKO
OJlHAa TOYKAa M-MEPHOro NPOCTPAHCTBA, ABJSAIOMASCH pelleHreM
cucreMbl (4).
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Kpome TOro, Bcerza MOMKHO JOGHTbCA NyTeM INepeHyMe-
paluy IepeMeHHbIX TOro, YTOOHI

i cis . Gim
A-': CEEE R Y S S .'#O.
Ami sss Qpp
Teopema 2. [aa mozo 4modbl HEU3BECHIHBIE Xiy « vy Xy

u3 cucmemst (4) obpasossearu 6asuc, Heodxodumo u docma-
mouno, 4mobby

MA=0 Ve=T1,m,

2de A*—onpedeaumens, noaysarowutica u3 onpedeaumers A
samerol k-20 cmoabya cmoabLyom c80600HbLX 4AeH08 cucmemol (4).

E k
HorkasarteanctBo. Ilycts AT>O, k=1, ..., m.

Ipumenss npasuso Kpamepa (cM. § 4.2), umeem (k=1, ..., m)
xk=
p a0 g1t —ar my ¥ m i — =X)L, pa D e Ol

_ 8 P 2 8 2+ e e e @ s e g s o & s s s o o s 4 & & s ol

Ami-s0m, k=10m=—0m, m+i¥m+i—- -~ nXp)qm, p+1- - - Amm

YuuTeIBasi CBOHCTBA ONIpeje/UTesel, NoJsyyaeM paBeHCTBA
Bujpa (12)

Ak n
xk=T—i=§+]aij/ (k=1, ve ey m),

TJe YHCJIO O; PABHO ONpENEJHUTENIO, KOTODPHIH I0/aydaeTca
u3 onpenesautenst A 3ameHo#l k-ro cToJsIfUa COOTBETCTBEHHO
Ha j-#i cronben Mmatpuuel A (j=m-+1, ..., n), ReneHHOMY
Ha A. Hanpuwmep,

1|8, m+i Q12 s:: Cup ~
ai‘”'_l,l':'z' t e B 8 0 e 8 & o o ],
An,m+1 Qm2 s+ A, m
O6paTHO, NycTb CHCTEMAa Xi, ..., X, €cTh 6asuc, T.e.

BHINOJIHSAIOTCS cooTHOWwenus (12). [las MaTpuinl paseHcTs (12)

-3
k A,
A,=1, A."""ﬁk: A—:=ﬁh>0-

JomycTUMBIME  3JIgMEHTAPHBIMH  MPeo6pa30BaHUsIMH 3T
MaTpHla NepexoiuT B MaTpuuy paBeHCcTB (4). [Ipu stom onpe-
meautend A, u A? nepexomart B onpegenutesn A u A* mpo-
nopuHoHasbHO. [losTomy

Ak
T=ﬁk>0-
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[Tpumep 6. HaliTH GasucHbie mnepemeHubie B CHCTEME
OTpaHHyeHui

5x;—5x, + x3—2x4 =1,
{ —2x; 4+ 2x, — x;+x,=4,
— Xi+ax, —2.754 —’=’-5,

Iie @— HeKOTOPOoe HHCJIO.

Pewexnune. Ecar a<C0, To cucrema orpaHuyeHHdl He-
COBMECTHa B 00JIaCTH X, >0 (j=1, ..., 5). [lostomy ©ynem
cuurtath a > 0. BbIHCHHM, HPH KAaKOM @ SJIEMEHTHl Xj, X, X3
6ynyt GasucoMm. HMmeem

5 —5 1
A=|—2 2 0]=2(1—a)s£0, a=~1.
—1 a 0
Hauee,
1 —5 1 5 1 1
At={4 2 0|=4g—10, A2=|—2 4 0{=_—86,
5 a 0 —1 5 0
5 —5 1
A =|—2 2 4/=22(1—aq)
—1 a
Orcioga
Al 235 5
-A—= a>0’ I<a 2

A2 . A3

Taxum o6pasom, npy 1 < a << —g— Bce oTHowenusa A¥A >0

(k=1, 2, 3) u {x4, x,, x;} —06asuc.

Hansi Toro uto6b Hanucath cuctemy (12), ner HeoGxonH-
MOCTH BBIUMCJIATH BCE HYXKHble onpeienurtend. Hano mnpocro
npeoGpa3oBblBaTh MaTpHLy B, Kak Mbl 310 Jenasu B § 4.7.

[Tycts a=2. [loayuum Gas3uc H3 3NEMEHTOB X;, X,, Xg.
HAast atoit wemu GyneM Mmartpuuy B npeoGpa3oBhBaTh Tak,
uyTOOLI B NEpPBbIX TPeX CTOMOLUAX NO IJIABHOH AUaroHaJH CTo-
amu 1, a Ha ocTajbHBIX MecTax—0.

Urax,

5—51 -2 01

5-—51—201 0 02 _ 9,2
B=<—2 20—114>=> 5 5 5
—1 20-—-205 1 12 2

0 15 303

0
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5 51 —2 0 1 50 2 —I4 0 27
NI WA 1A
o 0i-tiz) oot g

500 —5 5 5 100 —1 1 1
=>010--%—_;-3___010—%—_;-3
oo‘%a% 1352- oox—%’- -g-n

[ocnennssi MaTpuua ONpeAessieT CJAeIYIOHIYI0 CHCTEMY
ypaBReHHH:

Xp T — X+ x=1
3
X, —?x4—?x5=3
9 5

x,,——-i-x4+5x5= 11.

AnanornunbiM 06pa3oM MOXKHO HpPOBEPUTH, IPH KaKOM a
nepeMeHHblE Xj;, X,, X; 06pa3yioT 6asHmc.

28.9. 3anauu. Haittu Mmunumym oysruuu f (x) = x,—x,
NpH OrpaHHYEHHSIX:

D[ x4 xy— x4+ x,—2x,=1,

2x¢ Fx—2x,+ x,=2,
Xi—Xy — %+ 3%,=3,

2%1 4+ X,— X4 —2x,=1,
x;+ X%, + 2x,—2x, =2,
Xi—X, — x4+ 3x,=3,

X+ 3 —x,+ X=2,
xi+ %, — X, +2x, =3,

+ x,—2x=1,
% 2+ x=1,
Xg— X,+4x,=4.
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IMpuBenem pemenue mnepBoOii 3amayu. Hrak, HeoGxoaumo
HalTH MHHHMYM JIMHeHHOH ¢opmbl f(x)=x,—x; npu orpa-
HHYCHHAX

X+ X— x5+ x3—2x,=1,
2%y + xg—2x,+ x,=2,
Xi— X, — X%;+ 3x,=3.

CorsiacHO pacCMOTPEHHOH BbIIE TEOPHH MBI JOJIKHBI ONpe-
JIeINTh CBOOOJHBIE NepeMeHHble U BBIACJUTbH KaKOH-auGo Ga-
3HC, YTOObl 3aTeM INIPUMEHHTb CHMILJIEKC-METOH AJS HaxoxKie-
HUsi MHHUMYMa QyHKUHH f.

Tak Kak B CUCTeMe OrpaHHYeHHH TpPH ypaBHeHHus, TO
B Kaxipli 6Ga3uc BXOAAT KakWe-JubO TPH MNepeMeHHbe H3
Xiy X5 Xy X4, X, BCEro M3 mATH 3JEMEHTOB MOXHO COCTa-
BUTb JECATb PA3JMUYHBIX KOMOMHALHI 10 TpU 3JEeMeHTa
(C3—5 4.3 10, Ct— n(n—l)-«l;'(n—k—l-l) )

B npuHmune, Mbl JO/KHEI MPOBEPHTDH BCE TPOHKH 3JEMEH-
TOB W y6equTbCs, KakKue H3 HHX sABJsioTcA 6asucamy.

BrisicHuM, OYyAyT JH 3JIEMEHTHl X;, X, X5 OOpa3OBLIBATh
6asuc. Onpegenutesb A, cocTaBJeHHbINH 13 KOI(DHULHEHTOB IPH
9THX HEHM3BECTHBIX B CHCTeMe OTpaHHUYEHHH, UMEET BUJ

1 1 —1
A=|f2 0 =40,
| 0
Hauee,
1 1 —I 11 —1
At=1]2 0 1|=6, A?=(2 2 1|=—8
3 -1 0 1 3 0
2
OrtHowenue AT=—2 < 0, caenoBaTessHO, COTJIACHO TeO-

peme 2 n. 28.8 sjemeHTHl X1, X, X3 He oOpasyior Gasuca.
[IpoBepum TPOHKY Xy, Xg, X4t

1 —1 1

A=|2 1 —2|=—2=£0,
l 0 —1
1 -1 1 11 1
Al=|[2 1 —2|=0, A*=|2 2 —2|=8,
3 0 —1 1 3 —1
3
Ornomenne %:—-4 < 0 u Tpoiika xj, X5, ¥; TaKXKe He

ofpasyer 6asuca.
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Hccnenyem TpOBKy Xy, Xz, Xgl

11 =2 1 1 —2
A=|2 —2 1|=—105£0, A*=|[2 —2 i|=—16,
1 -1 3 3 —1 3
11 —2 111
Ar=1{2 2 1|=—10, A*=|2 —2 2|—=_38,
13 3 I —1 3

Takum oOpa3oM, B JAHHOM CJyyae BCe OTHOLIEHHS
%— (=1, 2, 3) nonoxurteJpHBl H 0O Teopeme 2 m. 28.8

SJIEMEHTH Xi, X; X, 00pa3yioT 6asmuc.

Urobel HamucaTb CHCTeMYy OrpaHuyeHnd Buga (12), mpe-
ofpasyem Matpuiy B cucTeMbl OrpaHMYeHHH K HEOOXOIUMOMY
puay. [lpenBapuTesibHO mepecTaBHM CTOGUEI KOI()HIMEHTOB
OpPH X; U X; COOTBETCTBEHHO Ha BTOPOE H TPeTbe MecTa.

Torna

Xi X4 X5 X3 x3 by

1 1 —2 1 —1 1
B=(2—21012:>
1 =1 38 —1 03

11 =2 1
:(0—4 5 —2

0 —2 5 =2

1 1 =2
=><o —2 5 —2

L o0 5 0

Slo —2 5 —2

0 0 —5 2
!00%
lo—2 o0 o0
2
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Ilocoeauas maTpuua OmpeaesisieT CHCTeMY YpaBHeHHil

1 2 8

[ x; Ty —g =7,

{ %y —x=1, (27)
2 1 4

l xs—?xz'—gJCs:'g.

Jluneiinas ¢opma f yepes cBOGOAHBIC NepeMeHHBIE X, H Xg
3aMHIIeTCs] CAeAYIOWUM 00pa3oM;

1 2 4 2 4 1
f(X)=x—xy=5—5 %+ 5 X wm f+55H—F56n=x%.

Takum o6pasoMm, Tenepp HeOGXOAMMO HAHTH MUHHMYM
JIMHEHAHOH (YHKUHH

2 1
I+ ga—fn=g
npu orpaHuyeHusix (27).

3pecy Gasuc Bjy={x, x4, X,}, orpaHHYeHUs U QyHKUHA f
sanucaHel B opme (12), (13), u MBI MOXeM HauaTh mpume-
HeHue CHMIIJIEKC-MeTo/a.

B janHoM ciyyae cz=%>0 M B [EPBOM CTOJOmE Ma-
TPHUbI OTPaHUYEHHH HMEETCsl MOJIONKHTENbHBIA BJIEMEHT Qg =
=3>0. .

OrHomeHne a—1:-=8>0. T. e. Mbl umeeM caydaii III,

H dj,— paspeliaomuil deMeHT.
CocTaBUM MepBYIO CHUMINJEKC-TabJauIy!

TaG6auma 6%

CpoGog-

Basuc Xy Xy Xg X2 X HhIe
4JIeHBl

1| 2| 8

=l oo 5] -3 f
Xg 010 0 —1 1
2 1 4

X5 0 0 1 ——5~ —--5— 3.
2 4 1

dopm —_ =] =
pva fl O 0 O z =| %
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3zech paspeluaromyii aeMeHT a,,. [Ipeobpasyem Tabanny 6*
B Tabauuny 7*. CTpPOKY AJS X; YMHOXHM Ha 5 H nepeHeceMm
ee B Tabn. 7*. Crpoky anaa x, nepeHeceM B Taba. 7* 6e3
H3MeHeHu#d (Tak Kak a,,=0).

3artem YMHOXHM TepBylo CTPOKY Ha 2 u npu6aBum pe-
3yJIbTaT K nocaennedi crpoke. Jlajee yMHOXHM NEPBYIO CTPOKY
Ha 2 4 BbTeM M3 CTpokH Aas dopmel f. Kpome Toro, ne-
pecraBUM MecTaMH CTOJOUHR AJIs X, H X, B pe3ayabrare
Tabs1. 7* 6yJleT UMeTb CJeYIOWHHA BHA:

¥ Ta6anna 7*

Basuc X3 Xy Xs B X CI;?T Geol_{:i: ne
X3 1 00 5 —2 8
1 010 0 —I 1
X5 0 0 1 2 -1 4
dopma f| 0 0 0 =2 0 —3

B Taba. 7* kospdunmmentsl GopMbl [ HENONMOMKHTE HHLL

(c;=—2, ¢3=0), nostomy npu orpanuuenusx (27)
min [f=-—3,
1’ 2

j= s 5
¥ 3ajaya peleHa.

Sameuanue 7. MoxHO Obi0 6B HCCI€fOBATHL Bce
RoCAiTb TPOEK W3 DJIEMEHTOB Xy, Xy, Xg, Xy, X,. 3aTeM, Haind
Bee Gasucel B, (j=1, 2, ..., ji3 jo < 10), MBI MOMeM HaiiTh
munuMyMm f npu orpannuennsix (27) Kak MHiHMaJbHOe 3Ha-

YEHHE CPelHU [p,, +. .y fu/ . \



[MPEOAMETHBIN VKA3ATE/Ib

A6cuncca Tougky 41

Aure6panyeckoe JONOJIHEHUE, alb-
I0HKT 12

Annsnkara Touku 41

Acumnrtora 141

— runepGoanr 141

Basuc 94, 96, 111

— opToroHadbubIit 98
— noanpocrpancra 111
— npocrpanctsa 96

— cumniexc-metoza 196

Baugepmonaa oupegenuresns 15

Bexrop 19, 36, 45, 106

— HopMajbHLI 98

— dynepoii 19, 36

— oTpuuareabHblit 202

— noJioKHuTeALHbIH 202

— coOcTseHublit onepartopa 125

Bektopa psnna, HopMa 36, 46

Bextopsoe npousBenesne 74, 105

BexTopHO-CKa/lsipHOE  NPOHM3Beje-
Hite 80

Bexropsl Kosnsneapuse 36

— gommanapusie 80

Taycca merog 30

Henenne oTpe3ska B JAHHOM OTHO-
wenun 41

JletepMutanr, onpejenurens 7, 8,
10

Jlnaronasas onpegenunteas 8
Jupektpuca napaGoJint 143
Huuna, Hopma Bektopa 36, 46

EBxannoBo
crpo 48

n-MepHOe NpPOCTpaHs

3apucimLie cHcTeMnl BeKTopoB 8l
3agaua TpakcnoptHas 186

Hsmepenue mnopmpoctpanctsa 111

— npoctpancTta 44, 111

HHBapuaHTHOCTL CKaJIAPHOTO U BEK-
TOpHOro mpoussesenuit 105

Kpazparuunas ¢opma 122, 128
_14—8 runepgonnyeckoro tuna 135,

— — HeonpejaenenHas mosuaky 130
-—lgg napaGo/nyeckoro Ttuna 135,

— — crporo orpuuareabHas 130

— — — noJoXutenbHas 130

— — saJHNTHUecKoro tuma 135,
14¢

Kagpatnaa matpuua 17

KomrionenTsl, KOOpAUHATH BEKTOpa
19, 45

Kostpduuuenrsl cucreMer
Huit 20

Kpamepa npasuio 20

Kpusasi Broporo nopsaxa 136

Kponekepa— Kanenu teopust 19

ypaBHe-

Jluneitiast KoMGHHALUA BeKTOpoB 81
JluHeiino He3aBucHMasi cHcreMa 8l
Jlunefinoe nporpamMmupoBaHue 186
Jluneiuble nognpocrpancta 111
Jluneiinnit onepatop 87, 88
Jluneiiuatele nosepxuocT# 163

Marpuua 17

— epunuunas 90

— KOMILIEXCHO comnpsixkeHHas 18
— ofparuas 91

— mnpouspefeHus 89

— pacmuperHas 23
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Marpuua conpskennas 18

— TpaHcnOHHpoBaHHast 18

Marpuunblif croco6 pemeHHst CH-
cremn 30, 31

Munop 12

MowmenT cuaer 79

HanpaBieHue BeKTOPOB OJMHAKO-
Boe 98

Hanpasasiomas auuus 161

Hauano koopauHat 41

Hepasenctso Byusikosckoro 48

— Munkosckoro 49

Hopma, annna Bektopa 36, 46

Hopmupyioummit Maoxutens 59, 173

OGpa3 mpocTpaHCTBa MPH TTOMOMIH
oneparopa 118

O6pasyiomue mosepxHoctu 161

Onepatop enunnuHbil 90

— JsnHednwnit 87, 88

— obpaTHmii 91

— caMoconpsiKeHHEIH 122

Onpepennrens, nerepmutant 7, 8, 10

— Bangepmonga 15

— MaTpHun 18

—, NOPOXKIeHHHIT MaTpHuel 18
npeneanteas uien 9, 11

— 3JIeMeHT 7

Opnnnara touku 41

Oplzel-rrauna CHCTEMEI BEKTODOB 78,
7

— — KoopauHar 71, 72

— — — JeBas, npasas 73

OpToroHansHble BekTOpH 49, 99

OpToHOpMHpOBaHHasE CHCTeMa BeRs
TopoB 99

OpTsl oceit koopauHat 42, 94

Ocu koopauHat 41, 94

Orpesok 50, 51

MepecranoBka 9
IMTaockoers 61, 171
TosepxHocts BTOpOro mopsaxa 149
— JauHeituatas 163

— MAJIHHApHUecKas 162
IMoanpocrpancrea 111
— JnHeRHb 111

<- oproronaisHuie 112
— m-MepHuie 111
INpaBuno Kpamepa 20
= Cappioca 8

Ipeo6pasoBanye, He Coxpamsioniee
opuerrauuno 78, 110

IMpeo6pasoBanne  OpTOroHaJbHOE
102, 109

— TNPAMOYTOJBHEIX CHCTEM KOOp-
nuHat 110

-——,1 1cooxpamuom,ee opueHTanuo 78,

H%%exuna BeKTOpa Ha npamyio 37,

— Touku 37

Ipoussenenne BexTopoB 74, 108
— BeKTopHO-cKansipuoe 80

— wMmatpHr, 89

— MaTpHIBl Ha uucjgo 19

— onpeneaureneir 16, 89

— ckaaspuoe 40, 46, 47
Ipoctpanctso n-MepHoe 44
INpsmas aunus 53
IpsMonunelinpe o6pasyomue 163

Papnyc-sektop 41

PasHocts BekTOpOB 37

Panr matpuus 18

Paccrosinne mexay toukamu 44, 48
— OT TOYKH JO IJIOCKOCTH. 66

— — — — npsamMoit 59

Pemenye cucremsl ypasHeHud 20
— TpHuBHasbHOE 22

Cumniekc-Meton 196

— -tabauus 203

CucTeMa 3aBUCHMBIX M He3aBUCHMEIX
BeKTOpOB 81

— KOOpJAHMHAT npsaMoyroabHas 41,71

~— COGCTBEHHBIX BEKTODOB OINepa-
Topa 125

— YypaBHeHHMH opxgopoaHas 22

— — cosmecTasn\27

Ckanspuoe npoussencuue 40, 46,
47, 105

CoGeTBeHHDIH BEKTOP onepartopa 12

Crpoka, CTOJGel, OTpeleNHTeNs

Cymma BektopoB 37, 45

— wmaTtpur 19, 92

— omnpenesauteiaed 13

CyinecTBOBaHHe DelIeHHs] CHCTEWH
ypasHeHu#t 20

Teopema Kponekepa— Kanemnn 1@
— CuabBectpa 130

— Dpearonsma 116 '
Touka n-mepHOro npocTpaHcTBa 43



222

Tpancnosuuus 3aeMeHTOB 9
TpuBnanbHOE pelueRHe CHCTEMH 22

Yroa mexny BekTopamu 35, 49
— — mJjockocTsmMu 65, 178

— — npaMeiva 56, 69
Yngomenue BeKTOpa Ha uucao 36,

— MaTpul Ha uucao 19

VYpaBHeHHe THIepPGONHYECKOTO Ia-
paGosouza 150, 159

— runepGoast 137, 140

— JBYMOJIOCTHOTO  THIEPGOJIOMAA
149, 158

— xonyca 150, 189

— OJIHOTOJIOCTHOTO  THMep6oJIon.a

149, 157

napa6ons 137, 143

IVIOCKOCTH B HOpMasnbHOM Bue 61
— — otpeskax 63

— obuee 61, 62, 171

—, TpOXOAslleH yepes TPH TOU-

Ky 64

npsiMoil 53

— B HOpPMaJIbHOM BHIe 59, 172
— — otpeskax 57

— BekTopHoe 57, 69

— KauoHHuecKoe 68, 69

— ofiee 54

—, MpOXojsileli uepes fBe TOU-

Ku 55

— —, — — TOuKy 57

— — ¢ yry0BbIM KO3thdunpeHTOM 56

— xapakrepucTtuueckoe 139, 151

— UWJIHHIPOB BTOpPOro Imnopsiaka
150, 161

— ajunca 137

— aaauncouna 149, 156

Frrnd

NEREN

NPEAMETHBIA VKA3SATRAb

YpaBHeHRe MIHITHYECKOrO Napa-
Gosmounma 149, 159

YcaoBHe KOAAMHEAPHECTH BEKTOPOB
36, 76

— KoMmiaHapHocTH 80

-—lg;gpannenbﬂocm naockocref 66,

— — npameix 56, B8

— OepueHAUKYIAPHOCTH
creir 66, 178

— — npamux 56, 58

NJ0CKO-

®oxyc runepGosnr 140
— napaGoasl 143

— aanunca 137
Oyukuus nuunefinas 186

XapaKTepHCTHIECKOS

paBHEeHH®
139, 151 y

Llentp Tsxectu 52

Luka 200

IluauHgpuyeckasi NMoBepXHOCTh 162
quJél;H}lpr BTOporo nopsaxa 150,

Yucjo co6CTBeHHOE omepartopa 125
UncsoBasi Npoekuus Bektopa 38

daemeHT MaTpHun 17

— onpepenutens 7, 8, 10

— paspemaontuéi 198

DaemeHTapHOE NMpeoGpa3oBaHue Ma-
TpHin 30

Banunc 137

dnnuncoux 156, 157
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